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MODELING OF HEAT AND MASS TRANSFER PROCESSES
IN THE MELTING ZONE OF POLYMERS

0. TROFYMCHUK, K. ZELENSKY, V. PAVLOV, K. BOVSUNOVSKA

Abstract. Issues related to the melting of the polymer mixture in cylindrical
channels are considered. The peculiarity of the problem solved in this work is the
presence in the channel of two-phase flows of a solid-liquid mixture under the
influence of heating the outer surface of the cylinder and dissipative forces arising
from friction of the mixture against the walls of this channel. The problems of
heating the mixture, melting the polymer and determining the velocity of the phase
transition boundary in the conditions of a mobile solid mixture due to the rotational
motion of the mechanism that feeds the mixture into a cylindrical channel are
considered. Mathematical models of certain processes are systems of differential
equations with partial derivatives of mathematical physics; the corresponding
boundary value problems are solved using numerical-analytical methods, which
made it possible to obtain solutions in quadratures. The results of computer
modeling of the developed algorithms are given.

Keywords: equivalent simplification, Stefan type problem, integral transformations,
polymer mixture, Navier—Stokes equation, phase transition, Bessel functions.

INTRODUCTION

Single-screw extrusion is the most important method of processing polymeric
materials, which explains the significant amount of available theoretical and
experimental work in this area (for example [8—12]).

The process of processing the material in it is divided into four zones: the
loading zone of the polymer mixture, in which the mixture is heated by an
inductor to a certain temperature and dry friction against the wall of the extruder
housing is heated to a temperature close to the melting point of the polymer;
melting zones, where the polymer melt is formed (taking into account the phase
transition solid mixture — liquid phase); the dosing zone in which the
homogenization and crystallization of the melt; and areas of application of
polymer insulation on the conductive core in the cable head. Given the significant
cost of materials and equipment for polymer processing, an approach based on
mathematical modeling of mass and heat transfer processes is preferred.

Mathematical modeling of mass and heat transfer processes in single-screw
extruders provides an opportunity to determine the processing conditions of
polymeric materials, determine the optimal operating conditions of existing
extrusion lines for processing polymeric materials and create conditions for the
development of such lines for a wide class of polymer products (insulating coating
of cables for ultra-high voltages, production of wide range of polymer films).

In this case, taking into account the nonlinear properties of polymeric
materials becomes essential during mathematical modeling of these processes,
which affects the accuracy of determining the main parameters of both the
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polymer mixture in the loading zone and in the melting process when determining
the melt temperature field of polymeric materials.

PROBLEM STATEMENT

The processes in the melting zone of the polymer mixture are crucital in terms of
ensuring the quality of the original product.

The problem of modeling the processes of melting the polymer mixture is to
solve the problem in the two-phase region of the solid phase — liquid phase,
known as the Stefan type problem. The formulation of the problem of a phase
transition in a two-phase region, formulated in [14, p. 50-53].

Many works are devoted to the description of problems such as Stefan and
methods of their solution, for example [1 —5]. The vast majority consider one- and
two-phase problems for one-dimensional models.

Overview of mathematical models

The solution of the corresponding boundary value problem, which describes the
heating of the plug to the melting temperature, is similar to the solution of the
corresponding boundary value problem in the loading zone. The difference is that
in the two-phase heating zone—melting conditions at the phase boundary are
functions of time (time movement of the boundary between the solid phase —
liquid phase).

In most works on modeling the processes of melting the polymer mixture,
boundary value problems are formulated, which are described by systems of mass
and heat transfer equations in a cylindrical coordinate system [1-8], which are
considered “classical”.

