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TECHNOLOGY PROGRESS IMPLEMENTATION BASED
ON A MODIFIED VERSION OF R.M. SOLOW ECONOMIC
GROWTH MODEL: WITH PRODUCTION S-CURVE
CONSISTING OF n-STEPS

A.K. LOPATIN

Abstract. The comparative analysis of the neoclassical Solow’s model and the
modified Solow’s model in the implementation of technological progress has shown
undeniable advantages of the modified Solow’s model. A modified version of the
Solow’s economic growth model, based on an n-step production function in the
form of n S-shaped functions for the implementation of technological progress,
ensures the growth of the economy on a sufficiently large time interval comparable
to the duration of the life cycle of the economy under study. In this interval, referred
to as the “technology gap”, intensive output y (f) can be carried out according to the
following options: monotonic decrease (stable 1-cycle) of the considered model;
oscillations (stable n-cycles, n=,2,4,16,...), “the economy marks time”; chaotic

fluctuations. This result for the models of economic growth has not been described
in the literature.

Keywords: modified Solow’s model, technology gap, periodic cycles and chaos.

INTRODUCTION

In this work, we have obtained a further development of a modified version of the
Solow economic growth model, based on an n-step production function in the
form of n S-shaped functions for the implementation of technical progress,
proposed in [1]. The substantiation of the dependence of macroeconomic
dynamics on technological investment priorities in the form of S -shaped
production functions has been considered in numerous works (see the review
article [2] and the monograph [3]. In this work, we follow [4] and [5] The
development process of each technological paradigm, in general, is described by a
logistic curve, which expresses the most general laws of the dynamics of
progressive cyclic processes. At the beginning of the life cycle of each
technological paradigm, significant costs for its development give insignificant
results — the first flat section of the logistic curve corresponds to this period.
Then, with the development and practical mastering of the corresponding
technical and technological principles, small costs begin to bring a significant ef-
fect and the curve rises steeply. Further, as the technologies of this paradigm are
approaching their technological limits, this technological paradigm again enters a
gentle section of the curve, and no, even large-scale investments in its
development are no longer able to bring a significant effect. At the disposal of the
investor at any given time, there is a limited number of technologies that could
potentially be supported by his investment resources. The meaning of overcoming
the period of technological gap, which is repeated from time to time in each
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branch of the economy, is to quickly and as little loss as possible change from one
logistic curve to another, corresponding to a more progressive technological
order. In this case, the correct choice of a substitute technology entirely depends
on the correctness of estimates of the upper technological limits of several
competing technologies designed to solve the same technical problem. There is a
need for a transition to a new technological paradigm. This is one of the most
difficult problems of technical and economic forecasting. A modified version of
the Solow’s economic growth model, based on an n-step production function in
the form of n S-shaped functions for the implementation of technological
progress, proposed in [1], gives an adequate mathematical apparatus for solving
this problem. This work develops the results of work [1] in the following
directions:

e comparative analysis of neoclassical Solow’s model and the modified
Solow’s model in the implementation of techno- logical progress;

e development of a constructive algorithm based on the apparatus of
nonlinear discrete dynamical systems;

o development a modified model, generating periodic and chaotic cycles.

Solow’s model

The founder of modern growth theory was R.M. Solow ( [6], Nobel Prize Winner
in Economics 1987). Until now, due to its combination of simplicity and richness,
the Solow’s model is considered as the basic model of economic growth in most
economics textbooks. For modern post-Solow growth theories see the overview
article [7].

Solow’s model description

Here we follow [8]
Assumptions:
¢ closed economy, producing one good using both labor and capital;

e technological progress is given and the saving rate is exogenously
determined;

e no government and fixed number of firms in the economy, each with the
same production technology;

e output price is constant and factor prices (including wages) adjust to
ensure full utilization of all available inputs.

Neoclassical production function:

Four variables considered:

o flow of output, Y ;

e stock of capital, K ;

e number of workers, L;

o effective labor, LA4.

Aggregate production function given by,

Y=F(K,AL). (1
A and L enter multiplicatively, where AL is effective labor, and

technological progress enters as labor augmenting or Harrod neutral.
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Assumed characteristics of the model:
2 2
6F>0 6F>O 8F>0 0°F

—>0, —>0, —>0, >0
oK OAL oK* A(AL)?
Constant returns to scale (CRS) in capital and effective labor:
F(AK,\AL)=AF (K, AL). 2)

Intensive-form production function: output per unit of effective labor, y, and

capital per unit of effective labor, & , are related by setting A = ﬁ in (2),

AL =L rk,an.
AL AL

Let k= %, y= A_YL and f(k)= F(k,1). Equation (1) is then written as

intensive-form production function

y= 18, f©0)=0.

