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ON EXISTENCE AND STABILIZATION OF THE STRONG 

SOLUTION OF THE AUTONOMOUS STOCHASTIC PARTIAL 

DIFFERENTIAL ITO-SKOROKHOD EQUATION  

WITH RANDOM PARAMETERS 

V.K. YASYNSKYY, I.V. YURCHENKO 

Abstract. This paper considers the asymptotic behavior of the strong solution of the 
linear partial stochastic differential Ito–Skorokhod equation in the corresponding 
space with random parameters. An existence of the strong solution is proved and 
sufficient conditions for the asymptotic stability and the mean square instability of a 
strong solution of a similar equation are obtained. The stochastic model of complex 
systems, which is proposed in this paper, is an attempt to take into consideration the 
full extent of randomness in the studying of real processes, which are described by 
differential equations in partial derivatives, on the right side of which a diffuse per-
turbations of the Brownian process type and random perturbations of other types are 
taken into consideration. 

Keywords: stochastic partial differential equation, mean square stability, asymp-
totic stability. 

INTRODUCTION 

Deterministic partial differential equations were considered by many authors, 
see, for example [1–3] and bibliography therein. 

Since the concepts of stochastic differential and integral and change of 
variables for a stochastic differential have been introduced and a strong solu-
tion to a stochastic differential equation (SDE) has been defined in the well-
known monographs [4–6] and then propagated to classes of stochastic func-
tional differential equations [7–9] (see the extensive bibliography in these 
studies), it became possible to investigate an asymptotically strong solution 
for SPDE (see, for example [5, 10–12]). 
The further analysis of SPDE involves the construction of mathematical models 
of complicated real systems, which need random parameters to be considered 
in these equations [6, 7, 12, 13]. 

In the paper, we will analyze the asymptotic behavior of strong solution 
of LSPDISE taking into account random parameters in the right-hand side [10, 12]. 

PROBLEM STATEMENT 

Consider a stochastic experiment with the basic probability space [1, 4, 5, 7] 

,),,,( PFF  }0,{  ttFF  is filtration, where function 1),,( Rxtu  is 

given, which is measurable with probability one in t  and x  with respect to the 



On existence and stabization of the strong solution of the autonomous stochastic … 

Системні дослідження та інформаційні технології, 2018, № 3 81

minimum  -algebra )],,0[( 1RTB  of Borel sets on the plane [13, 15] and for 
which 

 




dxxtu }{E 2
),,(   (1) 

for all ],0[ Tt , }{E   is expectation [14], and ),0[ T . Denote by T`  the 

space of function )},,({ xtu , which possesses the integrability property (1). 

Introduce the norms [6, 15]: 
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where 12R
L  and TL2  are spaces of functions )},,({ xtu , which have the cor-

responding norms (2)–(4). 
In space T`  , it is necessary to introduce the norm 
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Denote 
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where }{ kjaA   is a real mn  matrix composed of elements 1Rkja . 

In space T`  with (5), consider a subspace TT `` 1 , for whose ele-
ments the inclusion 

 Txtu
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),,(,,   (7) 

takes place. 
On ),,( PF,F  consider the Cauchy problem for the linear stochastic par-

tial differential equation (LSPDISE) 
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   0
0

1 ][),,(,,)( Quxtu
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



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where Q  is defined by (6), (7) matrices nk
jiijbB ,

1,2 ))}(({  , 1
2 ))(( Rijb ; 

nk
jiijcC ,

1,3 ))}(({  , 1
3 ))(( Rijc ,   )),((,)}),(({ 4

,
1,4 vdvdD ij

nk
jiij  

VR  1 , where ,4,3,2,1),(  ii  are random value specified by the density 

,4,3,2,1),(  ixp
i

 (or by the distribution function xxF ii
 )(:)( {P  

}R1 x , 4,3,2,1i  [14]), ),( tw  is a one-dimensional Wiener process [11], 

and )(i , 4,3,2,1i , does not depend on ),( tw .  ),(~ Adt  

dtAAdt )(),(   is the centered Poisson measure. 

