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CALCULATING ENERGY DENSITY AND SPIN MOMENTUM
DENSITY OF MOON’S GRAVITATIONAL WAVES
IN RECTILINEAR COORDINATES

Y. MATSUKI, P.1. BIDYUK

Abstract. In this research the energy density was calculated and the spin momentum
density of Moon’s gravitational waves in the rectilinear coordinates’ system of
Moon’s gravity and Earth’s global temperature. At first, we assumed an action prin-
ciple that combines the gravitational field and gravitational waves, which formulate
a closed system, together with Earth’s global temperature. And, then, we calculated
the energy densities of those energy field and waves, which are calculated as their
variances in the rectilinear coordinates, also to calculate their coefficients and stan-
dard errors of the calculated coefficients. The calculated results are consistent with
the findings of our previous research [1], which shows the negative contribution of
gravitational waves to Earth’s global temperature, while the gravitational field posi-
tively contributes to the global temperature. We also calculated spin momentum of
Moon’s gravitational waves in the system of rectilinear coordinates.

Key words: Moon, Earth, global temperature, gravitational field, gravitational
waves, rectilinear coordinates, energy density, spin momentum density.

INTRODUCTION

Our previous research [1] showed a relation between Moon’s gravitational field
and gravitational waves. After that report we continued investigating the charac-
ters of gravitational waves, using the same data set, but this time with the theories
of relativity and quantum mechanics.

Our mathematical method starts from an action principle, which assumes
that there is an action integral that describes the motion of the waves, which must
be stationary to be consistent with the law of conservation of energy within the
boundary of a closed space. We also assume the rectilinear coordinates of the
flat-space for time and space by tensors that represent the energy field as well as
the pseudo-tensors that represent the flow of energy.

Dirac [2, 3] predicted that the pseudo-tensor can be built in the coordinates
of the tensors’ field only when the motion of the gravitational waves, which is
expressed by the pseudo-tensors, occurs in one direction. In addition, he also cre-
ated a basic equation that describes the gravitational field and the other energy
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flows, such as motion of the gravitational waves, and they can be added together
linearly, which agrees with the theory of the special relativity [2].

And then, upon the theory [2, 3], we set up an equation to describe the gravi-
tational waves in the gravitational field. Then we solved the equation to calculate
the energy densities and coefficients of the gravitational field, and the gravita-
tional waves toward Earth’s global temperature in the space between Moon and
Earth. After that we also investigate the character of the gravitational waves by
calculating the momentum density of the spin of the gravitational waves.

DATA

Table 1 shows the descriptive statistics of the data, from 1987 till 2009, of the
global temperature (increased degree Celsius since 1978) [4], the distance be-

tween Moon and Earth (7 : kilometers, km) [5], and calculated Lz((kilometers)'z,
r

km™), which we use for our calculations.

Table 1. Descriptive statistics

. Global temperature Distance between 1 2
Variable 0 % Moon and Earth — ((km)™)
(°C) : 2
(r: km) r
Mean 0,29130 3,62618 - 10° 7,60509 - 107"
Standard deviation 0,12125 5,98411 - 10° 2,51097 - 107
Minimum 0,10000 3,61583 - 10° 7,56999 - 1072
Maximum 0,43000 3,63483 - 10° 7,64865 - 1072
Skewness -0,21063 -0,15249 0,15787
Kurtosis 1,29401 1,67498 1,67879
Valid num})er 23 23 23
of observations

* Increased degree Celsius since 1978

CALCULATIONS

Gravitational waves in gravitational field

Dirac [2] created the basic equation for a quantum theory of the Born-Infield elec-
tro-dynamics in the rectilinear coordinates, which agrees with the special relativ-
ity theory. It defines the action integral of the motions of particles in the electro-
magnetic field: / = _f\/— det(g,, + Fy )d4x , Where, 6/ = \/— det(g,,, + £, ) is the

energy density of the electro-magnetic field that provides the action principle of
a particle in this energy field, g,,, are fundamental tensors,

1 0 0 0
o -1 0 o0
EwTlo 0 -1 0
0 0 0 -1
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F,, are tensors that describe the field quantities of the electro-magnetic

field, which are made by two vectors, Xy and x,, while p=0,1,2,3 and
v=0,1,2,3, where each suffix represents each of 4 coordinates of the flat-space.

