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BASIC ALGORITHM FOR APPROXIMATION OF THE
BOUNDARY TRAJECTORY OF SHORT-FOCUS ELECTRON
BEAM USING THE ROOT-POLYNOMIAL FUNCTIONS OF THE
FOURTH AND FIFTH ORDER

I. MELNYK, A. POCHYNOK

Abstract. The new iterative method of approximating the boundary trajectory of a
short-focus electron beam propagating in a free drift mode in a low-pressure ionized
gas under the condition of compensation of the space charge of electrons is con-
sidered and discussed in the article. To solve the given approximation task, the root-
polynomial functions of the fourth and fifth order were applied, the main features of
which are the ravine character and the presence of one global minimum. As an ini-
tial approach to solving the approximation problem, the values of the polynomial
coefficients are calculated by solving the interpolation problem. After this, the ap-
proximation task is solved iteratively. All necessary polynomial coefficients are cal-
culated multiple times, taking into account the values of the function and its deriva-
tive at the reference points. The final values of polynomial coefficients of high-order
root-polynomial functions are calculated using the dichotomy method. The article
also provides examples of the applying fourth-order and fifth-order root-polynomial
functions to approximate sets of numerical data that correspond to the description of
ravine functions. The obtained theoretical results are interesting and important for
the experts who study the physics of electron beams and design modern industrial
electron beam technological equipment.

Keywords: approximation, interpolation, root-polynomial function, ravine function,
least-square method, discrepancy, approximation error, electron beam, electron-
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INTRODUCTION

Today, an important task regarding the further development and industrial appli-
cation of electron beam technologies is the preliminary estimate of the boundary
trajectory of the electron beam using different suitable approaches. Therefore, in
addition to development the basic theory of electron beam optics and obtaining
necessary analytical ratios and corresponded numerical methods for solving dif-
ferential equations, methods of interpolation and approximation are widely used
also [1-3].

A separate issue in this aspect is the evaluation of electron beam trajectories
and finding the focal parameters of beams in high-voltage glow discharge
(HVGD) electron guns [1; 4-7]. Main singularities of such kind of beams, at the
physical point of view, is its propagation in the soft vacuum in the medium of re-
sidual gas with compensation the space charge of electrons. In additional, usually
such beams are formed by the cathodes with large emission surface, therefore the
convergence angle of beam is generally large and its focal diameter is not so
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small, range of few millimeters. Just today HVGD electron guns widely used in
various branches of industry, in particular in the electronic industry, instrument
building, mechanical engineering, metallurgy, automobile and aerospace industry
[5-9]. The main advantages of these types of guns, regarding the possibility of
their industrial application, are operation in a soft vacuum in the medium of vari-
ous technological gases, including noble and active gases, high stability and reli-
ability of operation of the HVGD electron, the relative simplicity of the design
and the cheap of HVGD electron guns, as well as stability and reliability of its
operation [1-3]. Ease of control the power of the electron beam both by gas dy-
namic lows and changing the operation pressure in discharge chamber and by the
lighting of additional discharges is also possible [8; 9].

Among the advanced application of HVGD electron guns in the modern
electronic production most important are follows.

1. Welding of contacts and casualization of crystals. For example, such ap-
plication is very advanced in the experimental production of cryogenic low-
temperature devices [10; 11].

2. Production of high-quality capacitors with the small value of current losses on
the base of ceramic films [12—14].

3. Production of communication devices as receivers and transmitters of micro-
waves antennas on the base of high-quality ceramic films [12—14].

4. Refining of silicon ingot for obtaining the pure material for electronic in-
dustry [15-18].

Main problems of HVGD optics and energetics are well-known and have
been complexly analyzed in papers [1; 19-21]. The problems of guiding short-
focus electron beam in ionized gas also have been studied carefully both theoreti-
cally and experimentally, corresponded mathematical model was presented in the
paper [1]. However, mathematical methods of interpolation and approximation of
electron beam boundary trajectories in the medium of ionized gas still wasn’t de-
veloped up to the necessary stage, corresponded mathematical function also ha-
ven’t considered complexly. This shortcoming largely hinders the introduction
into the industry of advanced electron-beam technologies.

In the papers [22; 23] the root-polynomial function was considered as the
suitable mathematical tools to interpolation the boundary trajectories of shorty-
focus electron beams in the case of its propagation in the medium of ionized gases
with compensation of the space charge of electrons. Root-polynomial functions
from second to fifth order and corresponded interpolation results were presented
and analyzed in papers [22; 23]. The interpolation results have been compared
with the accurate solution of differential equation of electron beam propagation,
and corresponded interpolation error usually was smaller, than 5% [22; 23].
Therefore, the aim of investigations, which are described in this article, is forming
the algorithm of approximation of boundary trajectories of short-focus electron
beam, propagated in the ionized gas with compensation the space charge of elec-
trons. Testing examples of using such approximation for the root-polynomial
functions of fourth and fifth order are also considered and obtained results of nu-
merical simulation are analyzed.
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THE PREVIOUS RESEARCHES AND THEORETICAL FUNDAMENTALS OF
PROPOSED APPROACH

The basic theory of polynomials interpolation and approximation is considered
generally in the manual books [24; 25]. In the papers [22; 23] was considered the
task of interpolation the ravine functions, which corresponded to the boundary
trajectories of electron beam, propagated in the medium of ionized gas, by the
root-polynomial functions, which in the general form are written as:

r(z)=’{/CnZ” +C, 2"+ Cz+Cy, (1)

where z is the longitudinal coordinate, 7 is the radius of the boundary trajectory
of the electron beam, # is the degree of the polynomial, as well as the order of the
root function, C—C,, are the polynomial coefficients.

The analytical relations for coefficients of forth order root-polynomial func-
tion C,,C;,C,,C; and C,, which, in general form, corresponding to relation (1),
is written as follows [22; 23]:

r(2) =Yzt + O + 27 + Gz + €, )

are also was obtained and analyzed in the papers [22; 23].