By a strong solution of the Cauchy problem (8), (9) we will understand 
function ),,( xtu  continuous in ],0[ Tt  with probability one, consistent 

with filtration ]},0[,{ Ttt F , and such that with probability one for each 

pair ),( xt  it satisfies the integral stochastic equation [1, 4, 11]: 
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with the nonrandom initial conditions (9). 

EXISTENCE OF THE SOLUTION OF THE CAUCHY PROBLEM FOR LSPDISE 

(8), (9) IN SPACE T1`  

To establish the existence of a strong solution (10)  of the Cauchy problem for 
(8), (9), we will first prove an auxiliary result. 

Lemma 1. The Fourier transform in x [1] for function ),,( xtu : 
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does not bring it out of the space T`  for any finite 1RT . 

Proof. The existence of the Fourier transform follows from the fact that 
),,( xtu  lies in 12R
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 . Then according to (11) and the 

definition of a norm in space T`  we get 
TT
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1
, which proves 

Lemma 1. 
Theorem 1. Let the following conditions be satisfied for the Cauchy 

problem (8), (9): 
(i) the roots of polynomial ),),((),),(()),((  ixBQixAQixP  for 

an arbitrary 1Rx  and 0  satisfy the inequality 0)()(Re  x , 

0)0(  ; 

(ii) ],0[ Tt  and nkxC  0)( , nkxD  0)(  the deterministic equation 
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has the solution ),(~ xtu  of the Cauchy problem in 12R
L  with the initial con-

ditions 
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(iii) random variable ,4,3,2,1),(  ii  does not depend on ),( tw  and 

),(~ Adt . 

Then the stochastic Cauchy problem (8), (9) for nkxC  0)(  has a solution 

in space T1` . 

Proof. Since the Fourier transform [1] preserves the norm in T1`  by 

Lemma 1, it will suffice to prove the existence of a strong solution of the 
Cauchy problem of LSDISE for ),,( tv , given by formula (11), namely, 
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Note that for an arbitrary real matrix nk
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),,( tv  of the LSDE (14) for each 0  exists and is unique up to stochastic 

equivalence [3, 5, 8]. LSDE (14) should be understood as an integral stochas-
tic equation: 
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for which the conditions are satisfied that guarantee the existence and 
uniqueness of a strong solution up to stochastic equivalence [7, Theorem 4.1]. 

Let  ,tH  be a fundamental solution of the deterministic homogeneous 

unperturbed Cauchy problem (12), (13) for the LSPDISE (8), (9) for )(xC  

nk 0  , then the strong solution of LSDE (14) can be written as the integral 

equation [9, 19] 
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where ),(0 tv  is the solution of the homogeneous unperturbed Cauchy problem 
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According to [1], the fundamental solution ),( tH  has the form  
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where   is the contour enveloping all the zeroes of the polynomial 
)),((  ixP . 

Applying random operator ),)),((( 3  idtCQ  to both sides of (15) 
yields 
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Considering the squared absolute value of the left- and right-hand sides of 
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Condition (i) of Theorem 1 makes it possible to obtain the inequality [1] 
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is guaranteed. Applying random operator ),)),(((  idtDQ  to (16), similarly to 
the above reasoning, we can write the corresponding inequality for any real 

matrix nk
jiij xdxD ,

1,)}({)(  . Therefore, considering estimate (20) and condition 

(i), we obtain the statement of Theorem 1. 

ASYMPTOTIC MEAN SQUARE BEHAVIOR OF THE STRONG SOLUTION OF 

THE LSPDISE 

First, let us prove an auxiliary statement.  
Lemma 2. Let conditions of Theorem 1 be satisfied for the LSPDISE (8), 

(9). Then: 
(i) for an arbitrary matrix nkxC  0)(  the inclusion holds 
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(iii) for an arbitrary matrix nkxD  0)(  the inclusion holds 
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Proof. Using condition (i) of Theorem 1 and formula (16), we can calculate  
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and multiplying the left- and right-hand sides of abovementioned equalities by 

}{E 2  we obtain s tatements (22), (24). 

To prove (23) and (25), let us apply the Plancherel theorem [1]: 
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 
V

)(),(),,)),((( 4 dvtHvidtDQ  
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




  


V

. 

