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MODELING OF A TEMPERATURE FIELD
FOR EXTRUDER BODY
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Abstract. The paper considers the process of induction heating of the extruder
body, the temperature of which determines the degree of heating of the polymer
mixture in the zone of loading the dry mixture. A mathematical model of this
process is formulated taking into account radiant heat transfer in the gap between the
inductor and the case. An iterative numerical-analytical method is proposed for
solving the corresponding nonlinear boundary value problem of housing heating, at
the first iteration of which a linear boundary value problem is solved (without taking
into account radiant heat transfer). At the subsequent stages, a nonlinear boundary
value problem is solved. The iterative method is based on the application of integral
transformations of the linear part of the problem, followed by an iterative scheme for
finding a nonlinear problem. This scheme is based on the algorithms for the
equivalent simplification of the expressions obtained by solving the problem. The
results of mathematical modeling of the corresponding algorithms are presented.

Keywords: equivalent simplification, extruder, induction heating, integral
transformations, polymer, Bessel functions.

INTRODUCTION

The processes available in the extruders in the manufacture of products from
polyethylene dry mixes are characterized by the versatility of the tasks to be
solved. As is known, [1-4], heat and mass transfer processes in extruders are
divided into several zones: the loading zone of the dry mixture at the inlet to the
extruder, which heats the mixture to a temperature close to the melting point of
the polymer, the delay zone in which the formation of wall polymer melt films,
melting zone where the mixture is melted, dosing zone in which the polymer melt
is cooled, product forming zones.

Analysis of the literature on these processes in the areas of loading, melting,
dosing and cooling of the polymer mixture and polymer melts in the manufacture
of cable insulation at ultra-high voltages, showed that the process of heating the
screw housing in the extruder is not considered. In our opinion, this process
significantly affects the temperature of the mixture in the loading zone along with
the heating of the mixture due to the dry friction of the mixture.
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FORMULATION OF THE PROBLEM

Consider the process of induction heating of the extruder body to a given
temperature. We set the heat transfer conditions by convection and radiation at the
upper limit.

The density of internal heat sources is the electromagnetic energy released
per unit time per unit volume. Due to the surface effect, the distribution of
internal heat sources is significantly heterogeneous and depends on the
electrophysical properties of the load, which change during heating.

The whole heating process is divided into intervals, in each of which the
loading properties are assumed to be constant:

L;(m)=1{0,9;1,45;2,05;2,65} .

Fig. 1 [5] shows a graph of the distribution of specific volume over the
length of the cylinder.
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Fig. 1. Distribution of specific volumetric power by the length of sections 14

The graph shows that the first section of the extruder (first inductor) releases
maximum power, because in this section it is necessary to heat the polymer from
the initial temperature to the melting point, and in the other zones is heated and
maintained at a given temperature.

The distribution of the temperature field of the body 7, is described by the
equation of thermal conductivity, which in the cylindrical coordinate system has

the form
2
ot r or or oz A

where a; =LA, /(c,py) is the coefficient of thermal conductivity; A;,c;,pp —

thermal conductivity, W /(m C), specific heat and density of the housing material,
respectively, g(r,z) — the function of the distribution of the density of internal
energy sources in the material, W /m’. Given that the depth of penetration of
electromagnetic energy from the inductor is small, A <1, assume that it acts on
the outer surface of the housing » =7, .

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2021, Ne 2 131



O. Trofimchuk, K. Zelensky, Ie. Nastenko

Taking into account the above, the specific power on the outer surface of the
housing is equal to [5]

4
bo-aya 107 [T T 0 (emb2)A
Wo = p()e( VA = 4r 10 fkp Hmee(x % .

If the density of the heat source on the surface of the ingot is given, use the
first part of formula (2), if you know the magnetic field strength on the surface of
the ingot, use the second part of this formula.