We use this mathematical formula in order to calculate the energy density of the
gravitational waves in the gravitational field, and have made

1 .

Sl = \/Y —{axo +bx° + c—2} , where a, b, and care coefficients that are to be
r

constants; Y is Earth’s global temperature as we assume that it is influenced by

the motion of gravitational waves; x* is the metric that refers the time-coordinate

of the flat-space, which is made of a time vector (=1), where it is constant. (Be-

cause in the theory of the special relativity, nothing can exceed the speed of light;

therefore, nothing moves and it is =1.) And x* is the metric in the flat-space,
which we consider as only one direction with a distance r between Moon and
Earth.

For calculating the energy density of the gravitational waves, we assume that

. 1 . .
itis ¢— ; because, we assume that the solutions of g"'g po,uv = O are the gravita-

7
r

tional waves traveling with the velocity of light, which satisfies d’ Alambert equa-
1 0 0 O

. v [0 -1 0 O0]. .

tion [3]. Here, g"’ = 0 0 -1 ol made of contravariant vectors, and
0 0 0 -1

2
g, are made of their covariant vectors, while g.; . =ﬁ, where x" xV

are the contravariant vectors that are described in the rectilinear coordinates of the
flat-space. Here, u, v, p, o are the suffixes that indicate the coordinates of time
2

0
Epo , the gravitational waves must have di-

and space. Because of g . =0
ox"ox

2
. 1
mension of Lz Now we set H? = {Y—(a —br+ c—2j} .
r r

Now calculate the coefficients a, b and c¢, with the constraints:

2 2 2

OE(H ):0, OE(H )=0,and OE(H*)
oa ob oc

formed to: aiE(Hz) =—2E(H)=0, with E(H)=0;
a

=0, And then the equations are trans-

0

—_ 2 = — =
— E(H?)==2E(Hr) =0,

with E(Hr)=0; aiE(Hiz)zo, then E(H%)zo, where E(Hz)is the ex-
c r r

pected value of H?and where L = (a —-br+ CLZJ is Lagrangean. (Note: here in
r

this Lagrangean, the minus-sign of the space coordinate appears as the minus-sign
of the coefficient b, because in the special theory of relativity, the geodesic of the
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time and space is described by the expression: (dx®)? — (dx")? = (dx*)? — (dx*)?,

where dx’is a displacement of the time-vector, and dx', dx*and dx’ are dis-
placements of the space-vectors). And then we can calculate these coefficients:
a, b and c, algebraically as follows: at first, we make a matrix X = {x;,x,,x3},

where x; =1 (time-coordinate), x, =r (space-coordinate, which is a distance be-

1 . .
tween Moon and Earth), and x; =—. Here, the above mentioned constraints,
r

E(H)=0, E(Hr)=0 and E (H sz =0 are generally described by the matrices
r

XH =0, then:

23,00000 ~8,34022-10°  1,74917-107'°

= = — . e. , . J— . . ,
XX 8,34022¢-10°  3,02432-10' 6,34278-107
1,74917-10"°  -6,34278-107 1,33027-107%!

where X' is the transposed matrix of X ; A= Q_lX ', where Q_l is the inverse
matrix (reciprocal matrix) of O ; p=AY, and where B is the vector of three coef-
ficients, a, band ¢; N=XA4; M =1—- N, where [is a unity matrix, in which
all the diagonal elements are 1, and non-diagonal elements are 0; e=MY ;
)y :e'eQ_1 /(n—k), where X is the matrix that contains variances and covari-

ances of the variables; e' is the transposed vector of e ; nis the number of data
(in this analysis 23); and & is the degree of freedom (number of variables, in this
analysis k=3).