Clear, that for 5 unknown polynomial coefficients of function (2)
Cy,C,,C,y,C3 and C,, with defined basic values of the spatial coordinates
R\t ,13,1,15, Z1,29,23,24 and zg, corresponded set of 5 linear equation for
calculation the polynomial coefficients is written as follows [22; 23]:

Cuzt +C32 + Cyzi +Cizy + Cy = 11

Cuz8 +C323 +Cyz2 +Cz5+Cy =15
For solving the set of equations (3) firstly considered the coefficients basic
intermediate variables a; ;, where k — number of iterations for solving set of

equation (2) and / — number of equation i in the set (3) [22; 23]. Corresponded
analytical relations are look as follows:

4 4 4 4 4 4 4 4
_nh-n . I N _Iy - _5—n
an » 3= > a4 5 A1 5= >
Zy — 7 Z3—7; Zy— 7 Zs — 73
M3 —an M4 a1n 1541 4
3= 5 a=— 5 5= - 4)
Z3_22 Z4_Z2 25_22

After that, considering the second set of additional variables b, ;, where

parameter m is the power of variable z in the set of equations (3). Corresponded
analytical relations are written as follows:

33,2 2 2 2

b _Z3—22+Z3ZI—2221+ZIZ3—2122'

233~ >
32y
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)
Z3 —Zp + 2123 =212y |

52,3,3 = >
32y
33, .2 2 2 2
b Zy—Zy+ZiZ| —Z5Z1 +Z]Z4 — 21 2y
2,33~ >
Z4—Zy
2 2
b Zy—zZ) +Z1Z4 — 212 |
2,2,4 = )
Z4—Zy
33,2 2 2 2
b _ZS_ZZ+ZSZI_ZZZI+ZIZS_ZIZZ.
2,3,5 — ’
Z5— Iy
22 22 +ZzZz yAVA
_ 25 T2y T Z1Z5 — Z1Z) |
byys= ; (5)
Z5 =2y
_ 52,3,4 —52,3,3 . _ b2,3,5 —b2,3,3
334~ , > Ui3s=T——

After that, with known values of the coefficients b,,4, b,,3 and b, , s,
five additional variables from the first data set a, s, a4, a35, a3, and a3, as
well as two new coefficients from the second set of variables by; and bs,,
arecalculated by using such analytical relations:

drsa—0az3 _ Gpga—ay3 _ ys5—dy3 6
R SR S e
22,4 D223 22,4 D223 2,25 0223
4 dys—dysz G = drg—0A33
3,2~ s B = >
bz,z,s by 3 b2,2,4 —bz,z,a
by = bz,a,4 —bz,3,3 . _ b2,3,5 _52,3,3
31~ —b b > D3p = —b b .
2,24 D223 2,25 ~ D223

And finally, taking into account relations (4)—(6) and the first equation of the
set (3), all polynomial coefficients of the set of equation (3) are defined with ap-
plying the following relations:

_3p 43 G403 a3 o —dz) b2,3,4 —by33 .
= ; Gy — .
by, —bs

Cy = ;
bryoa—brns byy—byy byrs—byos

C. = 13— 412 d3p — a3 dr4 —dy3 azy—az; by34—bys33
) = _ _ _ .

(7
Z3— 12y b3,2 _b3,1 b2,2,4 _bz,z,3 bs,z _b3,1 b2,2,4 _bz,z,3

33, 2 2 2 2
a7 +z4Z1— 25z + 2124 — 21 25

b

Zy4—Zy
Cl=a1,—Cy(z3+ 232+ 202y +2) = C3(25 + 22y + 22 ) = Cy (2, + 2, );
1= a2 42y T 2321 T Z1 2y T 7 32y T 512 T4 2051 T 22),
4 4 3 2
COZI"l _C4Z1 _C3Z1 _C221 _CIZI‘

The analytical relations for coefficients of fifth order root-polynomial func-
tion Cy, C;, C,, C5, C, and Cs, corresponding to relation (1), is written as fol-
lows [22; 23]:
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r(z) :\/C524 +C4z4 +C’3z3 +sz2 +Ciz+C,. ®)

Therefore, the set of equation for defining the polynomial coefficient includ-
ing 6 equations and generally it writing as follows [22; 23]:

Csz) +Cyzi +Cazi +Cozt +Cizy +Cy = 1
5 4 3 2 _ 5.
Csz3 +Cyz3 +C3z5 + Cozi + Ciz3 + Cy =13 ; ©)

Csz3 +Cuzd + Cyz2 + Cuz2 + Cizg +Cy = 12

But the advance of proposed method of calculation the polynomial
coefficients is that with using the set of coefficients for four-order function,
defined by relations (4)—(6), some of that relations are also correct for defining
the coefficients of fifth-order polynomial. For example, among the first set of the
coefficient a only the values a;, are different form relations (4), since they are
including fifth order of beam radius ». Corresponded relations for defining the
coefficients a,; are written as follows [22; 23]:

”25—’”15. r35_r15. ”45—’”15. r55_r15
ay, = ;a3 = s a4 = a5 = . (10)
Zy) —Z1 Z3 — Z4— 27 Z5 — 21

Other two coefficients from the first set ays and a3 are defined by the fol-
lowing analytical relations:

A6 —d12 Gy a3 11
Upog=—""—"; BGg="—"——"—"— (11)

The corresponded coefficients b from the second set of additional variables
are calculated for five order root-polynomial functions by analytical solving the
set of linear equations (9) by the following relations:

2 2
Zg —Z) tZ¢Z1 — 2321,

b2,2,6 = >
Z6 — 22
Z;‘ —Z% +Z§Zl —Z;Zl +Z32212 —Z%le +Zl323 —ZI3Z2
b2,4,3 = 5
371y
22 —Zg +Zizl —zgzl +ZZZIZ —Z%le +21324 —21322
b2,4,4 = 5
Z4—2Zp
Zg —Z; +Z§Zl —Z;Zl +252212 —Z%le +Zl325 —21322
b2,4,5 = 5
Z5 =2y
Z4 Z3+ZZZ Z3Z +222 222
_ %6 TEpTZpZ) T Zpz T 2126 212
b2,4,6 = ) (12)