Taking into account the cylindrical geometry of the extruder, the equation of
motion of the polymer melt and the temperature field of the melt can be described
by the following system of equations:

continuity equation:
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where 4 — thermal equivalent of work; ¢, — specific heat of the liquid at a
constant volume; p, — effective shear viscosity; v — kinematic viscosity;

n-1
He = Ho([2/2) ? e_B(T_TO), n=2- ue:uo\/lﬁe‘m‘%),
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where p, — initial viscosity; /, — the second invariant of the strain rate tensor;

b

n — viscosity anomaly index; v.,v 6,v. — components of the velocity vector;

t; (i,j=r,0,z) — components of the stress tensor; 7 — temperature; § —

temperature coefficient; 7, — initial temperature (the temperature in left
boundary of melting zone).
The expression (0p/0T) |, is determined from the state equation. In the case

of a constant value p we have p =pRT itisequal to Rp.

The initial conditions for the equations (1) — (3) are obtained, taking into
account the solution of the heat and mass transfer problem at the exit from the
melting delay zone:

v.(r,z,tg)=vz,(r,z) v, (r,z,ty) =vz,(r,z).

The above system of equations does not take into account the dependence of
the viscosity coefficient on the melt temperature, does not take into account the
phase transition solid mixture — melt, which is a determining factor that affects
the quality of the final product. There are no boundary conditions for heating the
extruder body in the melting zone of the polymer and conditions on the left
boundary of the polymer mixture — melt. These factors encourage the formula-
tion of a nonlinear boundary value problem taking into account the above.

PROBLEM SOLVING

The problem of determining the velocity of the boundary between the solid phase
and the liquid phase consists of the following steps.

Heat transfer of solid mixture

The boundary value problem of heating the solid mixture in the melting zone is
similar to the problem of heating the “plug” in the loading zone. The difference is
that the conditions change at the boundary of the I' phase transition solid
phase — liquid phase in the sense that this boundary is mobile. The iterative
procedure is similar to that described in the previous section, taking into
account the need to calculate the integral transformations within the variable
limits r €[r,,r, =r, —&(2)]C ,:
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For polyethylene coefficient ¢, significantly depends on the heating
P

temperature. On the base of experimental investigations this dependence
approximated [3] as

¢, =co+cT+c,T*~2,5-0,024T +5,7-107472.
p

This expression corresponds to the original (in the space of integral
transformations by spatial variables)

DY) = f

ankt{elnk sinw,;t +e2,, cosm,.t, o, <0;
n=1,k=1

elnk sh Q)nkt + €2nk ch (ant, [y >0.

Then the solution in the first approximation will take the form

1 MY G — 0
TO(r,z,0= ZR(Snr)Z(Bkz){—"k(l —e "ty p© (t)}.
n=lk=1 MNuk

Further approximations are implemented according to a similar scheme (Fig. 1):

(m) — <& Gnk Nkl (m—1)
TV (r,z,t)= ZZR(Snr)Z(BkZ) —n (1-e )+ D, (1) |
n=1k=1 nk

In Fig. 1 shows the temperature distribution of sold polymer after 3-d
iteration.

T(r,z,t =2) of solid polimer — 3-d iter
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Fig. 1. Temperature of polimer at ¢ = 2

Therefore, the algorithm for solving the equation (4) differs from the one
given in the previous section in the part of calculating integrals from Bessel
functions of the second kind with respect to variable limits. Integral transformations
of the nonlinear component of the thermal conductivity equation (4):
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1 r,—&(2)
Mt =g j B(B,,r)B(B,r)B(Br)rdr.

Naturally, the upper bound of the integrals of » from similar to (4)
expressions as the “plug” moves along the z axis, it will decrease and move to
the lower limit of 7, . The point L, at which 7, ~r, will determine the length of

the melting zone and the transition to the zone of homogenization and
crystallization of the polymer melt.