The results of the calculations are as follows:

a 5,72334-10°
B=|b|=]1,05217-10% |;

c ~2,50844-10"
1,26538-10% 2,32669-10° —5,54473-10'%
Y =] 2,32669-10> 4,27814-1074 -1,01952-10"
~5,54473.10'® ~1,01952-10" 2,42964 -10%°

Standard errors of the coefficient vector

8
11,26538-10 1,12489-10*
o, =|14,27814-10% |=]2,06837-1072 |.
2.42964 -10% 4,92914-10"

Spin momentum density of gravitational waves
From the above calculations, we found that the energy of gravitational waves has
negative coefficient, ¢ =—2,50844 - 10" to Earth’s global temperature, while the

coefficient of the gravitational field has positive coefficient, b =1,05217-1072.
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It means that the flow of the gravitational waves doesn’t increase the potential
energy of this system between Moon and Earth. Then we investigated the charac-
ter of the gravitational waves, assuming that the vectors of the coordinates formu-
late the motion of the waves, with the theory made by Dirac [3] upon the equation

of the motion of the gravitational waves, g""'g; .., =0.

02,y

— where x° are the contravariant
X

At first, guv,c = uuvZG , while Euv,e =

vectors that describe the coordinates of time and space, and n, v, ¢ are the suf-

fixes that indicate those coordinates; while we analyze only one direction of the
space, W, v, 6= 0, or 3, where 0 is for time, and 3 is for one direction of the

wtt M =u, " =u, where u*"are contravariant two-vector

tensors and u,,, are covariant two-vector tensors, and u,,, =u,, ; here [;are con-

space. Also, we put u

stants, which satisfy g” GZPZG =0. Then it was assumed that the gravitational

waves are traveling in the empty space where only the gravitational field exists,

and then this condition leads to g""u,, ./, =% gWul, =%ul and then we get

p>

1
%
uy I, = Eulp .

Now, whenp =0, we have:

3
1 2
upvlv = Zl/lov = I/IOOZO +u0 ll +1/l0 12 +u03l3 = HOO +0+0_M03 =
v=0
1

1
= g%ugy — g7ugy =gy — (—Dugs =gy + g :Eulp :Eul‘) "

where [, =1,/,=0,/,=0 and 5 =-1.
When p =1, then

3
0 1 2 3 0 3
uVZVZZulvzul lo+ulll+ul 12+u1 13:1/[1 +0+O—u1

v=0

P
00 33 1

=g uyg— g upz =y — (=Duyz =upg +ups :Eull =0.

When p=2, we have:

3
0 1 2 3 0 3
upvlv = Zuzv =Uy ZO +U2 Zl+142 12 +U2 13 =Uy +O+0—M2 =
v=0

1
00 33
=g Uy — g upy =ty —(—Duyy =uyy +up :E”lz =0.

When p=3, then we have

3
0 1 2 3 0 3
upVZV = ZuSV = Uy 10 +Ug ll + Uy 12 +Uj 13 =Us +0+0—M3 —
v=0
00 33 1 1
=8 3y~ g uzy =uzg — (~Dusz =uzp +us; 25”13 -
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Thus,
1 1
(ugg +ug3) — (uzg +usz) = ugg + g3 — 30 —Usz =Ugy —U33 :5” - —E” =u,
where uy; =usq. Also, u; = gllullll =0, and uy, = g22u22lz =0, therefore
Ugg —Uz3 =U =Ugy —Uj Uy —u3z; and uy +uy =0.
AISO, 2”03 =Uu-— 21/[00 = (1/[00 - 1/[33) — 2”00 =—Ugy — U3z = _(uOO + 1/[33) , because
1
”00 + u03 = El/l .