A MODIFIED VERSION OF SOLOW’S ECONOMIC GROWTH MODEL WITH
N-STAGE S-LIKE PRODUCTION FUNCTION

The idea of using S -curves in the Solow’s equation was first (as it seems to us)
expressed in [9] using the example of Richards S -curves. The main result of this
work as applied to the continuous Solow equation is reduced to the classification
of trajectories, similarly to what has been done in the Solow’s equation in [1].

A modified Solow’s model description

Let there be some S-curve depending on the p+2 parameters, and the m

parameter is responsible for the shift along the abscissa axis, the # parameter —
along the ordinate axis:

Spf(vl,...,vp,m,u).

Ecxample. Verholst’s S -curve

A
Spf(kt):

+
1+ Bexp(—a(k, —m))

u, 3)

K
here kt=L—’, A=5, B=05, a=1, m=4, u=0.
t

The new production function, which will be called the n-stage production
function (n=1), is given by formula:

Y=LS, (gj : 4)
K

Let k:f’ y=% and f(k)=S (k). Equation (4) is then written as

intensive-form production function

y=fk).
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It is assumed that the growth of working in economy is described by
formula:

Li,@)=A+n)L,.
Economic growth determined by the behavior of the capital stock X :

K
Kt+1=s*LtSpf(L—’J+(l—d)Kt. 5)
t
Dividing both sides of equation (5) by L, , after simple transformations we

obtain the second s to eliminate

ki =/ (k) + ©)
1+n 1+n

It is non-linear, first-order difference equation. Here d =0,2 -depreciation
rate, s =0,3 -a fixed fraction of output, 0 <s <1, t=0,1,...,N .

The equation (6) will be called the modified Solow’s model with 1-stage
production function. The model with N stages production function was considered
in [1] and with 2 stages production function is considered in section 4 of this
article.

A modified Solow’s model characteristics

o All clauses of Assumption in subsection 2.1 are accepted.

e The production function can be both increasing and decreasing Growing
production function (see Fig. 1 and 2).
e From three cases of

y fk)y equilibrium for phase trajectory we
. choose Case 1: Developed world
. (good equilibrium). The phase

curve is located above the bisector

A t(k) and has one intersection point with
k it (a stable equilibrium position)
0 f”(k) 10 [1]

e Production function (3) has
more parameters than neoclassical
production function.

Fig. 1. Increasing production function f (k)

—s] | , e When  changing the
% | ‘ parameters m and u, the
\ . ‘ production function can be shifted

to any point in the first quarter.
The condition f(0)=0 is not

k met.

(4.8,
4] __-\

_ (k) 110 . The need to use the theory
. . . of nonlinear dynamical systems
Fig. 2. Decreasing production function f (k) to study the quantitative and

qualitative  characteristics  of
solutions to the modified Solow model. For the neoclassical model, this device
has not been used in full before.
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e The S-shaped production function describes the life cycle of each
technology: origin, leapfrogging, and gradual achievement of the stage of full
maturity of a technological process or product. For the S -curve to be of practical
value, it must predict impending technological change:

f'(k)>0, f"(k)>0, if x=>inflectionpoint,
f'(k)>0, f"(k)<0, if x<inflectionpoint.

f'(k)>0, f"(k)>0, if x=>inflectionpoint,
f'(k)>0, f"(k)<0, if x<inflectionpoint.
A MODIFIED MODEL, GENERATING PERIODIC AND CHAOTIC CYCLES

A modified model construction algorithm

Consider two production functions shown in Fig. 3.

