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ON ONE APPROACH TO USING OF FRACTIONAL ANALYSIS
FOR HYBRID MODELING OF INFORMATION
DISTRIBUTION PROCESSES

E.V.IVOKHIN, L.T. ADZHUBEY, YU.A. NAUMENKO, M.F. MAKHNO

Abstract. The article discusses a technique for constructing a model and a method
for finding solutions in the problem of imitating the process of information
dissemination based on the use of a boundary value problem for a fractional
differential equation in partial derivatives. It is proposed to use the analogy
technique for modeling information dissemination processes, which is based on the
use of the features of a fractional analysis and the diffuse nature of information
penetration processes. A method for constructing hybrid models is proposed, which
makes it possible to take into account changes in the interval of values of the spatial
variable over time. Homogeneous and inhomogeneous models of diffusion processes
are considered, which make it possible to numerically obtain and analyze
experimental data for solving problems of monitoring the levels of information
dissemination in social groups.

Keywords: information, dissemination, modeling, diffusion hybrid models,
fractional analysis.

INTRODUCTION

The study of real processes and phenomena by methods of mathematical
modeling using a strictly deterministic approach is associated with significant
limitations. In many cases, the systems and processes under consideration possess
unusual properties of fractality due to the complex geometric structure of
the surface, self-similarity of sets and media, inhomogeneity of dynamic
characteristics, and the presence of the effect of heredity. The theory of fractals
has found application in describing the geometric properties of complex objects,
in the analysis and forecasting of the behavior of dynamic systems and processes.
At the same time, to simulate the dynamics of processes and phenomena in fractal
systems, one often resorts to the apparatus of fractional-differential calculus.
A fractional derivative with respect to time is used to indicate that a given process
has memory, and a fractional derivative with respect to a coordinate is used to
indicate that the process takes place in a self-similar inhomogeneous medium.
The processes of heating solids in non-equilibrium conditions or the diffusion of
impurities in the soil, the spread of heat in highly porous media also have
properties inherent in fractals. For example, work [1] describes a fractional
differential approach for modeling a wide class of problems in the theory of heat
and mass transfer: heat transfer in inert media, isothermal processes of mass
transfer, mass transfer at the contact boundary of moving media, heat transfer in
the presence of nonlinear heat release. In [2], a mathematical model of anomalous
diffusion is presented in the form of a partial differential equation of mixed order.
The work [3] describes a model of systems with memory, provides a
mathematical formalization of the work of real elements of electrical circuits. In
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work [4], generalized equations of diffusion and drift of charge carriers in
disordered semiconductors for dispersive transfer were obtained. Unfortunately,
not all differential equations with fractional derivatives can be solved on the basis
of analytical methods and approaches, since they are developed for a limited class
of problems. In this case, numerical solution methods are used more often [5, 6].
Despite the problems of use, modern research on modeling problems is often
based on the use of fractional analysis and its intensive implementation for
solving problems in various fields of knowledge. Using fractional integro-
differentiation or fractional analysis, one can write out adequate mathematical
models of social, natural, economic and other processes [7]. In accordance with
the new interpretation of the experimental data, the model parameters make it
possible to more accurately approximate the obtained data and provide
information on the properties of the research object based on the solutions of the
corresponding nonlocal equations. It should be noted that the use of differential
equations of fractional order, on the one hand, leads to the need to solve an
infinite number of differential equations, and, on the other hand, allows one to
obtain a set of solutions corresponding to them and to consider various functional
spaces. This diversity also allows to improve the adequacy of mathematical
models. The problems of formalizing and studying the development in time of the
processes of information dissemination and influence on society are one of the
most important, requiring the use of a fundamentally new toolkit, which should
allow to adequately reflect the state of the dynamic component of the information
dissemination process [8].

At the same time, when developing new approaches, the adaptation of
classical methods of analysis and processing of dynamic processes is often used,
which is based on the use of the analogy method [9—11]. It is obvious that the
dissemination of information in society, thoughts about social networks,
advertising products and other information processes are in many ways similar to
the processes of distribution (penetration) of a substance that spreads in a certain
environment. It is assumed that the environment is homogeneous and the area of
admissible distribution of information can be calculated based on the structural
extension of the basic model by a hybrid subsystem [9]. This hybrid model turned
out to be quite effective for describing the states of various target groups of
people affected by the information flow [11].