Here, goo =1, g11 :g22 =g33 =-1, and

gV =g o g0 _gl0_gl2_ 13,2021 23_,30_,31_,32_gq

On the other hand the general formula of the action integral for the waves
moving in one direction is:

[Ld*x=-] ig”v Whly +ubl, —u,oIP) gl +ull, —u, 1)dx’dx' dx’dx’,

where Lis Lagrangean that describes the motion of the waves [3]. With the con-
straint, 0L =0, the general solution of the pseudo-tensor tuv that represents the

spin momentum densities of the gravitational waves are:
1 1,
16m 1, = E(uaBuO‘B =S
where [, is one direction, in which the waves are moving in. Here,
B

1
a 2 _ 00 11 22 33 01 02
uuBl/l - Eu =UgoU + upu + UyU + Usz3U + 21/[0114 + 2u02u +

1
+ 2u03u03 + 2u12u12 + 2u23u23 + 2u31u31 —Euz =

00 00 11 11 2 2 33 33 00 11
=ugg g Ugy tupng g Uy tupg g Uy tussg g Uy +2ug g g ugy +

00 22 00 33 1122 22 33
+2upg g ugy + 2ug38 g Uy +2upn g g Uy + 2up38 T g Uy

33 11 I 5 2 2 2 2 2 2
+2u3,87°¢g U3y~ U” = oo tuy” gy Fusyt +(=1)2up)” + (1) 2up,” +

2 2 2 2 1 2 2 2 2
+(=D2ug3” + 2u1y" + 2uys” + 2uy, —5(”00—1433) =uy” tuy +2up” =
1 2 2.
:E(”n—uzz) +2u;,"
and here u" =g"g"u,,, g"=1, g'=-1, g¥=-1, g¢V=-l,

) 1 2 2 1 > 1 2 2
—2up3 2_5(”00 + 2uggusy +uzs”), E(“oo—“n) Zz(uoo —2ugguzz +usz”),
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2 2 2 2 2 2 2
Uy =ug;” =uj3- =uz;” because uy+u;3=0, and, u,," =uy" =u,;" because
Uyg +Uy3; =0, and  from Uy +iyy =0, Uyy =—uy;, and  then

2 2 2 2
Uty =up +(—“11)2 =2uy,", and finally: (u, _“22)2 = (uy, —(—”11))2 =,
2 2 2 1 1
2(2”11)2 SO uy” +uyy” =2uy 25(2“11)2 :E(ull _“22)2-
And then the spin momentum density of the gravitational waves becomes of
the form:

1 .
161 too =Z{(u11 _u22)2 +u122} . with t03 =t00 .

Now assume an infinitesimal rotation operator, R, in the plane of con-
travariant vectors x'x?. If it is applied to any vector, 4;, 4,, it has the effect:
RA =4,, RA,=-4;, and R2Al =—4,, so iR must have the eigenvalues
+ 1 when applied to the vector [3]; here, iR =*1. So, the operator R makes anti-
symmetric change of the vectors. When we apply this infinitesimal rotation opera-
tor, R, to u,, = A4, A4,, the rotations will occur as follows:

Ruyy = R(A14) = (RA ) 4y + A (R(A)) = Ay Ay + A1 Ay =uyy +upy =2uyy,

where u,; =u;, ;
Ruyy = R(414y) = (RA) Ay + A (RAy) = Ay Ay + A (—A)) =uyp —uyy
Ruyy = R(Ay4y) = (RAy) Ay + Ay (RAy) = = A Ay + Ay (—A) = —uyy —uy = 2uyy ;
R(uyy +uy) = R(4 A + Ay 4y) = (RA) A + A (RA) + (R4, ) Ay + A, (R4, ) =
= A + A Ay — A Ay — A4, =0,

R*(uy; — ) = R(R(uy; — 1)) =
= R(Ruyy — Ruyy) = RQ2uyy — (—2uy5) = 2Ruyy + 2Ry, =

=2(upy —uyy) +2(upy —uyy) = Muy —upy) =—4uy —uy,) .

Thus, wu; +u,, is invariant (constant), while iR has the eigenvalues =+2
when applied to u;; —u,, or uy, . Therefore, the components of u,g that contrib-
ute to the momentum density of gravitational waves correspond to spin 2 [3].

Upon the above theory, it was calculated the spin momentum of the gravita-
tional waves by assuming /,x° as coordinates of 4 dimensional flat-space (recti-
linear coordinates), x,,x;,X3,%4, and then, we examined the parity of the Upy s
where each element of vectorx),=1 (time-coordinate), x;=0, x,=0 and

x3 =—r, and each of those are 23x1 vector.
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Now X ={xy,x,X,,x3}, and then we calculated the u,, as shown below:

[\Y
23.0 0 0 —834022-10°
, 0 0 0 0
= XX =
i 0 0 0 0
-834022-10° 0 0 3,02432-10"?