The initial and boundary conditions are:

o7, qk
Til—0=Tos T lr=ry=Tos 8_rk == (1)
r=ry 1
[% + thk} =0, [% + thk} =0, 2)
oz =0 oz 1

where i =0, /A, o, — heat transfer coefficient of the case into the environ-

ment. For the contact surface of the steel pipe with air o = 9 W/(m? ¢); Ty, —

temperature of surrounded space; Tj;, — temperature on the bound of inductor.
Boundary condition on the side surface of a cylindrical workpiece:

oT,
[xl(Tk )a_rk + oy (T)T (7,2, t)} =Lg +Ng(T}); (3)
I‘=I‘4
4 4
TO Tk(l"4,Z,t)
Lo=o0(T)Ty+&|—|; No=¢| ——"=1; & =0,65. 4
¢ =TT, 1(10()) G 1[ 100 1 “4)

The function g(74,z) in this case is the temperature at which the inductor

heats the surface of the housing, ie. g(74,z)=T ind

Values of thermophysical parameters for the case (steel) at temperature
T=300K are equal: p=7845 kg / m?, cy =0,461 Kt/(kg-c-K), L=58,
a=10,51/K.

SOLUTION METHOD

Since the boundary value problem (1)—(5) is nonlinear, we will perform
mathematical modeling according to the iterative scheme [6]. First, we obtain the
solution of the problem in a linear approximation. We apply to equation (1) the
integral transformation over the variable z :

d*Z(8;)

o+ 8;2(8;)=0.

dz

Custom conversion functions:

1 8
Z(8,2) =—[sin8kz——kcosé3kz}.
1Z4l? hy
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The integral of the product of eigenfunctions is equal to:

MM 3, 8k8-
'[ jZijdz=22 11— coskaL)Jr smpk]L » Dig =0 £98;
k=1j=1 + <Py hl hy

M M dzZ (8 5, 88,
ijk(8k2)¥ => Hm p ](1 cospk,L)—

k=1j=1 v 2Py 1

! sin ple}
hy

The application of the integral transformation of the variable to equation (1)
gives:

or 10 or
EZZEL arj 8ka(}" Sk,l)+72k(6k)W+QZk, (5)
. Ok Sk
sz: hl SlnSkL—h_COSSkL +(1—hl)h_ TOk‘ (6)
1 1
Boundary conditions (3) take the form
= oTx _
Tlo=0;24 =21, k=7, %
or _ 7\‘]{
}’—}’3
oT'x — L
MI)= @ Te | =ilo+Llg, 2l = [Zu@E2)dz ()
r=r4 0
_ L L
Ti(r,t,8;,) = [Z(8;2)T(r,t,2)dz, Lg = [Z; (8;2)Ng (T )dz. ©)
0 0

Regarding the variable r, we have the Bessel equation within r €[r;,7,]:

10 [ OTk(r,8;,1)

r or

J+5,§fk(r,6k,z)=o (10)

or
with homogeneous boundary conditions

dTi(r,8;.1)

dT i (r,8;,1) .\
dr dr

|r:r3:O; |:7\’1(Tk) al(Tk)fk(]GSkat) |r:r4:0

Own functions for the variable take the form:

1
R, Br)=———1[1y(Br)—D,(Br;)J o (Br)]. (11)
TR GE R0t

Substitution in (5) for » =7, in the second boundary condition (9) taking

into account the expression for leads to a characteristic equation for finding
eigenvalues 3, :

h[Jy(Brs) Lo (Bry) — 1, (Bry)J o (Bry )1 = BLJ1 (Br3 )1 (Bry) — 1, (Brs)J (Bry )] = 0
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Denote by y =pry, c=nr/r, and
By (1) =, (), () = 1, (r), (p): L =1.2.
Then to calculate the eigenvalues f3, we will have the following functions

9(y)=-LBl(y) - mBY(1)=0;
Ty

w(y) = ngé ) - (i + hlJBf () - (iv + %JBP (1) + hyeBg (7).