FORMALIZATION OF THE INFORMATION DISSEMINATION PROCESS
BASED ON HYBRID DIFFUSION MODELS

One of the approaches, within the framework of which both the classical and
the system method of modeling the behavior of objects (systems) is effectively
implemented, is a method based on the application of formal (biological, chemical
or physical) analogies in the process of dynamics formalizing [8, 9, 12]. The
practical application of the analogy method begins with the development of the
first approximation of the model and consists in converting the mechanistic
analogue to the mathematical model of the process under study. The next stage
involves the use of mathematical tools to analyze the model. The mathematical
results obtained in the process of computational experiments go through the
subsequent stage of reverse interpretation in terms of the analogy system. And
finally, it is necessary to evaluate the results obtained on the basis of the model in
order to decide whether they are satisfactory — formally substantiated and
sufficient to achieve the goals.
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The tasks of the analytical processing of modern information flows and their
influence require solving the problems of studying the dynamics of information
dissemination processes based on simulation and forecasting tools. The
development of models and methods for simulating information impacts, taking
into account the processes of information dynamics, can effectively solve
important communication problems, significantly increase the level of
information security of the state, and tactically and strategically predict the
development of information confrontation events. A constructive method for
analyzing the dynamics of information dissemination processes can be proposed
based on the use of a fundamentally new toolkit using the method of analogy and
hybrid models, which allows adequately reflecting the state of the dynamic
component of the process of disseminating information [10, 11, 13-17].

We will model changes in the level (concentration) of information in a popu-
lation with the help of the diffusion equation [18], assuming that this process is
similar to the spread of a substance (infection) over a specific time period
t€[0,7] and can be described by a scalar equation with Kaputo—Gerasimov

fractional derivative [18] of order o, O <a <1,

D&u(x,1) =—k(t)82”(x'%c ), (1)

where Dy, f(z) = %(1 _a) %ng(% g ds, T(v)= _([sv_le_sds — gamma-

function, with boundary conditions in the form u’ (0,¢)=uy(¢), uy(t)>0 —
given function, u(1,¢)=0, ¢€[0,7], and initial condition u(x,0)=0, 0<x<1,
Dy f()= £ ().

We believe that the contingent of the target population is formed of

3 subgroups based on the perception of information. We identify the part of the
population that is sensitive to the influence of information y,(¢), the part which is

already under the influence of information y,(¢) and the part which is indifferent
to information influence y;(¢). Then, using the Bailey model [19], the dissemina-
tion of appearance information:

@ ==y @)
@) =y1Oy2()—y2(0); 2
(@) =»(1),

with the initial condition y,;(0) = y? ; ¥2(0)= yg ; 13(0) = yg , where the total of
cure and disease rates are considered to be 1, y;(¢) + y,(¢)+ y3(¢)=1, t 20, there

a system of differential equations that describes the process of information dis-
semination in the target population can be written. Their solutions determine the
dynamics of the rate values of individual subgroups.

With such assumptions, the maximum threshold value of xp, 0<x(¢) <1,
will depend on the time, so we have 0<x<xp(¢), xp(¢)=y,(t)+ y,(¢), where
(1), y,(t) — are the components of the solution of system (2).
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MODELING OF INFORMATION DISTRIBUTION PROCESSES
(HOMOGENEOUS DIFFUSION)

The applied study of the obtained model (1) — (2) in the general case is very
complex. In order to analyze the constructiveness of the proposed approach, we
consider some partial cases. Assume that the level of information dissemination in
the group is initially zero. After that, the members of the group have some
external influence of information content, which at any time ¢e€[0,7] is

characterized by a constant speed u/.(0,£) =u,(¢) 2 0.

Given the cumulative nature of the information dissemination process in so-
ciety, we will search for a partial solution of the diffusion equation (1) in the form

u(x,t)= TX(é)dé +at, 3)
0

where the parameter a for the impact over time for each point in time ¢ is con-
sidered proportional to the rate of change of magnitude x(¢), i.e. a=nxp(?),
n>0.

To find solutions, we will assume that the instantaneous value of the
coefficient of information penetration k(¢) will be proportional to the rate of

change of the part of the population that is considered to be susceptible to the
influence of external information, i.e.

k()= wir (1), 1 >0.

It is impossible to obtain an analytical form of the Kaputo—Gerasimov
fractional derivative, which is written in the left part of equation (1), for an
arbitrarily given function u(x,?). However, to find the value of the derivative,

you can use different numerical methods [18]. In our case, to study the solutions
of the diffusion equation, we consider a partial case for which a fractional
derivative can be calculated.
1 o Sl/(x
I ds, where the
al(1-a) "0 (5! 4 1)

improper integral coincides on the basis of comparison 0*(1/ sy, O<ax<l,

i.e. the fractional derivative has a finite value, the diffusion equation (1) is correct
and has a solution for arbitrary o, O0<a <1.
Let . =0,5. Then, omitting the cumbersome details of transformations and

It is easy to verify that Dgt* =

1/a

substitutions and taking into account that I"(0,5)= Jr , we obtain the value of the

fractional derivative D(l),/ 22 = r/2.