We see that: Unpo =23 s, Ugy = Uy = Ug = Upg = U = U S U3 = Uy = Uypy =
=Uyy = Uy =3y =0, Uy =gy = —8,34022-10°, and uy; =3,02432-10'%.

And then the rotation operator was applied, R, to u,, , to see the following:

uv

So, R(uyy +uy)=0, R(uy —uy,)=4u,, and Rz(”ll —py) = —4uy —uyy).

This result shows that the calculated Uy > shown above, are consistent with the
report by Dirac [3] about the infinitesimal rotational operator and the spin mo-

mentum of the gravitational waves.

THEORETICAL JUSTIFICATION OF OUR CALCULATIONS

Our equation for calculating the energy densities of gravitational energy

field and gravitational waves is: H = {Y - (a —-br+ c%)} , Where
r

L= (a —-br+ cizj , Y is the global temperature. And then we calculated the co-
r

: 1 . .
efficients a, b and ¢ of L=(a—br+c—2), after giving the constraints:

-
2 2 2
OE(H) =0, OE(H) =0, and M=O , where E(Hz) is the expected
oa ob oc
value of H?.

Below we show a theoretical justification of this our calculation. In general,
it  f=fG,,p,) ad g=g(q,,p,) are arbitrary functions, and
. of o of o
iff/.g)= 2% I %

oq, Op, Op, 04,
where m=1,....,M , which distinguishes independent functions ¢,,(q, p). And if

, and then, for example, g=[g,H]+U,[g,0,].

[¢,,,HH]=0, it gives the constraint to find the solutions of the problem. Here now
we assume that, ¢,,’s are the functions that describe the gravitational waves,
where H is named as Hamiltonian, where g, are coordinates, and n=1,....N,
while N is the number of degrees of freedom. Also, H =p,q,—L, where
a_L] oL
o, ) 0q,

n

N 0 o .
L=1L(q,q) is Lagrangean, ¢, = g . tis time-coordinate, d [ -
t

dt

L . .. . . .
DPn 28_‘ are momenta. In the theory of special relativity, N is finite; but, in the
4
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theory of general relativity of 4 dimensional curved space, N is infinite; and then,
oL = _f P94, , where the coefficient of 6g, in the integrand in OL is defined to be
momenta p, [2].

The  action integral of Born-Infield electro-dynamics is

1= I\/ —det(g,, + Fy)d *x , where F,, give the electromagnetic field. Here, the
coordinates of electrodynamics is 4,, where » =0,1,2,3; and, the related mo-
menta D" are the components of electric induction [2]. 4,and D" satisfy
[4,,D" =g 8(x—x"), where &(x—x") are the changes of the coordinates from

r to s, where g’ is the Kronecker delta function and 8(x — x') is the delta func-
tion of x—x'. Now, onlyAremains as Hamiltonian, A . And then,

B" Z%SrStht =& 4, , where 4, are differentials of 4,, differentiated by the

coordinate vector s, and £ =1 when (rst) = (1,2,3) . Here there are only 3 co-
ordinates, because in electromagnetic dynamics the time-coordinate » =0 doesn’t

have meaning. And now, [B",D" ]=¢"8,, (x—x") . Then the momentum density
is K, =F,,D*. Also the energy density is:
1
K, ={T?-y,(D'D* +B"B*)~y"F,F,D'D"}2,
where 7, is the metric in three-dimensional surface and — r?= dety,,.
In these calculations Earth’s global temperature Y is assumed to be, p,q, ;

and the coefficients, a, b, and c are translated as p, of the Lagrangean, L. Also

here, H is the only Hamiltonian; and now, the energy densities of the gravita-
tional waves and the gravitational field are calculated with

nefr-fa-areed))

. . 1. .
Here, a—bxr is generalized as I'? = —dety,, ; and, c— is generalized as
r