7y 7y
Coefficients are defined as the norm of eigenfunctions R, (3,,7), D, = LBurs) :
Ji(Bars)
B, =IRB,MI* = [rR; B,)dr = [[1yB,r)~D,JoB,) rdr.  (14)
3 3

Integral transformation of the variable to equation (1) and boundary
conditions (3), (4):

aT = = J—
E"'nnkT:LG_Rn(’?l)NG; (15)

L6 = Z,(O)Ty + (R, ()L + Ry () Zg): Zg = zily.
In the space of Laplace images we have

EG 1

TkMuerP) = ——— =R, (Bu1y)
P(p+Mu) P+ Mk

Since the right-hand side of this expression contains a nonlinear function

from 7, (Stefan-Boltzmann condition), Ng = [T} (ry,z.t)/ 100]4 we will look for

the solution of equation (16) by an iterative scheme. In the first iteration we
obtain the solution of the equation without taking into account the nonlinear

LINGITO B,,8,.01. (16)

function N .

M M
5
TO(r,2,0)= Y. > R, (Bur)Zy (8, 2)C (1 - k"), (17)
n=1lk=1
where an :L_G: T]nk :k_k(Bft +81%) .
nk cv

Substitute the solution (17) taking into account the integral transformations
of the variable

= (0 4 MN M, kL
NolT! (Bn,ék,t)]=HZZankm(l—e '”'"J (18)
m=1nmkm

Dnj,kjrnankijnj,kj; m :[n,k;nl,kl;nz,kz;n3,k3;n4,k4]
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I"I’lnj = Rn (Bnr4)Rn1 (Bnl r4)Rn2 (Bn2r4)Rn3 (Bn3r4)Rn4 (Bn4r4);
1 N
i mkjlzk (Bi2)Zi B, 22y, Bry2)Ziy By 2) 2y, (B, 2)dz.

Since in this expression the temperature 7, k(o)(r,z,t) is in the 4th degree,

Zkk

we will not write this product (the calculation of the corresponding
transformations is implemented using the appropriate program in the language
C[6]). Write the product for one component, for example, for,.

n1 :n2:n3:n4:1, k1:k2:k3 :k4:1.Let’SmarkitaS ﬁl,l,G.Then

1 - 4 -
Nipg =— D —e MY = Y de (19)
100 1=0

where d; = (—1)1(D1,1/100)?; O] =My 1,0, = 2Ny, 03 =3N;), 04 =4M; .

The other components of expression will have a similar form with the
change of indices to. We emphasize that the dependence of the nonlinear
component of the equation is reflected in the coefficient and remains unchanged
in subsequent transformations.

We now apply to (19) an algorithm of equivalent simplification [7], which
converts the expressions of the form (19) into a second-order chain in Laplace
image space. Then we will obtain

nk n,k n,k
T )= a, N ay” +ay
kMyk> P »

: 20)
nk n,k nk 2 (
ay” +a, p+as”p

In the space of the originals, the expression for temperature will look like

Tk(r,Z,t) =

M N nky — _
=Y YR, Be1)Z; (éskz){a;“‘ re @ B £ e + bl””‘fzm"”‘r)]} 1)

n=lk=1

Here

f](OJn’kt) _ Sil’l(wn,k;) (Dn,k >0, fz((on’kt) _ COS((,O”’kt) (Dn,k >0,
sh(o™* 1) o"* <0; ch(0™*r) o™ <o,

In the next stages of the iterative procedure we will have the product (for

example, for ng, j= ﬁ, ky, 1= ﬁ) of functions

ik n;,k n;.k
_ 4 —p. & nj.ki Jorl Jorl
_ okl ) eo +el P
NG_HTk (nn<,k = Tk Tk Tk :
Jorl nj,kp nj.kj nikp 2
=1 p e, +e,/ 'pres’ ' p

The summation in (21) for n; with the corresponding transformations gives

the expression of the body temperature taking into account the nonlinear
component of the solution.
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The application of the iterative procedure for calculating the expressions of
the form (20) leads to a change in the values of the coefficients a;?’k , 7=0,5, but

the structure of this expression remains unchanged.