26— 22
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Zg —Zg +Z6221 —ZSZI +ZIZZ6 —21222 .

b2,3,6 = >
26 — 23
_ b2,4,4 _52,4,3 . _ b2,4,6 _52,4,3 . _ b2,3,6 _52,3,3
3,34~ > U346 = — D336=7T—"—F .
b2,2,4 - 52,2,3 bz,z,s - bz,2,3 b2,2,6 - bz,z,3

With known additional variables a and b, defined by the relations (4), (10)—(12), the
polynomial coefficients of root-polynomial function (8) are calculated with using
following relations:

a6 — 45 a6 — 45
Cs=r———1 Cy=byys— T Ay s
byae—baas byae—baas
Qa6 — 45 a6 — 445
G = d34— b3,4,4 b b_ - b3,4,4 b4,4,5 —b b —dys |
4,46 ~ D445 44,6 ~ V4,45

g6 —d4s dg6 —das
G, = ar3 — b2,4,3 —b b - b2,3,3 b4,4,5 —b b A5 |
4,46 ~Daas 4,46 ~Daas

s~ A4 s~ A4
—byo3| 34 D344 —b b —b3 44| byas —b b —ays | (13)
4,46 —D4.45 4,46 —D4.45

g6 — Q45

4, 3 22, .3 4
Ci=a5—by4;s (z3 + 7321+ 252 +ziz + 21 ) -

b4,4,6 - b4,4,5

46 —A45 4, 3 2.2, .3 4
—| baus b b . —ays |(z + 2321+ Z5z) +zizy 21 ) —
44,6 ~ D445

2 2
= C5(z3 + 221+ 21) — Cy(z5 + 71);

5 5 4 3 2
CO =n _CSZI _C421 —C3ZI _szl _Clzl‘

Relations (4)—(7) have been used in this work for calculation the coefficients
of forth order root-polynomial function (2), and relations (10)—(13) — for calcula-
tion the corresponded coefficients of fifth order root-polynomial function (8).
Such kind of ravine functions are generally characterized by one minimum, as
well as by quasi-linear dependence outside the region of local minimum. In any
case, such functional dependences are very suitable for approximation the trajec-
tories of electron beam, propagated in the medium of ionized gas with compensa-
tion the space charge of electrons, because, as it was proved theoretically, the be-
havior of electron beams in such physical conditions is exactly the same [1; 20—
23; 26-29]. An effective and simple method of calculation the optimal values of
polynomial coefficients for function (3) and (8), have been used in this work for
solving the task of approximation the suitable numerical data. Describing of this
method, as well as corresponded examples of approximation for some of ravine
functions, will be considered in the next parts of this article.

132 ISSN 1681-6048 System Research & Information Technologies, 2023, Ne 3



Basic algorithm for approximation of the boundary trajectory of short-focus electron beam ...

STATEMENT OF APPROXIMATION PROBLEM

In general, the approximation task is that for given approximation basis points and
a given approximation function 7(z), for example, for function (1) with unknown
coefficients C,, C,.1, ... C;, Cp, write an analytical expression based on the method
of least squares [24; 25; 30; 31].

For example, for fourth order root-polynomial function:

m
S(CasC3,C0,C1Co) = 107 = (@ Can G GGG = (19)
i=1

9
min

= Z(f’;z _\/C4Z4 + C323 + (:'222 + CIZ + C() )
i=1
and for fifth-order function, correspondently,

m
S$(Cs,C4,C5,C,,CL,Ch) = Z(”iz _rz(Zl',Cs,C4,C},Cz,C],CO))‘min = (15)
i=1

m
- Z(r,- SO+t + O+ O + Gz C)? )
i=1
where 7 is the degree of the root-polynomial function, m is the number of reference
values.

Applying known methods of solving extremal problems through the search
for partial derivatives of a function of many variables [24; 25], the generalized
relation (14) can be rewritten in the form of a system of algebraic differential
equations as follows [24; 25; 30; 31]:

b
min

m

Z(rz —‘\‘/C4z4 +C32° + Cy2? +Clz+C0)8r(zi’c4’c3aczaclaco);
i=1 aCO

m .

Z(Vi —‘\‘/C4Z4 +C3z3 +C222 +Clz+C0)ar(zl’c4°g3cﬂczsc1aco);
i=1 1

Z ‘ (16)
Z(”i —‘\‘/C4Z4 + C3Z3 + C222 +Ciz+Cy ) 0r(z;,C4, G5, 65,6, Gy) ;
i=1 oC,

Z(”z Jk/@;z“ +C32° + Cy2? + G2+ ) Oz C4.65.€5. 1. Co) ;
i=1 0C;

i(” —‘{/C4z4 +Cy2° + Cy2? +C12+C0)ar(Zi’CMC%CZ’CI’CO).
i=1 l 6C4

Correspondently, relation (15) for fifth order root-polynomial function is re-
written as follows:

ar(zl,CS,C4,C3,C2,C1,CO)

(7’1 _S\/CSZS + C4Z4 + C323 + C222 + ClZ+ CO

ar(zzaC53C47C3aC27C17CO)

r; _S\/CSZS +C4Z4 + C323 + C222 + ClZ+C0

e v 0t + O 1 G Gz G

al’(Z C5,C4,C3sC2aC1’C0)

0oz + Cyzt + Oy + G2t + Gz + €

6}’(2 C53C49C39C2,C15C0)

)
)
)ﬁr(z C5,C4,C3,C2,C1,CO) a7
)
)

e 0t 1 OB+ G Gz G
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The problem is that the solution of the set of equations (16), (17) in the case
of a nonlinear function #(z) of many variable parameters, is extremely difficult.
Methods of analytical solution of some simpler approximation problems for
linear, quadratic, polynomial and one-parameter functions f{z), as well as for the
sum of arbitrarily specified functions @,(z), ¢2(z), ¢.(z) with unknown numerical
coefficients ay, ai, ..., a, are described in the textbook [30; 31], and the methods
of numerical solution of systems of nonlinear equations, similar to (4), are
considered in textbooks [24; 25; 32-34]. But generally, in the theory of
approximation is assumed, that with increasing the number of varied variables up
to 5 and more the applying methods of multicriterial analyze aren’t suitable and
lead to obtaining the wrong results. Usually in mathematical software tools the
gradient methods, the Nelder—Mead method, the Broyden—Fletcher—Goldfarb—
Shanno algorithm and others are used for solving multi-criteria optimization tasks
[32-35].