Multiplying the left- and right-hand sides of the resultant equality by }{E 2 , 

we get )(),( 1  SS  in formula (23), (25).  

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then: 
(i) if   1sup 


S , then   0lim 


tU

t
E , where  

    ),,(,,)(,, 













 xtu
xt

RQxtU  

for an arbitrary real matrix R ;  
(ii) if 1)( S  on the set   of the positive Lebesgue measure, then 




)(lim tU
t

E . 

Proof. Since the positive kernel tends to zero as t , from inequality 
(18) it follows that ),( tz  tends to zero for 0,1)( S . 

If the inequality   1S , in (24) holds, then it can be easily seen that as 
t , the absolute value of the Fourier transform ),,( xtU  tends to zero for 

an arbitrary real matrix 1)( RxxR  [19], uniformly with respect to   if 

1)(sup 


S . It remains to pass to the limit under the sign of the Lebesgue inte-

gral to prove the first part of Theorem 2. 
To prove the second part of Theorem 2, it will suffice to prove that 







dtz
t

),(lim , since (24) holds. 

Indeed, let 1)( S  on the set   of the positive Lebesgue measure, then 




),(lim tz
t

, since 0),( tz . Theorem 2 is proved.  

PROBLEM OF THE LOSS OF STABILITY OF A ROD 

In [12], the behavior of a rod subject to “white noise” is analyzed. Let the 
mathematical model of this process be the following stochastic partial differen-
tial equation with the derivative of the Wiener process that does not exist with 
probability one and in the generalized sense the one is a normal "white noise" 
(see [20]), namely: 
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with the initial conditions 
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  (27) 
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and boundary conditions 

 .0
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Here 0))((,0))((,0))(( 321  cba  with probability 1. Function 
),,( xtu  is random function, which has no gaps of the second type, i.e., is inte-

grable in the sense of paragraph 1. Similarly to the discrete case [12], the statis-

tical stability margin 2
aS  with respect to the parameter 1)( R xxa , is deter-

mined as the most admissible intensity of processes with mutually 
independent values for which the system is stable in l.i.m., i.e., the solution is 
stabilized to zero. 

As a result, we can calculate the statistical stability margin [17] 
21kkS  of sys-

tem (26)–(28) 

  
 




m

k
kk

k

kkkk
xt

xtu
aS

0
212121

),(
)(   (29) 

with respect to parameters  )(121
kka , 21 kkk  . 

If we denote    



m
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))((,, , then the statistical sta-

bility margin )(
21

xS kk  of the system can be calculated by the formula  
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Using the above statements ( 2 9 ) ,  (30), the statistical stability margin 
)(xS  with respect to the parameters )(),(),( xcxbxa  of system (26)–(28) is 

found: 
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Thus, system (26)–(28) is stable in l.i.m., for which 12,)( R xxS . 

Let the right-hand side of Eq. (26) in system (26)–(28) be subject to ex-
ternal random disturbances )( . This becomes possible if we place the system 

on a platform whose inching movement can be described by   2,1,)(  ii . 

Then (26) becomes 
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Using the definition of the statistical stability margin for system (31), (27), 
(28), we get 
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Applying the sufficient conditions of stability in l.i.m. from Theorem 2, 
we conclude that system (27), (28) is stable in l.i.m. if 

 12))}(({ 2
1  acE ,  (32) 

and is unstable in l.i.m. otherwise. 
Let 0))((2  , ))(())((1  ; )(  have the distribution law 

2

1
}1:{}:{  PP 1  and )())((  . Then 0}{E , 

1}{D  and condition coincides with (32). 

Let 0))((2  , ))(())((1  . If for the distribution law of )(  

we take the Poisson law 
 e

k
k

k

!
: }{P  and    , тоді  DE .  

Therefore, the condition of stability in l.i.m. of system (31), (27), (28) be-
comes 12 ac , and that of instability, respectively, 12 ac . 

CONCLUSIONS 

The stochastic model of complicated systems proposed in the paper is apparently 
the first attempt to take randomness into account to the fullest extent in the analy-
sis of real processes described by partial differential equations whose right-hand 
sides consider not only diffusion disturbances such as Brownian process [5, 10, 
18, 19] but random disturbances of other types as well. 
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