Solving the problem in the liquid phase

Since the equation with respect to the velocity of the polymer solution contains
pressure gradients in the solution, we begin solving the problem by solving the
boundary value problem with respect to temperature. Taking into account the
temperature dependence of the heat capacity coefficient c,, as well as the

presence of the convective component and the dissipative component g; we have

or _ or T

Oy + LT ~T)])| = +v, — +v,— | = X*AT + ¢7.
pleOy + L8( )](at ar zazj qr
Let us separate the linear part in this equation
+
T v -tusw -1 L rgy, )
ot cOyp o ot

where A" is an abrupt change in the thermal conductivity at the interface between
the solid phase and the liquid phase, C; denotes the convective component in the

heat transfer equation

CF:V,,(Z—F-I-V a—F,F=[v v, T]. (6)
r

z roVzo
4

Determination of the temperature of the liquid phase in the linear
approximation. This problem is solved in the previous section, because in the
linear approximation (excluding the convective components and the dissipative
component in the right part of the equation (5) it coincides with the heat transfer
equation in the tube):

M,N B t
TO,z,0= Y Ry (NZ(2)T0, 4 + Tl e ™ 1. (7)
nk

The presence of a pressure gradient in the equations relative to the velocity
of the melt is taken into account according to the equation p=pRT, i.e.
Op/or = RpoT/or , Op/or = RpdT/0z taking into account (7).

Then the equation of motion can be written as follows:

(0) 2
o, =—R6T + U, Av,+a Ve -C, ()
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Denote, as before, the linear part for the components of the velocity of the
melt through vﬁo)(r,z,t), vgo)(r,z,t) application of equations (8), (9) integral
transformations on spatial variables gives for m=1,2,...:

dv(m) — _
D =BT )= F (0, 4
dv(m) _
ey =RTD () = F. (0,4 + C,,

Taking into account the expression (6) after the application of integral
transformations of spatial variables in the “linear approximation” we will have

1 M,K TO T
(V(O)) (p)= z P dek1 mky 1m1;c1 ,
P +'Ymk mlkl p P +Ym1k1

where 1, . zdy, are the coefficients of integral transformations for the

variables » and z, respectively.

Summation in these expressions using the algorithm of equivalent
simplification gives:

0 k Vr-
VO E (p)~—= =;
p W”3 + Vl”4p + W’Sp

7Oy (p) = =2 .
P vzy+vzup+ v25p2

Viy +vip

vzZo +vz p

In these expressions indicated: vr,, , = 1, Z,Vig > VZy | = 1,2k VZ0 5

Z] Z
J R, (B, "’ 1<Bmlr)dr 2y = [Zi(oud)—H(ay 2)dz,
Ta 20

where vry, vz, — initial values of velocity — the movement of the “traffic jam”
in the longitudinal and radial directions.
The originals of these expressions are:

M N
vi O, 2,00 ==Y R,y (B1) D Zy (az)Vrtl) (2); (10)
m=1 k=1
Vr

~y .t )
Vrt,(i)k () =Vrty+e m.k (Vrt, sin (covr 1 +Vrt, cos((ovr 1), (11

M N
vz (r,z,0)= Y R, (B,1) Y2y (az)Vzty) (1) ; (12)
m=1 k=1
_y"z ¢
Vel () =Vatg+e " (Vztysin (o, 1) +Vzty cos (@, 1)) . (13)

If there are expressions for the components of the melt velocity in the linear
approximation, it is possible to determine the convective components in the
equations for velocities and temperature. Substitute (7), (10), (11) to (6). Here is
the expression for Cvr . The expression for CVZ is similar.
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Application of integral transformations by spatial variables to this expression
leads to expressions of the form

0 —

mymy klkz
_ ik (0) (0) m,k (0) (0)
M1mzk1k2 O=FL ok Vrt,, T (t)Vrtmzk2 )+ F2m1mzk1k2 Vzt,, (t)VZt (t)

Summation by indices my, m,, k|, k, using the algorithm of equivalent
simplification [15], gives:
m,k m,k m,k
ne vr, +vr1 )% (14)
k mk 2 ;

crt(py~" _
Vl"3 ? +V7"4 p+V}"5 p

By a similar algorithm we obtain the expression for (12) whith (13):

m,k m,k m,k
m,k Z VZO +VZl p
i~ — (15)
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k k
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m,k
J

. tm,k
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The coefficients vr"F , vz"F

J 27 1

in convective components are determined

using programs that implement the appropriate algorithms. Because the
dissipative component in the equation for temperature can be written as

_ 24p, (6&4_ ov, Jz
pcO, \ or oz )’
taking into account (14)—(16) we will have
24v, | Ty . Tqo+Tq,p
pcOy | P Tgs+Tqup+Tgsp?