Let’s we will the approximation task for root-polynomial functions (2), (8)
by the other approach. As an initial approximation we will choose the result of
interpolation for four base points using, to calculate the polynomial coefficients of
the root-polynomial function (2), (8) by applying the analytical relations (4—7; 10-13).

Regarding hat the root-polynomial function of the fourth and fifth order
(2), (8) is symmetric about the axis z=z,;,, considering now the linear

approximation for the second and third branches of ravine function and find the

corresponding angles of inclination of the tangents &, and k;,;. The solution

of the linear approximation problem is simple and well-known, the corresponding
analytical relations are given in textbooks [30; 31]. For the second branch of
interpolation, they are written as follows:

Np3 . . Np3
Z (Zi _mZZ)(I/;' _er) Zzi
*  i=Npy Lo i=Npgj .
rpa(x) =m,, + Vs (z=mzy); my S NN 11’
* N2 B3~ 1VB2
Z (Z - mzZ)
i=Np)
Np3 Np3 . .
2 2. (zi=mo)(r; =myy)
* i=Np) . _ i=Npy
m,, = ’ kint2 - Ng3 > (18)
Ny —Np, +1 Z(Z ' )2
Mz
i=Npj
and for the third branch:
N gnd . . NEgna
z (z; =m3)(r; —m,3) Zzi
o i=Ng3 LN * i=Np3
rp3(x) =m,3 + Nond (z—mz3); sz_—N Noitl
* End ~— +VB3
Z (Z_mz3) "
i=Np3
NEnd NEnd % *
ZI’; Z (Zi _mz3)(r}' _mr3)
* o i=Np3 . __i=Np3 19
BT a1 K3 = N > (19)
Npgpa —Np3 +1 5’3‘”’ (z—m")>
— g3
i=Np3
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where Np, the starting point of the second approximation branch, Np; is the
starting point of the third approximation branch, N, is the end point of the data

set for approximation region.
Taking into account equations (2), (18), (19), let’s we rewrite the set of
equations (16) to find the minimum of the regression function (2) as follows:

dr(z dar(z
d(—l)zkintZ; (22) = Kint35
'z
r(z3)=r; r(z4) =1y; (20)
I"(ZS)=I"5.

Correspondently, to fifth order root polynomial function (8), one can rewrite
the set of equations (17) as follows:

dr(z)) dr(z,)

dzl = Kint 25 d22 = Kint3s
7"(23):’”3; r(Z4):r4; (21)
r(zs) =rs; r(zs)=rs.

The separate problem is finding the derivations for root-polynomial func-
tions (2), (8) in the form of suitable polynomials for providing further iterative
calculations. This task was solved in provided researches with applying the tools
of symbolic calculation of the MatLab scientific and technical software [32]. Cor-
responded obtained results for taking a derivative of the function (2) is follows:

Ry(Cfo.Chi.Cfy, Cfs . Cfy. kf  2f ) = Cf*2f * +8CH Chazf® +12CH Cfzf® +
+16CHClazf T — ok 21> + 24CH2CrEzf S + T2C12CH Clhyzf T +
+96CH2ChCfy2f ® = 3CI2ChHkf 21 * + 54C12Cfazf® +144C12Cf,Cfy2f° —

—3CIAChk 2> +96CHECH 210 = 3CCf ykf *2f © +
+222.9124C12kf 421 2 +32CHCL5 21 T +144CHH CL Cyzf® + (22)
+192CHC1Clazf® =3CHCHS 2 ° +216CHCClizf +

+576CS,ClCfCfazf 10 — 6CHCHLCkf *2f © +384CHCE Cfy 21 —
—6CHCHClkf *2f T +445,8249CH Chokf 21> +108CHCF 21" +
+432C1,CIEClazf M =3CHCHHS  of T +576CHCHC 2" -
—6CHCHCf ik 21 +445,8249CK, Cfskf * 21 * + 256 C1,Cf 21 -

—3CHCFE *2f° +445,8249C1 Cf hf 2> +1,6563-10* Cfikf * 2 +
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+16C 2 +96CF; Cfy2f® +128C15 Clazf ' — Cfshf 21 +
+216C1LCHE 21" + 576 C12Cf Cfyzf M = 3C12Cf ko *2f® +
+384C12CLE2f 12 +3CH Ch b 2 * +222,9124C1 k21 +
+216CHCR 211 +864C1,CFECT, 21 = 3C,Cf ks *2f® +
+1152CH C,CfE 21 13 = 6Cf CHCf kf 21 ° + 445,8249C, Cfykf 421> +
+512C1H,Cf 21 M = 3CHCrAk 210 + 445,.8249C, Cf 4k * 21 © +
+1,6563-10% Cokf *2f* + 81CF 2112 + 43201 Cf y2f 2 + Cfl k2P +
+864CILCLEzf M —3CHECH S 210 +222,9124C1 k216 +
+768CH,Cfizf"° —3CHCrAkf 2 1! + 445 8249CF,Cf ykf *2f T —
—1,6563-10% Cfskf 42> + 256Cf 216 — Cfkf 42 "% +
+222.9124C1 2k 2% +1,6563-10* Cfyhf 21 * +4,1024-107 k4.