1001y ' ' (37.86) ] | L4_7_.__L0.(].).--—-—--
(3798.5)
30 Sy ' Szp/\(”’ 44)
[ \
\|
\\.
1,3
(1,3) Se__ K,
0 10 20 30 40 50 60

Fig. 3. Intensive production functions S, and S,

Here
A
S, (k)= +u, 0<k <37; )
1+8; xp(-a(k, —m))
Szpf(kz): AS +us, 37Skt <47} 3

1+ Bs exp(—as(k, —ms))
in equations (7), (8) the parameters have the following values.
Summary of parameters used

A B a m u As Bs as ms Us
117 6,9 0,1 0 -14,1 72 10 -0,5 52 10

The technique for finding the variables £k,,1,2,..N will be discussed

below.
s n+d
S, (k)= Sy - — k,0<k <37. 9
lph( t) l+n lpf l+n t t ()
Here d =0,2-depreciation rate, s=0,3-investment share, »n=0,004 is

a coefficient of the growth of person employed in economy:

L&) =0+n)L, L, y(©)=Ly(1+n)", Ly=33.
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It is easy to see that the phase curve S, (k,) (4) is a right-hand side of the

modified Solow’s equation

kw1 = Sipn(ky) -

In a similar way, we write down the equation for phase curve S, (k;)

s
Sth(kt) :m

n+d

Sapr =K 3T <k <47

(10)

and corresponding modified Solow’s equation
ki1 =Sy ,pn (k)
and S, (k,) which are used to find steady states:
Siss (k) = 5815 (K ), S5 (k) = 885 4, (k) -

To find the steady state points of the variable &, of the modified Solow

equation (9) , we construct a diagram.

200] Vo K ]
Sipn //
Slﬁf\ _ ==
-
- "” Slss
’ .::ﬂ.....‘.....' (X L L AL A essns
0 50 100 50 %

Fig. 4. Finding steady state points. Dotted

line —

bisector y=k,; dotted line — linear function

y=(n+d)k,

The Fig. 4 shows that steady
state point of y =k, lies outside
where equation (9) is considered
and should not be taken into
account. To control the correctness
of the construction, you need to
make sure that the steady state
points generated by the phase curve
Sipn and Sy coincide.

Fig. 5 shows that steady state
point of y =k, lies within where

equation (10) is considered and should be taken into account. To control the
correctness of the construction, you need to make sure that the steady state points
generated by the phase curves S, ,, and S, coincide.

1001 yy, Ky

Sopf

Fig. 5. Shows phase curves S, and S, coincide

Dynamics of the modified Solow equation

Let us introduce the 2-stage production function S2(k,) given by equation

104

(k)

if 0<k, <37,

Sy (ky), if 37<k, <47.
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Output per worker y(k,) can be found from the relationship
(k)= S2(k,) .
Let us introduce the 2-stage phase curve S2(k,) given by equation
Sipn(ky), it 0<k, <37,
Sypn(hk,), 1if 37<k, <47.
For the function G2(k,) , we can write down the modified Solow equation

V(K1) = G2(kyyy) (11

This is a nonlinear discrete first order equation with piecewise continuous
coefficients. The theory of first-order nonlinear discrete dynamical systems is
well developed [10]. Numerical simulation is crucial in the investigation of
nonlinear systems.Let us solve equation (11) and carry out a qualitative study of
the equation. For this we use the E&F Chaos software package [11] (see Figs 6-12).

100

G2(k,) = {

754

504

251

0

25 50 75 100
Fig. 6. The stable fixed point (stable 1-cycle) of equation of (11)

a4l 4
33
22

11

0

6 12 24 36
Fig. 7. The time series plots of stable 1-cycle of equation (11)

In fig. 8. As parameter as increases from -1 to 0, one observes: each stable
cycle goes through an infinite sequence of period-doublings.

y »
YRR

D/

-2 -0,8 -0,6 -0,4 -0,2 0
Fig. 8. Period doubling of flip bifurcation, with creation of a 2-cycle of (11)
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For example, the stable fixed point gives rise to a stable 2-cycle just as the
fixed point becomes unstable.

This stable 2-cycle gives rise to a stable 4-cycle just as the 2-cycle becomes
unstable.

This stable 4-cycle gives rise to a stable 8-cycle just as the 4-cycle becomes
unstable.

In general, any stable n-cycle gives rise to a family

2n—cycle — 4n —cycle - 8n —cycle > 16n —cycle.

The amplitude of kn -cycle goes to zero when & goes infinity. Systems with
two properties: bifurcation and period doubling, sensitive dependence to initial
conditions or the largest Lyapunov exponent is positive are considered to be
chaotic in a certain sense. These are termed as the routes to chaos.