Then in the first approximation for the temperature field in the image space
we will have:

qr

o (p)~

TV 0k (P) =T ws(p) = C7F (D) + 47 i () = o

n k+t1 kPl

Or in the space of the originals

M N
T (r,z,6)= 3 YR, (NZ(DTT (1)
m=1k=1
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where f(at), f,(at) — originals from chains of the second order.

The calculation of these integrals according to the algorithms given in the
section is performed once for all iterations. As a result of the solution for the
components of the velocity of the melt and the temperature field acquire the
following form:

vgm)(r,z,t) = AZ/[:R,, (r)%Zk (2)vr (m)(t) (m)(r z,t)= ZR (r)ZZk (Z)VZ(m)(t).

n=1 k=1 n=1 k=1
In Fig. 2 shows the graphs of the velocity components vﬁm) (r,z,1):

Radial velocity V, (r z,t= 1) of melt sm/min
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\\‘ 22/

Fig. 2. Radial velocity field (sm/min)
In Fig. 3 shows the graphs of the velocity components vgm) (r,z,t):

Axial velocity V,(r,z,t =1) of melt —sm/min
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Fig. 3. Axial velocity field (sm/mi)
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The application of the iterative procedure for solving the nonlinear thermal
equation can be written for the m -th approximation (Fig. 4):

M N
T (r,z,0)= Y SR, (NZ (DTT (1) ; (17)
m=1k=1 ’
4,m)

@,
-1l t
T O =000 —e ™ A0 A@ST D +AGT £ . (18)

T(r,z,t =2) of melt linear approximation
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Fig. 4. Temperature field in linear approximation

Here are the graphs of the temperature fields obtained in the first 3 iterations
(Fig. 5).
T(r,z,t =2) of melt
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Fig. 5. Temperature field in the second approximation

According to the available approximate solution (17) whith (18) for the
temperature field of the polymer melt in the first approximation we can write an
expression for the pressure field
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M N
P (r,z,)=pRT™ (r,2,6)= Y Y R, (N Z, (TT P (1)
n=1k=1

taking into account the expression (18) for 77, n('/'c') ).

Since we are interested in the value of the pressure at the outlet of the
melting zone of the polymer, it is appropriate to determine the value of the
pressure at the boundary of the melting zone L and the dosing zone:

M N
P (r,L,)y=pRT™ (r,L,1)= Y. > R, (N Z (L)TT Y (0).
n=1k=1

The obtained solution of the problem of heating the “plug”— solid polymer
mixture and the process of forming a thin film of melt at the end of the melting
delay zone can be considered as the first step in determining the boundary of the
phase transition solid phase — liquid phase.

The formation of the liquid phase is accompanied, of course, by a decrease
in the proportion of solid phase. The melting process leads to the formation of a
boundary (r€l[r,,n, —&]) for the solid phase and r€[r,,r, +&]) for the liquid
phase.

A significant difference between the problem of phase transition in the process
of polymer melting in contrast to the classical problems such as Stefan is that:

1) in the process of melting the polymer, the solid mixture moves in the
direction of the axis z with a speed of V;

2) this leads to the dependence of the variable boundary on the longitudinal
coordinate z,ie £=§(z).

Defining the phase transition boundary

At the boundary of the phase transition, the conditions of heat conservation at the
free boundary separating the solid phase and the soluble one must be fulfilled:

P A Yo
yemit on p; On

N

Qg Q
where V, = d&/dz is the velocity of the phase transition boundary, L, is the heat
of the phase transition (determined experimentally).

The expression for the temperature field of the polymer mixture is obtained
in the form:

Oy~ S il
D))= D e 7k

{elnk Sin ¢ + €2, cos®,t, O, <O0;
n,k=1

el sho,t+e2,cho,.t o, >0.