For the derivative of fifth order root-polynomial ravine function (8) with us-
ing MatLab symbolic processor such polynomial expression have been obtained:

Rs(Cfy, C11,Cly, Cfs, Cfa, Cfs, kf , 2f) = Cf +10CH Cfyzf +15C Clyzf? +
+20CH Cruzf? +25CH Crszf * + 40CH 2 2 +120C1 CF Chzf > +
+160C>CfoCfyzf ™ + 2001 Cfs Cfszf> +90CH> Cf 2 +
+240C12 Cf35Cfazf® +300C1 Cf,Cfs2f ¢ +160CH Cf 2 © +
+400Cf > Cf,Cfszf T +250C1>Cfézf® +80CHACL5 21> +
+360Cf2Cf5 Cfyzf * +480Cf2Cf5 Cfyzf> + 600CS,2 Cf5 Cfs2f ® +
+540C12CLECHE 2> +1440C1 2 Cf Cfs Cf 2 © +1800C1,2Cf, Cfs Cf szf T +
+960Cf2ChoCfzf T +2400C12Cf, Cf, Cfs2f® +1500C2CYyCrézf +
+270CH2C13 21 +1080CH2CHECT 21 T +1350CH2CrE Cfs2f® +
+1440C12Cf,Cff 21 +3600C1> Cf3Cf, Cfszf® + 2250C2CHC 22110 +
+640C12Cf 7 2f° + 2400C2CFECfs2f ™0 +3000C12Cf, Cfé 2 +
+1250C12Cf3 21" + 80CH CLy zf * + 480CK,Cf5 Cfyzf +
+640CS,Cf5 Cfyzf © +800CK, Cf5 Cfszf 7 +1080CHCfECES 2 ° + (23)
+2280C1,CfE ClsClazf | +3600CHCfECHC szf  +1920CHCHECrizf® +
+4800C1,Cf5 Cf,Cfszf° +3000CH CrECrE 2110 +1080CH Cf Cfszf T +
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+4320C1,Cl Cf Cfy2f ™ + 5400C, Cf, CfE Cfs2f® + 5760C1 Cf Cf3 Cf 21 +
+14400Cf,Cfo Cf,Cf 4 Cf sz 10 +9000CH, Cf, Cf Cf 21 +
+2560C1,CfrCfizf ' +9600CF,Cf> Cf Cfszf 1! +12000CF, Cf, Cf, Cf 22112 +
+5000C1,Cf,CrCrs 21 + 405C,Cf Cfs 2 + 2160CH CFCf y 2 +
+2700CH,Cfi Cfszf !0 + 4320CHCHECHE 2110 +10800CH CrECE, Crszf M +
+6750CHCFECIE 212 +3840CH, Cf,Cfi zf 11 +14400CH CfC1ECEs2f 12 +
+18000CS,Cf5Cfo Cf 22112 + 7500C,C1Cfs 211 +1280CF, Cf Cfyt 2112 +
+6400CH CriCfszf P +12-10° Cf,CrECLE 21 M +10° CfCrCfd 2 +
+3125CHCf 211 — Cfikf 2 2f +32Cf5 2f° + 240C) Cfy2f ¢ +
+320C15 Cfyzf | +400CK Cszf® +720CH Cf2f T +1920CF5 CfCf 4 zf® +
+2400C15 Cf,Cfszf ° +1280C15 Cf ¢z +3200CF5 Cf Cfszf™° +
+2000C75CrE 2 +1080C1Cf3 212 + 432012 C1ACf 2z +
+5400C1LCfECrszf "0 + 5760CHE CfCf 42110 + 1440012 CfCf O s2f M +
+9000Cf CHCf 22112 +2560CH Cf zf M +9600C Cf f Cfszf 12 +
+1,2- 10 CrECH,Cfe2f P +5-10° A Cfd 2™ + 810C, Cf 2 +
+4320CF, Cf5 Clazf 10 +5400CF, Cf5 Cfszf M +8640CY, CfCrizf ! +
+21660Cf,Cf2Cf,Cfszf 2 +13500C1, CfECrEzf " + 7680C1, CHCF 21 +
+28800C1, Cf,CfECfszf 2 + 360001, CfCf,Cfézf ™ +
+1,5-10° CHLCfHC15 21 +2560CH, Cf 2 2 +12,8-10* CfCF Cfs2f ™ +
+2,4-10°CHLCrECH 221" + 210 CfCF, CF 2110 + 625001, 211 -

— Chokf > 2f 2 +243C1 210 +1620C15 Cf 21! +2025C1 Cf 212 +
+4320CH Cf 21" +10800Cf5 Cf, Cfszf 2 + 6750C5 Cf 2™ +
+5760CHECH2f P +2,16-10° CECrEC 2™ +2,7-10 CRECH, Cfs2f ™ +
+11250C12CF3 2116 +3840CH,Cr)t 21 +1,92-10% CA,CFCfs2f ™ +
+3,6-10'CAHCIECHE 2110 +3-10° A, CF Cfs 2 +9375C1,Cf5 218 -

— Cf3kf 3 213 +1024Cf; 2f 15 + 6400CK, Cf 5210 +1,6 - 10* CFCr iz +
+2-10*CrECH 21" +12,5-10° CF, Cfst 2" = Cfykf 21 +

+3125C12 21 20 = Cfshf 2> — Cfohs”.

Cucmemni docnioxcenna ma ingpopmayivini mexuonoeii, 2023, Ne 3 137



1. Melnyk, A. Pochynok

Obtained polynomial relations (22), (23) have been applied in provided in-
vestigation for iterative calculation the values of polynomial coefficient with us-
ing the method of consistent upper relaxation [33-36]. These relations included
the values of the coefficients root-polynomial function (2), (8), as well as zf* co-

ordinate and slope angles of ravine function kf . The particularities of proposed

algorithm, as well as some examples of solving approximation task, will be con-
sidered in the next sections of the article.

PARTICULARITIES OF DEVELOPED ITERATIVE ALGORITHM FOR
SOLVING THE APPROXIMATION TASK

Iterative algorithm for approximation the ravine sets of numerical data by using
root-polynomial dependences four and fifth order (2), (8) generally including the
follow necessary steps.

1. As basic approach the interpolation task is solved and the basic values of
polynomial coefficients are calculated withusing relations (4)—(7) for fourth order
function (2), and by the relations (10)—(13) for fifth order function (8).