Taking into account the assumptions made about the solution, we will
rewrite the boundary conditions of model (1) in the form u'(0,¢)=
= (/2w (), ul(x,0)=0, xp()<x<1, te[0,T].

It is clear that in this formulation, diffusion equation (1) has a special solu-
tion that can be obtained provided x(¢) =c, ¢ —some constant, ¢ €[0,1]. In other

words, with the presence of a stationary process in the dynamics of the size of the
contingent under the influence of information, the level of information dissemina-
tion in the group remains constant. This solution is trivial.
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Supposing that x(1)#0 we have that at any given time ¢<[0,7] the
diffusion equation has a partial solution of the form (3), for which the next
ordinary first-order differential equation must be solved

dX (x)/dx = (nm /2y) ,
with the initial condition at the end of the interval X (x(#))=0. The solution of
this equation will be the function X (x)= n\/; / 2u(xp(®)—x), 0<x<xp(?), for

which the value X (0) :n«/; / 2u(xp(¢)) is corresponding to the first boundary

condition of the diffusion equation.
So, finally, for the arbitrary >0 and p>0 equation (1) with the fractional

derivative for o =0,5 has the solution of the form

u(t) =1 1/ 20 (1) = 5/22) + 3 ('),

which at any time 7€[0,7] determines the level of distribution of information
within a subgroup 0 <x < xp(¢), the size of which is a fraction x-(¢) of the total
number of members of the group calculated by the system solutions (2) (below the
values xp(¢), xp(¢f) we consider the instantaneous values of magnitude x(¢)=
=y,(¥) + y,(¢) and its velocity which is obtained from (2) at any moment of time ¢ ).

This solution may be generalized. It follows from the initial conditions of
system (2) that x-(0)=1. This allows you to rewrite the layout of the solution
u(x,t) subject to the initial condition u(x,0)=0, 0<x<1 from diffusion
equation (1).

Indeed, the function

u(x,0) =1 (7 20 () = 5/2) + 50 (D1 = 3¢ (1)

satisfies equation (1) and the initial and boundary conditions, which makes it pos-
sible to consider it as a general solution of the diffusion equation (1) for o =0,5.

Fig. 1 shows examples of spatio-temporal distribution of levels of
information perception within a given target group, which is calculated on the

The behavior of the solution of the diffusion The behavior of the solution of the diffusion

equation (excluding the factor (1-x,)) equation (taking into account the factor (1-x.))
0,4/ 0, l'i /
035+ e | Z
0,34 ; po
0,25- i ; !
3 02 ; | P
s 0.15 _': ! 0,04—E L
0,1+ t 0,02+ t
0,05+ 8 E
0 -4 0-

x x
Fig 1. Distribution of levels of perception of information in the target group over time
(coefficients n=0,1; u=0,2)
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basis of a hybrid model (1)-(2), obtained by diffusion equation (1) with a
fractional derivative Kaputo—Gerasimov order o =0,5 and use of the system (2).

MODELING OF INFORMATION DISTRIBUTION PROCESSES
(INHOMOGENEOUS DIFFUSION)

It is clear that this approach can be extended to the case of inhomogeneous
diffusion equations. For example, we can consider a generalization of the model
proposed in [14], which examines the case of diffusion in an environment that is
under external information and which changes over time (for example, in the form
of group attitudes to the quality or content of information). In this case, it is said
that such an environment “moves” at a constant speed, which is also assumed to
be proportional to the change in the number of covered members of the group.
This assumption is quite acceptable if we assume a low (which can be neglected)
level of intragroup information exchange and consider as the main factor the
external influence on the level of information dissemination in the target group. In
this case, the diffusion process must satisfy Nernst’s law [20], according to which
the model has the form

D&u(x,t) = —k(£)(0%u/ 0x>) — o(u/ox) . (4)
Here o is the velocity of the medium, u’,(0,7) = O,S\E ﬂ(exp (% xp(1)— 1) ,
)

u.(x,0)=0, xp(r)<x<1, t€[0,T]. Based on this law, the level of information
(concentration) ¢(x,?) that penetrates from the external environment can be
calculated based on the interrelations g(x,7)=-c0ou/ox, c =i (f), 0<w<I.