Then the solution in the first approximation will take the form

TV (r,z,1) = % %R(smzmkz)r"k (1—e My 4 Dﬁ?)(z)}.

n=1k=1 MNuk

Further approximations are implemented according to a similar scheme:

(m) — Ul Gnk Nkl (m-1)
TV(r,z,t)= ZZR(Snr)Z(BkZ) . (1-e )+D, (1) ].
n=1k=1 nk
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For solid and liquid phases one can write:

oT, T, _ L oB(,r) £ (sl)

N D - Z(a, )it (1) ;

on  Oor mZ::l or :,kzzll(kz) mi0)
rrb

oT, 0T, _ & 3B(B,,r) £ (pl)

—_—— = —m 7 Z (0. 2)tt P ().

Given that the density of the polymer material almost does not change with
the transition from solid to liquid state, we have the following equation to
determine the velocity of the phase interface:

e 1 &
Vy=—2=—2Z(a;2)Cy;
dz p V k=1
1 Y oB@, r K s
oL, ¥, = 3 BCaD S 70, D 0y 2D 0)]

plm=t O i

Next, in order to obtain an expression for the phase separation boundary, we
assume that the process of melting the polymer in the extruder with the formation
of the phase transition boundary can be considered quasi-stationary. Then one can
write the equation to determine the boundary of the phase transition as follows:

M
c = Z% [, 2250 (0) = 1,270 (0)].
ppl m=1 r r=r'

The initial condition for this equation:

1 K
£(0)=—— > Z(0, 0)C;.
PLy =1
As a result in Fig. 6 a graph of the velocity of the solid-liquid interface
during melting of the polymer is given.

Velocity of boundary — sm/min
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Fig. 6. Velocity of move of boundary solid-liquid (sm/min)
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CONCLUSIONS

1. The problem of modeling the processes of polymer melting in the
extruder is formulated. The mathematical model of the process is a system of
differential equations that takes into account the convective transfer of fluid, the
nonlinear temperature dependence of the thermophysical parameters of the
polymer and the dissipative component.

2. The solution of this system of equations is obtained using the iterative
numerical-analytical method of solving nonlinear boundary value problems.

3. The mathematical model of heat and mass transfer as a problem with
variable limits is formulated — a problem like Stefan. A method for solving the
problem of determining the moving boundary of phase separation solid phase —
liquid phase is proposed.

4. The obtained expression for the moving boundary can be used to set the
problem of optimal control of the melting process of polymers.
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MOJIEJIOBAHHS TIPOLECIB TEIJIOMACOIIEPEHECEHHS Y 30HI
IJVIABJIEHHS MMOJIIMEPIB / O.M. Tpodpumuyk, K.X. 3enencekuii, B.A. IlaBios,
K.C. boBcyHOBCBKa

AHoTanisi. JloCHiKEHO THTaHHSA TEIJIOMAacOTEIUIONEPEHECEHHS —IOJIiMEpHOI
CyMilli y OMTIHAPHYHHUX KaHanax. OcoOamMBicTh 3a1adi, o Po3B’SI3Y€EThCs B poOOTI,
MoJISira€ y HasBHOCTI y KaHalli nBO(a3HUX IMOTOKIB TBEpHAa CyMIll — DigWHA IIif
BIUTUBOM HAarpiBaHHs 30BHIIIHBOI MOBEPXHI LHIIHAPA Ta JAUCHIATHBHHUX CHI, SIKi
BHUHUKAIOTh YHACIHIZOK TEpTs CyMilIi 00 CTIHKHM [[bOro KaHaity. PosrmsiHyTo 3amadi
HArpiBaHHs CyMillli, [UIABJICHHS IMOJIMEpYy Ta BH3HAUCHHS LIBHAKOCTI PYXy MeExi
(a3oBoro mepexoay B yMOBax pyxoMoi TBEpJOl CyMillli 3a paXyHOK 00epTaqbHOro
PyXy MexaHi3My, 1[0 HOJAAE CyMilll y ITIHAPUYHUIA KaHai. MaTemaTuuHi Mojemi
BU3HAYCHHX MPOLIECIB SBISAIOTH CO00I0 cHcTeMHU Au(epeHIialbHUX PIBHSIHB i3 Yac-
TUHHUMH MOXIZHUMH MaTeMaTH4YHOl ()i3WKH; PO3B’SI3aHHS BiAIMOBIJHHUX KpaioBHX
3aj1a4 BUKOHAHO 13 3aCTOCYBAHHSAM YHCIIOBO-aHATITHYHHX METOIB, IO JaJ0 3MOTy
OTPHMATH PO3B’sI3KH y KBajparypax. HaBeneHo pe3ynbTaTd KOMIT FOTEPHOTO MOJIe-
JIFOBaHHSI PO3pOOJICHHX aJIrOPUTMIB.