2. Solving the relaxation task for the finding values of polynomial coeffi-
cient with using iterative algorithm. Corresponded iterative relations for func-
tion (2), taking into account (22), are the follows:

€ =Ry (G O O C oy

G =Ry (Cy . C1,C5 . C5 T, Cy T 2 ) wey s
Ch = ((ry = Ciaf; =Cy o5 =iz, = C§ ywe) /o1 @4
Ch = ("~ Chafit ~ CF 2 — Gy~ ywe, ) 17

Co = (' = Chzfy' = Chzf{? = Clzfy = Ci we,

For fifth order root-polynomial function (8), taking into account (23), the it-
erative relations, in the general form, are rewritten as follows:

Cl =-Rs(Cy o o o L e i v o) we s
Ci=Ry(Cy .l i i Ol iy 2wy s
Ch=((§ = Ci ' = Ciaf = O35 = Clefs = Cwe) o5 (29)
Cy=((5 —Czf5 = Cizfs —C5 ' 2f3 = Clafg = Cy Hwe, )/Zf24 ;
Ch = (" = Ciaf;’ - Cizhi* = Cih = Gl = € we, ) [ 217

=15 = Claf - Claf? ~Clfi ~Chaf? =l

3. Finding the best function of approximation by calculation the error with
using relations (14), (15) for least-square method.

4. Finding the new optimal values of polynomial coefficients wit using di-
chotomy calculations, namely:
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il ie2
¢j =L 26)

where / — the number of polynomial coefficient, defined in the basic relations
(H—(6), (10)(13).

As shown the tests calculation experiments, the convergence of proposed
algorithm is provided by 4—6 iterations. It also must be taking into account, that
first iteration for high order root-polynomial function, which have been obtained
by interpolation through n + 1 points, where n is the polynomial order, is really
usually close to optimal. The best solution has been chosen by the smallest value
of sum in relation (14), (15), therefore the well-known least-square method is
considered in this research as the criterium of optimization task [30-39].
Choosing of basic points is also very important, therefore considering the
different sets of its for finding the best approximative root-polynomial function is
also have been provided. Analyzing the interpolation error of the different order
root-polynomial functions in dependence on choosing the set of basic points have
been provided generally in the papers [22; 23].

And finally, choose the correct values of we —wc, relaxation coefficient is
very important problem for providing the stability of convergence of proposed
iteration algorithm, because the value problem of coefficients Cy—Cs in the

relations (24)—(26) are usually, for the practice engineering tasks, can be both
extra low or extra high.

Some examples of solving approximation for the ravine data sets with using
root-polynomial functions (2), (8) will be considered in the next part of the article.

SOME TESTING EXAMPLES OF SOLVING THE APPROXIMATION TASK

Example 1. Find the coefficients of fourth order approximative root polynomial
function for ravine function data set with one global minimum. Corresponded dig-
ital data are presented at Table 1.

Table 1. The first set of numerical data of the ravine function, have been used
for testing the software tools for solving the approximation problem

z, mm 0.5 0.6 0.7 0.8 09 1.0 1.1 12 13

r, mm 2.5 24 23 21 1.8 1.75 2.11 23 24

The obtained graphic results of solving the approximation task of this example
with using relations (24), (26) are presented at Fig 1.

Corresponded values of relaxation coefficient for providing the convergence
of iterative relations (24) have been defined as follows:

we, =—1.7995-10% we, =1.9163-107; we, =1 we, =—1.131; wg, =0.945.

The values of calculated polynomial coefficients are presented at Table 2.
The error of approximation 9, defined by the equation (14) as sum of squares of
differences between basic points and value4 of approximative function (2), also
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noted in this table. The relative error of approximation is calculated as

O[%] = rfmx (S/0)-100, e ryna — the maximum value of electron beam radius.

32 T T T 1 L] L) T T T
Z, mm 0 Basic Foints
ir =emen Anproximation Function | 3
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26+ 0O
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» .t
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0.5 0.6 07 0.8 0.9 1 1.1 1.2 1.3 14 15

Fig. 1. The results of solving the approximation task with using fourth order root-
polynomial function (2) for data set, presented at Table 1. Corresponded values of
polynomial coefficients and the approximation error are given at Table 2

Table 2. The results of solving the approximation task for numerical data,
presented in the Table 1

Nubmer Values of polynomial coefficients 5. %
of iteration Co C G, C; Cs ’
Basic Approach —493.16 2750.4 4976.8 3690.6 | —961.7 8
First iteration —493.179 2750.41 4976.81 | 36869 | —956.2 5
Second iteration | —493.172 | 2750.408 | 4976.81 | 3688.7 | -958%l 4
Third iteration —493.17 2750.408 4976.7 | 3689.68 | —960.33 3

In this example first iteration by the polynomial coefficients have been real-
ized with applying relations (24), (25), and the second and third iterations, in
which have been obtained the best solution of approximation task, have been pro-
vided with using relation (26).

Example 2. Find the coefficients of fourth order approximative root-
polynomial function for ravine function data set with one global minimum. Corre-
sponded digital data are presented in Table 3.

Table 3. The second set of numerical data of the ravine function, have been
used for testing the software tools for solving the approximation problem

0.5 06 | 07 | 08 | 09 1.0 1.1 12 13 14 1.5

z, mm

2.5 23 | 21 20 19 1.8 19 | 21 23 26 | 29

7, mm

The obtained graphic results of solving the approximation task of this exam-
ple with using one iteration step are presented at Fig 2. Really the task of interpo-
lation by choose 5 basis points among the 11 given have been solved in this case,
and the interpolation error was smaller, than 2%. The calculated values of poly-
nomial coefficients for this test example are presented in Table 4.
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Fig. 2. The results of solving the approximation task with using fourth order root-
polynomial function (2) for data set, presented at Table 3. Corresponded values of poly-
nomial coefficients and the approximation error are given at Table 4

Table 4. The results of solving the approximation task for numerical data, presented
in the Table 3

Nubmer Values of polynomial coefficients
of iteration Co C C, Cs C,
Basic Approach 3286 | —-1251.26 1953.66 -1417.8 398.9 1.5

3, %

Example 3. Find the coefficients of fifth order approximative root
polynomial function for ravine function data set with one global minimum.
Corresponded digital data are presented at Table 5.