After the implementation of the iterative procedure for achieving the
requirements of accuracy (number of iterations) we obtain the solution of the
problem:

Tk(}",Z,t) =

M N
= 2R (Bar) Y% (Bﬂ)[@”’k + e B fi (@ 0+ B 1 (co””‘t))}. (22)
n=1 k=1

Thus, due to the use of algorithms of equivalent simplification of nonlinear
expressions in equations, we obtain the solution of a nonlinear boundary value
problem in the class of linear functions.

The main purpose of mathematical modeling of heat transfer in the extruder
body is to determine the temperature field on the inner surface of the body on the
border with the auger, which determines the heating conditions of the polymer
mixture in the loading zone. Based on this, expression (22) takes the form

T} (r3,2,t) =

M N _ ok — —
= 2R, Bar3) X2k (Bkz)[b;“k +e B ™ ) + bl"’kfz(w”r)]} . (23)
n=1 k=1
Summation in (23) by eigenfunctions in Laplace image space) on the inner
surface of the cylinder gives
k

N k k

~ C cy t+c¢C

T (5.2 p) = Y2, (By2)| 2+ —— LA |, (24)
k=1 P C3 +C4p+05p

The original of this expression is

~ N _eky _
NCENED WA (Bkz{aé‘ tet t[cé‘ﬁ(x"t)+c{‘f2<x"r>]} (25)
k=1
Expression (25) serves as a boundary condition on the outer surface of the
auger in the boundary value problem of heat transfer in the polymer mixture in
the zone of its loading.

SIMULATION RESULTS

In fig. 2, a, b shows the results of modeling the temperature field of the auger
body.

In fig. 3, a, b show the temperature fields on the inner surface of the extruder
body in the linear case (first iteration) and taking into account the radiation (third
iteration).

Finally, we need to determine the temperature field at the boundary between
the inside of the housing and the loaded polymer mixture, i.e. 7} (r3,z,¢) In fig. 3,

a, b the graphs of temperature distribution on length of a loading zone is resulted.
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With the help of the proposed algorithm for solving the nonlinear boundary
value problem, it is possible to develop an algorithm for controlling the temperature
field of the housing in order to optimize the process of heating the mixture in the
loading zone and melting and crystallization zones of the polymer melt.
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Fig. 2. Temperature field of the auger body time is fixed
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Fig. 3. Temperature field of the inner surface on the 1-st and 3-d iterations
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CONCLUSIONS

A mathematical model of induction heating of the extruder body in the
manufacture of polymer products, in particular, insulating coating of cables for
ultrahigh voltages, which takes into account the convective and radiant heat
exchange in the gap inductor-body.

Mathematical modeling of the temperature field of the extruder body during
induction heating of the outer surface of the body is performed. The obtained
expression for the temperature field on the inner surface of the extruder housing is
used as a boundary condition on the outer surface of the auger in the study of heat
transfer in the loading zone of the polymer mixture.
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MOJEJIOBAHHSI TEMIIEPATYPHOI'O IOJISI KOPIIYCY EKCTPYAEPA /
O.M. Tpopumuyxk, K.X. 3enencekuii, €.A. HacteHko