Put, as in the previous case, o =0,5. Writing the partial solution of the

inhomogeneous diffusion equation (4) in the form (3) for each moment of time
t €[0,T], we obtain an inhomogeneous first-order differential equation

0,5 TN (1) = —pip () X' (x) — @i (1) X (x) , (5)

in which the value x(¢) is considered as the instantaneous value of the rate of
change of the value x(¢), which can be obtained from (2) for each time ¢.

Assuming that x-(¢) # 0, equation (5) can be rewritten as
WX(x) + X (x) = —0,5mvx
with the initial condition at the end of interval in form X (x-(¢))=0.
The solution to this equation is a function X(x)= O,S\E % X
x (exp (o/u(xp(#) —x))—1), from where we obtain a relationship X (0)=
.= 0,5\/5 %(exp (o/p(xp-(t) — x)) — 1), that meets the first boundary condition of

the inhomogeneous diffusion equation (4).

Thus, applying model (4) to describe the process of information propagation
in the conditions of external information influence, which changes over time, for
arbitrary >0, u>0, o> 0, we obtain the solution of equation (4):
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u(x,0) = 0.5m (nu/ o) exp(Y xp (1) (1~ exp(- ofw)x) - 0.5V %x +nir ()12,

that to provide the initial condition can be generalized in the form

u(x,) = (/7 / 207 exp(o/prr (0)(1 = exp(= o/w) = (7 20)x + nir (N1,
(=xr (),

and which at any time ¢ €[0,7] determines the level of distribution of information

within a subgroup 0 <x < xp(¢), the size of which is a fraction xp(¢) of the total

number of group members, calculated using the solutions of the system (2).

Fig. 2 shows examples of the distribution of levels of information impact in the
target group, calculated on the basis of solutions of the diffusion model of the form (4).

The behavior of the solution of the diffusion The behavior of the solution of the diffusion
equation (excluding the factor (1—xp)) ___equation (taking into account the factor (=xp))

0,016
00141
0,012
= 0,010
= 0,008
0,006+
0,04
0,02-

t

Fig. 2. Distribution of levels of perception of information, which changes in time, in the
target group with the external information influence (coefficients of proportionality

n=001 n=02, ®=0,2)

CONCLUSIONS

This paper proposes an approach to the construction of hybrid mathematical mod-
els of the dynamics of information processes propagation in the target population,
taking into account and without taking into account the impact on the process of
information dissemination by external sources and other means.

Formalization is based on the idea of using hybrid mathematical models,
which consist of the diffusion (penetration) equation based on a fractional
differential equation in partial derivatives and dynamic models, that describe the
processes of change in the size of the contingent of the information dissemination
environment. A scalar solution for a one-dimensional representation of a group
contingent is considered. Various cases of formalization of external influence on
the process of information dissemination are considered.

Examples of numerical experiments to evaluate the level of impact based on
the application of this approach are given, and their results are analyzed. The
comparative analysis allows to confirm the existence of sufficient adequacy of
model data and data obtained as a result of real observations of the processes of
change in the perception of information within specific target population groups.

The scientific novelty of obtained results is that the proposed technique
allows us to describe the levels of propagation, influence and storage of
information in a group on the basis of the solution of the diffusion equation, the
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variation of the propagation intervals in which is determined by the additional
relationships obtained from the solutions of the additional differential equation
(for example, Bailey model (2)).

The practical significance of obtained results is that the proposed
methodology form the basis for the development of the applied research project
for the analysis of the distribution processes and the influence of information
flows in social networks. The development of methods and approaches to support
decision making in this direction is an important task that have being solved with
the aim of testing concepts and technological solutions in the field of constructive
assessment of the dynamics of information impact without creating physical
analogues.

In our opinion, the proposed options for hybrid systems of the dynamics of
the distribution of information levels based on the diffusion equation using special
dynamic models are of certain interest and can be further refined taking into
account new formal and informal relationships that use various ways of
formalizing the external information influence.