Table 5. The third set of numerical data of the ravine function, have been
used for testing the software tools for solving the approximation problem

z, mm 0.5 0.6 0.7 0.8 09 1.0 1.1 12
7, mm 2.5 24 231 2.1 1.9 1.7 1.65 1.63
z, mm 13 14 L5 1.6 1.7 1.8 19 20
7, mm 1.6 1.55 1.7 1.8 1.9 2.11 2.32 24

In this and in the next example the corresponded values of relaxation coeffi-
cient for providing the consvergence of iterative relations (25) have been defined
as follows:

-7 -7
we, =-5,53-10""; We, =95-10""; Wes =1; we, =1; we, =0,39; we, =0,145.

The obtained graphic results of solving the approximation task of this
example with using one iteration step are presented at Fig 3. It is clear from this
example, that considered type of the root-polynomial functions is not very
suitable for approximation the ravine data sets with large area of minimum
numerical values. Corresponded approximation error was greater than 12 %. But
for the left and right branches of considered data set the error of approximation is
much smaller, nearly few percents.
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Example 4. Find the coefficients of fifth order approximative root
polynomial function for ravine function data set with one global minimum.
Corresponded digital data are presented at Table 6.

26

© Basic Points

24 W& T FirstApproach by Interpolation
’ — Socond Approach
22t
2 -
18
16
14 L el :
0.5 1 15 2

Fig. 3. The results of solving the approximation task with using fifth order root-
polynomial function (8) for data set, presented at Table 5. Corresponded approximation
error for the left and right branches of considered ravine function was smaller, than few
percent

Table 6. The fourth set of numerical data of the ravine function, have been
used for testing the software tools for solving the approximation problem

z, mm 0.5 0.6 0.7 0.8 09 1.0 1.1 12
7, mm 2.5 24 2.31 2.1 1.9 1.7 1.65 1.5
Z, mm 13 14 1.5 1.6 1.7 1.8 19 20
r, mm 1.4 1.5 1.6 1.8 1.9 2.11 2.32 24

The obtained graphic results of solving the approximation task of this exam-
ple with using 3 iteration step are presented at Fig 4.

2.8 T
z, mm Q  Basic Points
S i First Approach by Interpolation
26 S ocond lteraton
- mammns Third lteraton
24 o
22+ |
N 4
18} ]
16 | ]
14 e
05 1 15 2

Fig. 4. The results of solving the approximation task with using fifth order root-
polynomial function (8) for data set, presented at Table 6. Corresponded values of the
polynomial coefficients and approximation error are given in Table 7
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Table 7. The results of solving the approximation task for numerical data,
presented in the Table 6

Nubmer Values of polynomial coefficients
of iteration Co C C, G, C, Cs

0, %

Basic Approach | —231.51 2340.2 | -5259.9 | 5083.15 | 2787 | 392.01 5

First iteration -39.32 2340.1 | -5260.0 | 5082.7 | 22761 | 392.1

Second iteration | —151.0 2340.0 | -5259.9 | 5083.0 | 2782 | 392.1 3

In this example, the iterative process was carried out in the same way as in
example 1. The first values of polynomial coefficients were obtained by solving
interpolation task. Therefore, for defining the coefficients of the root-polynomial
function (8) relations (10)—(13) was applied. In this step of solving approximation
task 5 basis points have been choose among the 16 given. By the such way the
basic the approach for calculation the polynomial coefficients have been
provided. At the second iteration the values of polynomial coefficient have been
calculated iteratively with using relations (25), and in the third iteration — with
using relation (26). Corresponded results of for the coefficients of fifth order root-
polynomial function, as well as the estimated value of approximation error, have
been presented in the Table 7.

ANALYZING OF OBTAINED RESULTS AND ITS’ DISCUSSION

The provided numerical experiments for solving the approximation task for ravine
data set with using high order root-polynomial functions (2), (8) shown, that
generally by providing simple iterative process with relaxation by using relations
(24), (25) is really possible to find the optimal correct values of polynomial coef-
ficient. Estimated theoretically approximation error in most cases was in range of
few percent, and, taking into account, that usually approximated experimental
data for the trajectories of electron beams are included the large amount instru-
mental errors, such estimations, in the most cases, are generally useful from the
practical point of view.

The main distinguishing feature of proposed algorithm is possibilities of
obtaining the correct results for approximation task just on the first step of
calculations by solving the simpler interpolation task. Such approach is very
effective on the practical point of view for developing corresponded software for
simulation the boundary trajectories of electron beams.

The provided testing experiment also shown, that root-polynomial functions
of high order, like (8), (12), are generally not suitable for approximation the
ravine data sets with the large area near the minimum, but such kind of functions
isn’t corresponded to the trajectories of electron beam in standard physical
conditions. Usually, the region of beam focus is relatively small, and, as shown
the provided numerical experiments, such data sets can be approximated by the
high order root-polynomial functions with small error.
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The provided theoretical analyze also shown, that for obtaining the
convergence of proposed iterative approximation algorithm correct choosing of

relaxation coefficients We, =W, is very important numerical factor.

Analyzing of another advanced possibilities of applying high order root-
polynomial functions for accurate approximation of ravine data sets and forming
the corresponded algorithms is the subject of further theoretical researches.

But, generally, the complicity of proposed iterative algorithm is connected
only with solving the strong non-linear task for derivatives of ravine functions (2),
(8) and to numerical solving the complex polynomial relations (22), (23). The
provided numerical experiments shown, that the polynomial coefficient, which
are calculated throw the derivatives by numerical solving the relations (22), (23),
are strongly depended on relaxation parameters and the values of these parameters
are magnificently grater, than for the polynomial coefficients, which are
calculated independently by using simple relations (2), (8). But it is also clear
from the provided testing numerical experiments, that the approximation error is
mostly defined by the polynomial coefficients, which values are calculated
through the derivations. And the values of coefficients, calculated directly by the
relations (2), (8), are generally stable and corresponded relaxation parameter is in
the range of medium value, it is not very large and not so small. But since usually
ravine functions in the region of a local minimum are non-linear, it is often
complex non-linear equations for derivatives, like (22), (23), are solved. Its makes
possible to ensure, that the smallest error and the optimal values of the
polynomial coefficients for solving the approximation problem have been choose.