In Fig. 9. The largest Lyapunov exponent is the average growth rate of an
infinitesimal state perturbation along a typical trajectory (orbit). For periodic
regimes the largest Lyapunov exponent is negative. This means that they are
asymptotically stable by Lyapunov with respect to small changes in the initial
conditions. For chaotic regimes the largest Lyapunov exponent is positive. This
means that they are asymptotically unstable by Lyapunov with respect to small
changes in the initial conditions (sensitive dependence to initial conditions).

03] x

'l T
0,4

1,1

1,81

-2,5-
-1 -0,8 -0,6 -0,6 -0,2 0

Fig. 9. The largest Lyapunov exponent a5 increases from -1 to 0 for equation (11)

48
ky
361
241

121

0 6 12 18 24

Fig. 10. Time series of stable 2-cycle at a5 =—0,5 of (11)
52

ky
39+

26

13

10 20 30 40
Fig. 11. Time series of stable 4-cycle at a5 =—0,6 of (11)
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Fig. 12. Chaos:sensitive dependence on initial conditions at a5 =—0,85 of (11)

The diagram shows two trajectories under different initial conditions: blue
ko =11 and red k, =111 despite the small difference in the values of the initial
conditions, the trajectories first coincide and then diverge — the effect of the

sensitivity of the solutions to the initial conditions.

An example of a model based on real statistical data

The intervals at which the drop in production occurs, for example, BC, DE, FG
(Fig. 13), will be called the “technological gap” intervals. The very effect of this
behavior is a “technological gap”. This process is the result of a combination of
economic, technological, socio-cultural, political and other events. The task of a
healthy economy is to overcome this gap as quickly as possible and move to
production growth.

N
100

AT

(24

(37, 98)

.
|
Sﬂgf (47, 100)
S6-

t

o

50

9
) 10 2|0 3|0 4|0
Fig. 13. GDP per person employed (current US §) of Germany 1972-2018 by year numbers
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Fig. 14: Approximation of real data using the model in fig. 13
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The figures above explain the mechanism of behavior during the transition
from a growing S-shaped production function to a decreasing S -shaped
production function at a certain interval of functioning of the economic system
under study.

CONCLUSIONS

Comparative analysis of the neoclassical Solow model and the modified Solow
model in the implementation of technological progress has shown undeniable
advantages of the modified Solow model. The exogenously introduced S-shaped
production function describes the life cycle of technology at every: origin,
leapfrogging, and gradual achievement of the stage of full maturity of a
technological process or product at every stage. A modified version of the Solow
economic growth model, based on an n-step production function in the form of n
S-shaped functions for the implementation of technological progress, ensures the
growth of the economy by a sufficiently large time interval comparable to the
duration of the life cycle of the economy under study.

The use of the theory of nonlinear dynamical systems to study solutions of
the modified Solow model significantly improves their quantitative and
qualitative characteristics. For the neoclassical model, this technique has not been
used in full before.

A modified model, generating periodic and chaotic cycles for 2 S-shaped
production functions, is created. It explains the mechanism of behavior during the
transition from a growing S-shaped production function to a decreasing S-shaped
production function at a certain interval of functioning of the economic system
under study. In this interval, referred to as the “technology gap”, intensive output
y(t) can be carried out according to the following options (see Fig. 13, 14):

e Monotonic decrease (steady-state (stable 1-cycle) of the considered model.
e Oscillations (stable n-cycles, n =1,2,4,16,...), “the economy marks time”.

o Chaotic fluctuations. This result for the models of economic growth is
fundamental and has not been described in the literature.
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PEAJIIBALISI TEXHOJIOTTYHOI'O IIPOI'PECY HA OCHOBI MO/U®IKO-
BAHOI BEPCIi MOJIEJII EKOHOMIYHOI'O 3POCTAHHS P.M. COJIOY:
S-IIOJAIBHA KPUBA BUPOBHUMIITBA, IIIO CKJIAJAETBCS 3 n-KPOKIB /
O.K. JIonarin