KurouoBi cioBa: exsiBaneHTHe crpoliieHHs, 3aga4da tumy Credana, iHTerpaibHi
MEepeTBOPEHHs, MomiMepHa cywim, piBHAHHA HaB’e—Crokca, ¢a3oBuil mepexin,
¢ynkuii beccest.

MOJEJIUPOBAHUE INPOLECCOB TEIIVIOMACCOIIEPEHOCA B 30HE
IUIABJIEHUSI ITIOJIMUMEPOB / A H. Tpopumuyk, K.X. 3enenckuii, B.A. IlaBnos,
K.C. boBcyHOBCKast

AHHoTauus. VccienoBaHsl BONPOCH TEIIOMAacolepeHoca MOJIMMEPHOH CMecH B
LWIHHIpUYEeCKUX KaHanax. OcoOeHHOCTh 3a/1a4H, penraeMoii B paboTe, 3aKiIrodaer-
Csl B HAJIMYMU B KaHajle JBYX(a3HbIX IOTOKOB TBEpHas CMECh — XXUAKOCTb IO/
BO3/ICHICTBHEM HarpeBaHMsl HAPY)KHON MOBEPXHOCTH LMIMHIpPA M JUCCUIIATUBHBIX
CHJI, BO3HHKAIOIIMX BCIICICTBHE TPEHHS CMECH B CTEHKH 3TOrO KaHaja. Paccmorpe-
HBI 33/1a4 HarpeBa CMECH, IUIABJICHHS OJIMMEpa U ONPEJIeNICHUs] CKOPOCTH JIBHIKE-
HUS TPaHMIBI (Ha30BOTO MEpexosa B YCIOBHUSIX MOABIKHOM TBEpOil cMecH 3a cuer
BPAIATENBHOTO JIBYKCHUS ITOJAIOLIEr0 CMECh B IMIMHIPUYCCKUil KaHain. MaTtema-
THYECKHE MOJIEIH ONPEIENICHHBIX MPOLIECCOB MPEICTaBIAT cO00i cucreMsl nud-
(epeHLMaNbHBIX yPABHEHUH ¢ YaCTHBIMH IPOM3BOJHBIMH MAaTEMAaTH4ECKOH (H3H-
KH; DPEIICHHE COOTBETCTBYIOLIMX KpAaeBbIX 3a1au BBIIOJIHEHO C IPUMEHEHHEM
YUCIICHHO-aHAIUTHYECKUX METOJOB, YTO IO3BOJIMIIO TOJYYHTh PELICHHS B KBaJpa-
Typax. IIpuBeaeHs! pe3ysbTaThl KOMIBIOTEPHOTO MOJCIMPOBAHUS pa3pabdOTaHHBIX
AITOPUTMOB.

KuroueBble cioBa: 3amaua tuna Credana, nHTErpanbHble IpeoOpa3oBaHus, TOJH-
MepHasi cMech, ypaBHeHust HaBbe—CToKca, da3oBeiii nepexoa, gpynxuuu beccens,
9KBHBAJICHTHOE YIIPOLICHHUE.
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