Choosing the optimal values of relaxation parameters for calculation the
polynomial coefficients throw the derivatives is also the subject of further
theoretical researches.

CONCLUSION

The theoretical researches, have been provided and described in this work, as well
as realized test numerical experiments, given in the corresponded examples, have
shown, that applying of high order root-polynomial functions, which have been
determinate by the analytical relations (2), (8), always leads to solving the task of
approximation the numerical sets of ravine functions data with the small value of
error. Therefore, such functions can be used successfully for approximation the
boundary trajectories of electron beams, propagated in the ionized gas with com-
pensation the space charge of beam electrons. Such approximation can also be
applied to the noisy experimental data, which included experimental errors.
Therefore, studied and proposed in these researches the theoretical approach and
the numerical algorithm of the approximation of digital data are very important
from the practical point of view for further development of modern industrial
electron beam equipment with applying HVGD electron gun as the source of in-
tensive beams. For solving this task proposed iterative algorithm has to be inte-
grated with the software tools for treatment of experimental photographs, where
the beam propagates through ionized gas. Analyzing of the brightness of a burn-
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ing discharge on such photographs gives the important experimental information
about the boundary trajectories of propagated electron beam in the real physical
conditions. [1].

Advanced singularities of proposed iterative algorithm, including the
possibilities of approximation the ravine data sets with a large area of the global
minimum, as well as studying of influence of the derivative of root-polynomial
functions on the values of relaxation coefficients, are the subject of further
theoretical researches. But, in any case, the results of provided theoretical
researches, presented in this article, are enough for estimation the boundary
trajectories of electron beams, propagated in ionizing gas. Therefore, theoretical
results, which have already been obtained, are very interesting and important for
experts in the branch of elaboration of modern electron-beam equipment and its
industrial application.
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BA30OBHUM AJITOPUTM ANPOKCUMAIIII TPAHUYHOI TPAEKTOPII
KOPOTKO®OKYCHOI'O EJIEKTPOHHOI'O IIYYKA 3A JOIIOMOI'OIO
KOPEHEBO-ITOJIHOMIAJIBHUX ®YHKIIA YETBEPTOI'O TA II'SITOrO
IMOPAAKIB / 1.B. Menbshuk, A.B. ITounHok

AmHoTamnisi. Po3risiHyTo HOBHIT iTepauiiiHuil METO/ anpoKCHMaii FpaHUYHOT TPaEK-
TOpii KOPOTKO(HOKYCHOTO E€IEKTPOHHOIO IMyuKa, SKHH MOIIHUPIOETHCS B PEXKUMI
BIUJIBHOTO JIpeiidy B i0HI30BaHOMY ra3i HHU3bKOIO THCKY 32 YMOBU KOMIIGHCALIiT po-
CTOPOBOTO 3apsiay €ICKTPOHIB. BHKOpHCTaHO KOpEHEBO-TIONIHOMIANBHI QYHKIIT de-
TBEPTOr'O Ta I1’ITOTO MOPSIKIB, TOJOBHUMH OCOOJIMBOCTSAMH SIKHX € SIPYXKHHMiI Xapa-
KTep Ta HasBHICTh OJHOTO INIOOATBHOTO MiHIMYMy. SIK OYaTKOBE HAONVDKEHHS JUIS
PO3B’sI3yBaHHS aNpPOKCHMAaNidHOI 3a7adi po3paxoBaHO 3HAYEHHS MOJIIHOMIaNbHHX
Koe(illieHTIB dYepe3 po3B’s3aHHs 3ajadi iHTeprnoisuii. 3amady anmpokcuManii
PO3B’s13aHO iTepaitiiino. s 1bOro moTiHOMiaNbHI KoeillieHTH 00UnCIeHO OaraTo-
Pa3oBo 3 ypaxyBaHHsM 3HaueHb QYHKIIT Ta 11 moxigHoi y BijTikoBux Toukax. Ocra-
TOYHI 3HAYCHHS MOTIHOMiaTbHUX KOe(DillieHTIB KOPSHEBO-MOTIHOMIaNbHUX (yHKILiH
BHCOKOT'O TIOPSIZIKY PO3PaXOBaHO 3 BUKOPUCTaHHAM MeTOIy aAuxoTomil. HaBeneHo
MPUKIag BHUKOPUCTAHHA KOPEHEBO-TIOJIHOMIaNbHUX (YHKLIH YETBEPTOro Ta
II’SITOTO TOPSAKIB JIJIsl alPOKCUMAIlii HaOOpIB YHCIIOBUX JAaHUX, SKI BiJIIOBITAIOTh
omucy sipyXHUX QyHKIiH. OTprMaHi TEOPETHUHI PE3yJIbTaT! € IKaBUMH Ta KOPUC-
HHUMH JUTS CHELIaJIiCTIB, sIKi BUBYAIOTH (Di3UKY €JIEKTPOHHUX Iy4YKiB Ta 3aiMaroThCs
HNPOEKTYBAHHIM CYYacHOTO HMPOMHCIIOBOTO €IEKTPOHHO-IIPOMEHEBOTO TEXHOJIOTTY-
HOro 00J1aHaHHS.

KunrodoBi ciioBa: anpokcuMarisi, iHTEpIIONSLis, KOPCHEBO-TIOJIIHOMIaIbHA (yHKIIS,
spyxHa (QYHKISI, METOJ] HAMMEHIIINX KBaapaTiB, HEB’sI3Ka, MOXHOKA alpOKCUMAIIiT,
CJICSKTPOHHUH ITyYOK, €JIEKTPOHHO-IIPOMEHEBI TEXHOJIOTII.
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