AHoTanisi. Po3riisHyTO TIpolec iHAYKIIHHOTO HarpiBaHHA KOPIYCY EKCTpyAepa,
TeMIIepaTypa SIKOr0 BU3HA4Ya€ CTYIiHb HAarpiBaHHS MOJTIMEPHOI CyMillli B 30Hi 3aBaH-
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TakeHHs cyxoi cymimi. CPopMyTbOBaHO MaTeMAaTHYHY MOJENb LBOTO IPOLECY
3 ypaxyBaHHIM NIPOMEHUCTOTO TEIUIOOOMIHY B 3a30pi MK iIHAYKTOPOM 1 KOPITyCOM.
3ampomnoHOBaHoO iTepamiiHUA YHCIOBO-aHATITUYHUI METOJ PO3B’sI3aHHS BiAIMOBII-
HOI KpalfoBOi 3amadi Ipo HarpiBaHHS KOpIyCy, Ha Tepmiid irepamii skoro
PO3B’s3y€eThes JTiHIMHA KpaiioBa 3amada (6e3 ypaxyBaHHS NIPOMEHHCTOTO TEII000-
MiHy). Ha HacTynHuX itepamisix po3B’si3yeTbesl HeNMiHilMHA KpaifoBa 3amava. Itepa-
LIHUHA METOJ IPYHTYETHCSl Ha 3aCTOCYBaHHI IHTEIPAJIbHHUX IEPETBOPEHB JiHIHHOT
YAaCTHHHM 3a/a4i 3 HACTYITHOIO iTepaLiifHOI0 CXeMOIO TOLIyKy HefiHiiiHol 3axadi. B
OCHOBY L€l CXeMH MOKJIaJCHO AITOPUTMH CKBIBaJICHTHOTO CIPOLICHHS BHpAa3iB,
OTPHMAaHHMX IIiJ 9ac po3B’s3aHHA 3a1a4i. HaBeneHO pe3ynbTaTd MaTeMaTHIHOTO MO-
JIEITIOBAHHS BIAMOBITHIX aJTOPUTMIB.

KurouoBi ciioBa: ekBiBaJieHTHE CIPOILICHHS, SKCTPYyJep, IHIYKIiiiHe HarpiBaHHs,
IHTerpasibHi epeTBOpeHHs, motiMep, GpyHkuii beccest.

MOJEJIMPOBAHUE TEMIIEPATYPHOI'O IIOJISA KOPIIYCA DKCTPYIEPA /
A.H. Tpodumuyk, K.X. 3enenckuii, E.A. Hacrenko

AHHoTanms. PaccMoTpeH mpoliecc MHAYKIMOHHOTO HarpeBa KopIyca 3KCTpyaepa,
TeMIIepaTypa KOTOpOTO ONpPEAENIseT CTEIeHb HarpeBa MOJIMMEPHOH CMECH B 30HE
3arpy3ku cyxoi cmecr. ChopMyaHpoBaHa MaTeMaTHIECKas MOJIENb ITOTO TIpoIecca
C YYeTOM JIy9HCTOTO TEeIIOOOMEHA B 3a30pe MEXTy HHIYKTOPOM H KOPILYCOM.
IIpemioxker UTepallMOHHBIM YUCIICHHO-aHAMTUYECKUI METOJ PELICHUS COOTBETCT-
BYIOILICH HeIMHENHHOH KpaeBoil 3aauM o HarpeBe KopIlyca, Ha IEpBOH uTepaunuu
KOTOpPOro pelaeTcs JMHelHHas Kpaepas 3anada (0e3 yuera Jy4HCTOrO TEIooOMe-
Ha). Ha nmocnexyromux stanax penraercst HeJIMHEHHas KpaeBas 3agada. Vtepaunon-
HBII METOJi OCHOBBIBAETCA Ha NPHUMEHEHHHM HHTETPANbHBIX MPeoOpa3oBaHMAX JIH-
HEMHOW 4YacTW 3aJauyd C MOCIEAYIOIIEH WTEpallMOHHOM CXEMOH OTBICKaHMs
HEJIMHENHOU 3a1auu. B 0CHOBY 3TOH CXEMBbI MOJ0KEHBI aITOPUTMbI SKBUBAJIEHTHO-
ro YIpOILEHHs BBIPAKCHUH, NONy4EHHBIX IpU peuicHuM 3afaud. IlpuseneHsl pe-
3yJbTaThl MATEMaTHYECKOTO MOJEIMPOBAHHS COOTBETCTBYIOIIUX aJITOPUTMOB.

KiioueBble cj10Ba: 5KBUBAJICHTHOE YIIPOIICHHE, SKCTPYACP, UHAYKLHOHHBINA Ha-
TPEeB, HHTETPAIBbHOE IpeoOpa3oBanue, moanuMep, GyHkun beccemns.
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