2 2
~v,,(D"D* +B"B*)—y"F F,,D'D". Also, GEHT) _, , CEWHT) _, , and
’ ‘ Oa ob
2
% =0 are the constraints that we used in our calculations. Here the gener-
c

alized expression of our constraint X'H =0 is [X,H]=0, and X represents the
energy densities that includes the gravitational waves (g, p) . Here we have to

note that the number of order of freedom of coordinates is finite, N =4, as we

assumed only 4 vectors, xo, x! , x? , and x° , of the rectilinear coordinates in

our calculation.
Similarly, in our calculation about the spin momentum of the Gravitational
waves, the generalized form of the pseudo tensor is:
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oL .
tl_lvﬂ_det(guv) :?qnau_guvl‘ 18 [LaQn]a

ns’v

o by —u,,l°), is the La-

1
where, L= —Zg“v (P ls +usl, —u,l)u, 1 +u
grangean that describes the motion of the gravitational waves. And then,

[L,g,]1=0, gives the constraint to calculate the spin momentum of the gravita-
tional waves, which is followed by calculations we showed above. In addition,

[B",D"]=¢""8,, (x—x"), in the theory of the electromagnetic field is the original

idea of the infinitesimal rotation operator, R, in our analysis shown above. It
changes the variables, but it doesn’t change the physical system, which is the con-
sistent argument that agrees with the theory of relativity [2].

Here we have to report one more aspect of the gravitational waves: the gen-
eral solution of the momentum density of the gravitational waves,

p_1 o

1 . .
167 tuv :E(uaﬁu“ —Eu )L, , involves both contravariant vectors, x* ’s, and

covariant vectors, x, ’s. Dirac [3] predicted that the gravitational waves appear

only in one direction. Then, the momentum density of the gravitational wave be-

1 .
comes 167 too = Z{(u11 — Uy, )+ u122} , where t03 = tOO . These contravariant vec-

tors, x" s, and covariant vectors, x, s, are exchanged each other through funda-

w
mental tensors, g""’s, as we showed as u"' =g"'g""u,,, and this operation

changes the sign (%) of the vectors. And the momentum density of gravitational
waves is calculated as the scalar-products of those two different coordinates’ sys-
tems. However, contravariant vectors and covariant vectors are in different coor-
dinates’ systems, and the momentum density can be calculated when two different
coordinates’ systems meet, although the contravariant vectors are not yet observ-
able in the real physical system. This issue may be further investigated for ex-
plaining the negative contribution of the gravitational waves to the gravitational
energy field.

CONCLUSIONS AND RECOMMENDATION

. . 1
In our previous research, [1], we compared the influences of — (as a surrogate for
r

o 1 o
Newton’s gravitational field) and —- (as the surrogate for the gravitational
r

waves’ movement) to Earth’s global temperature, assuming as if they are inde-
pendent variables for the Least Squares Estimation of Classical Regression Mod-
el. Instead in this report, we have calculated the energy density of gravitational
waves in the rectilinear coordinates of time and space (the empty space where
only gravitational field exists). For these calculations we set an action integral in a
rectilinear coordinate system, which linearly combines the gravitational field, the
gravitational waves and Earth’s global temperature, where each of them describes
the field of energy. Then we calculated the coefficients of those energy fields
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from the energy densities algebraically with a constraint, in which the derivatives
of the energy density are zero, and as a result we found that the gravitational field
has more effect on Earth’s global temperature, while the energy of Moon’s gravi-
tational waves has a negative contribution to it.

In order to investigate the nature of the negative contribution of gravitational
waves to the Earth’s global temperature, we also examined the spin momentum of
the assumed gravitational waves, in the rectilinear coordinate system. Although
the spin momentum is very small and it doesn’t raise the potential energy in the
theory of quantum mechanics, it must exist on theory [6]. The result or our calcu-
lation indicated that the gravitational waves in our coordinate system had the spin
2. On the other hand in this analysis, we calculated the scalar products of con-
travariant vectors and covariant vectors, while contravariant vectors are not ob-
servable in the real physical field, which leaves the issue for the further inves-
tigation.
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