Awnorauisi. [TopiBusibHuid aHati3 Heokaacuynoi moaeni P. Conoy i i mogudikosa-
HOI Bepcii B peaji3alii TEXHOJOTIYHOTO MpOrpecy IOoKa3aB He3allepeyHi MmepeBaru
mozaudikoBanoi moaeni Conoy. MoaudikoBana Bepcist MOJeIi €KOHOMIYHOTO 3pOC-
tauns P. Counoy, 1110 3aCHOBaHa Ha 71-CTYIIHYACTii BUpOOHNYI QyHKIIT y BUDIISAL 1
S-nopibHMX QYHKUIN Ui peanizauii TEXHIYHOro mporpecy, 3abe3mnedye 3poCcTaHHs
€KOHOMIKH Ha JOCTaTHBO BEJIMKOMY YacOBOMY iHTEPBalli, IIOPIBHIHHOMY 3 TPUBAJIi-
CTBIO JKHTTEBOTO LMKy JOCIIKyBaHOT eKOHOMIKM. B iHTepBaii, 3BaHOMY «TEXHO-
JIOTIYHMM PO3PUBOM», IHTEHCUBHUN BUITYCK (f) MOKE 3[iHCHIOBATHCA Y BiJMOBi-
HOCTi 3 HACTYNHHMH BapiaHTaMH: MOHOTOHHE 3HIKCHHS IPOAYKTHBHOCTI
(cTabinbHUN 1-IUKIT) PO3TIIHYTOT MOJIECII; KOMUBAHHS (CTIHKI 7 -IUKIH , n = 2,4,16,
...), «GKOHOMIKa TYIIIO€ Ha MicIli»; XaoTH4Hi konmBaHHA. [lepepaxoBaHi pe3yibra-
TH JUIs1 MOZIeJIeil eKOHOMIYHOTO 3pOCTAaHHS B JITEpaTypi HE OIHCaHI.

KnrouoBi cmoBa: momudikoBana mopens P. Coisoy, TEXHONOTIYHMI pPO3pUB,
HepioANyHI IUKIIHX 1 Xaoc.

PEAJIM3AIIUA TEXHOJOI'MYECKOI'O IPOTPECCA HA OCHOBE
MOJUPUIIMPOBAHHOM BEPCUU MOJIEJIA SKOHOMHUYECKOI'O POCTA
P.M. COJIOY: S-OBPA3HASI KPUBASI ITPOU3BOACTBA, COCTOSIIASA U3
n-IIATOB / A K. Jlonatux

AnHoTanusa. CpaBHUTENBHBIA aHanu3 Heoksaccudeckod monenu P. Conoy u ee
MOANGHUIMPOBAHHON BEPCHU B PEUTH3aLUH TEXHOJIOTHYECKOT0O Iporpecca Mmokasal
HEOCHOpUMBIE TpenMyliecTBa MoauduuupoanHoi monxenu Comnoy. Mogudu-
UpPOBaHHAS BEPCHA MOJENH 3KoHOMHUYeckoro pocta P. Comnoy, ocHOBaHHas Ha
n-CTYTIEHYATOH MPOU3BOJICTBEHHON (YHKUIUH B BUAE 1 S-00pa3sHbIX (QyHKOUH A
peanm3anuy TEXHUYECKOTo Iporpecca, 00ecreunBaeT pOCT SKOHOMUKH Ha JOCTAaTOU-
HO OOJIBIIOM BPEMEHHOM HMHTEpBase, COMOCTABUMOM C NPOAODKHTEIBHOCTD JKU3-
HEHHOTO LHUKJIa HCCIIeyeMOH SKOHOMHKH. B nHTepBane, Ha3pIBAEMOM «TE€XHOJIOTH-
YECKUM Pa3pblBOM», HWHTEHCHBHBIM BBIIYCK )(f) MOXKET OCYIUECTBIATHCA B

COOTBETCTBUH CO CIEAYIOIMMHU BapHaHTaMH: MOHOTOHHOE CHIDKEHUE TPOH3BOMIU-
TEJIBHOCTH (CTaOMIIBHBIN 1-1IMKII) paccMaTpUBaeMoi Mozenu; Kojiebanus (ycronun-
BbIE N-IUKIIBL, 1 = 2,4,16,...), «(9KOHOMHUKA TOITYETCS HAa MECTE»; XaOTHUECKUE KOJIe-
Oanus. [lepeunciieHHble pe3ynbTaThl JUIS MOJENEH OSKOHOMHYECKOro pocra B
JIUTEpaType He ONUCAHBL.

Kirouessble ciioBa: moauduuupoBansas Monens P. Conoy, TeXHOIOTHUECKHH pa3-
PBIB, IEPUOANYECKHUE LUKIIBI U Xa0C.
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