Prospects for further research are the development of new diffusion-type
models that formalize the different nature of the influence of external factors on
the processes of information dissemination, the study of the influence of delay
and impulsive effects on the information process.
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PO OJWH HIAXIA 10 3ACTOCYBAHHSI JPOBOBOI'O AHAJI3Y JIJISA
MOJEJJIOBAHHS IIPOIECIB ITH®OPMANIUMHOI'O IOUIIUPEHHSA /
€.B. IBoxiH, JI.T. Amxy6eii, F0.0. Haymenko, M.®.MaxHo

Anoranisi. PosrnsHyTo MeTomMKy mNOOYIOBM MOIENi Ta METOX 3HAaXOMKEHHS
PO3B’S3KIB y 3a1adi iMITAIIfHOTO MOZENIOBAHHS IIPOLECY IOMMpeHHs iHdopmartii
Ha OCHOBI BUKOPHCTaHHs KpaloBOi 3aadi A1 Jpo6oBO-IH(epeHITIaNbHOTO PiBHSH-
Hs B YACTUHHMX NOXiIHHUX. B OCHOBY HOK/IaJ€HO METOAMKY aHAJIOTIH ISl MOZEIIO-
BaHHS MpoLeciB iHGOPMAIHHOrO MOIMIUPEHHs, sika 0a3yeTbcsi HAa BHUKOPUCTAHHI
ocoOsMBoCTel poOOBOro aHamizy Ta Au(y3iHHOro XapakTepy IPOLECiB MPOHHK-
HeHHs iHdopMalii. 3anporoHoBaHo crocid modyaoBH TiOPUAHUX MOJEINEH, o 10-
3BOJISIE BPaXOBYBAaTH 3MiHH y Yaci IPaHMYHUX 3HA4YCHb IPOCTOPOBOI 3MiHHOI. Po3-
TJISIHYTO OJHOPIHI Ta HEOTHOPiAHI Mozaem Audy3ifHUX MpPOLECiB, AKi AadH 3MOTY
YHUCIICHO OTPUMYBATH i aHAi3yBaTH €KCIEPUMEHTAIbHI AaHi AJsS BUpPILICHHS 3a-
BIaHHS MOHITOPUHTIY PiBHIB IOLIMPEHHs iH(OpMalii B COIiaJbHUX IPyHax.

KunrouoBi ciioBa: iHpopMmallis, NOmMUpPEHHS, MOACTIOBaHH:, AnpQy3iiHi riOpuIHi
Mozeni, JpoOoBHil aHaIi3.

Ob OJHOM MNOAXOAE K HUCIOJb30BAHHUIO APOBHOI'O AHAJIM3A
JJs MOJIEJIUPOBAHUSA INPOLECCOB HHO®OPMAIIUOHHOI'O
PACITPOCTPAHEHWUS / E.B. UsoxuH, JI.T. Amxy6eit, F0.A. Haymenko, M.®. MaxHo
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AHHOTanus. PaccMOTpeHBI METOAMKA MOCTPOCHUSI MOJEIH M METOX HaXOXKICHHS
pelreHuit B 3amadye MMHUTAIMOHHOTO MOJEIHPOBAHUS IPOLEcca PacIpOCTPaHECHHS
nHGOpPMAIM Ha OCHOBE HCIOIb30BAHHMS KpaeBOM 3agaud sl JpOOHO-
i depeHanbHOro0 ypaBHEHHs B YaCTHBIX IPOU3BOAHBIX. [IpeiaraeTcst Hcnob-
30BaTh METOJMKY AQHAJIOTHMH JUISI MOJCIUPOBAHUS HPOLECCOB HH(OPMAIIMOHHOTO
pacrpocTpaHeHus, KoTopas 0a3upyercsi Ha UCIOIb30BaHUM OCOOCHHOCTEH ApoOHO-
ro aHanmm3a u IUQPQPy3HOrO XapaKTepa MpPOLECCOB MPOHUKHOBEHHS HWH(POPMAIIHH.
[pennoxen cmoco0 MOCTPOCHUS THOPUIHBIX MOJAENEH, MO3BOIISIOMINI YUUTHIBATh
W3MEHEHUs] BO BPEMEHU IPEAENbHBIX 3HAYEHHH IPOCTPAHCTBEHHOH MEPEeMEHHOM.
PaccMOTpeHBl OHOPOIHBIE U HEOAHOPOAHBIE Mozenu AU(dy3HOHHBIX POLECCOB,
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MO3BOJISIOINE YUCIEHHO MONy4YaTh U aHAIU3UPOBATh YKCIIEPHMEHTAIIbHBIE TaHHbIE
JUISL pELICHHUS 3aJ]a4 MOHUTOPHHIA YPOBHEH paclpocTpaHeHus MHopMaluu B co-
IUAITBHBIX TPYIIIaX.

KunroueBsbie ciioBa: nHpOpMaIys, pacnpocTpaHEHNE, MOACIUPOBaHUe, AUPPy3u-
OHHBIC THOPHIHBIE MOJIENTH, APOOHBIN aHATH3.
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