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Abstract. The new iterative method of approximating the boundary trajectory of a 
short-focus electron beam propagating in a free drift mode in a low-pressure ionized 
gas under the condition of compensation of the space charge of electrons is con-
sidered and discussed in the article. To solve the given approximation task, the root-
polynomial functions of the fourth and fifth order were applied, the main features of 
which are the ravine character and the presence of one global minimum. As an ini-
tial approach to solving the approximation problem, the values of the polynomial 
coefficients are calculated by solving the interpolation problem. After this, the ap-
proximation task is solved iteratively. All necessary polynomial coefficients are cal-
culated multiple times, taking into account the values of the function and its deriva-
tive at the reference points. The final values of polynomial coefficients of high-order 
root-polynomial functions are calculated using the dichotomy method. The article 
also provides examples of the applying fourth-order and fifth-order root-polynomial 
functions to approximate sets of numerical data that correspond to the description of 
ravine functions. The obtained theoretical results are interesting and important for 
the experts who study the physics of electron beams and design modern industrial 
electron beam technological equipment. 

Keywords: approximation, interpolation, root-polynomial function, ravine function, 
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INTRODUCTION  

Today, an important task regarding the further development and industrial appli-
cation of electron beam technologies is the preliminary estimate of the boundary 
trajectory of the electron beam using different suitable approaches. Therefore, in 
addition to development the basic theory of electron beam optics and obtaining 
necessary analytical ratios and corresponded numerical methods for solving dif-
ferential equations, methods of interpolation and approximation are widely used 
also [1–3]. 

A separate issue in this aspect is the evaluation of electron beam trajectories 
and finding the focal parameters of beams in high-voltage glow discharge 
(HVGD) electron guns [1; 4–7]. Main singularities of such kind of beams, at the 
physical point of view, is its propagation in the soft vacuum in the medium of re-
sidual gas with compensation the space charge of electrons. In additional, usually 
such beams are formed by the cathodes with large emission surface, therefore the 
convergence angle of beam is generally large and its focal diameter is not so 
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small, range of few millimeters. Just today HVGD electron guns widely used in 
various branches of industry, in particular in the electronic industry, instrument 
building, mechanical engineering, metallurgy, automobile and aerospace industry 
[5–9]. The main advantages of these types of guns, regarding the possibility of 
their industrial application, are operation in a soft vacuum in the medium of vari-
ous technological gases, including noble and active gases, high stability and reli-
ability of operation of the HVGD electron, the relative simplicity of the design 
and the cheap of HVGD electron guns, as well as stability and reliability of its 
operation [1–3]. Ease of control the power of the electron beam both by gas dy-
namic lows and changing the operation pressure in discharge chamber and by the 
lighting of additional discharges is also possible [8; 9]. 

Among the advanced application of HVGD electron guns in the modern 
electronic production most important are follows. 

1. Welding of contacts and casualization of crystals. For example, such ap-
plication is very advanced in the experimental production of cryogenic low-
temperature devices [10; 11]. 

2. Production of high-quality capacitors with the small value of current losses on 
the base of ceramic films [12–14]. 

3. Production of communication devices as receivers and transmitters of micro-
waves antennas on the base of high-quality ceramic films [12–14]. 

4. Refining of silicon ingot for obtaining the pure material for electronic in-
dustry [15–18]. 

 Main problems of HVGD optics and energetics are well-known and have 
been complexly analyzed in papers [1; 19–21]. The problems of guiding short-
focus electron beam in ionized gas also have been studied carefully both theoreti-
cally and experimentally, corresponded mathematical model was presented in the 
paper [1]. However, mathematical methods of interpolation and approximation of 
electron beam boundary trajectories in the medium of ionized gas still wasn’t de-
veloped up to the necessary stage, corresponded mathematical function also ha-
ven’t considered complexly. This shortcoming largely hinders the introduction 
into the industry of advanced electron-beam technologies. 

In the papers [22; 23] the root-polynomial function was considered as the 
suitable mathematical tools to interpolation the boundary trajectories of shorty-
focus electron beams in the case of its propagation in the medium of ionized gases 
with compensation of the space charge of electrons. Root-polynomial functions 
from second to fifth order and corresponded interpolation results were presented 
and analyzed in papers [22; 23]. The interpolation results have been compared 
with the accurate solution of differential equation of electron beam propagation, 
and corresponded interpolation error usually was smaller, than 5% [22; 23]. 
Therefore, the aim of investigations, which are described in this article, is forming 
the algorithm of approximation of boundary trajectories of short-focus electron 
beam, propagated in the ionized gas with compensation the space charge of elec-
trons. Testing examples of using such approximation for the root-polynomial 
functions of fourth and fifth order are also considered and obtained results of nu-
merical simulation are analyzed.  
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THE PREVIOUS RESEARCHES AND THEORETICAL FUNDAMENTALS OF 
PROPOSED APPROACH 

The basic theory of polynomials interpolation and approximation is considered 
generally in the manual books [24; 25]. In the papers [22; 23] was considered the 
task of interpolation the ravine functions, which corresponded to the boundary 
trajectories of electron beam, propagated in the medium of ionized gas, by the 
root-polynomial functions, which in the general form are written as: 

 ,)( 01
1

1
n n

n
n

n CzCzCzCzr  
   (1) 

where z  is the longitudinal coordinate, r is the radius of the boundary trajectory 
of the electron beam, n is the degree of the polynomial, as well as the order of the 
root function, 0C – nC  are the polynomial coefficients. 

The analytical relations for coefficients of forth order root-polynomial func-
tion 3210 ,,, CCCC  and 4C , which, in general form, corresponding to relation (1), 
is written as follows [22; 23]: 
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are also was obtained and analyzed in the papers [22; 23].  
Clear, that for 5 unknown polynomial coefficients of function (2) 

3210 ,,, CCCC  and 4C , with defined basic values of the spatial coordinates 

54321 ,,,, rrrrr , 4321 ,,, zzzz  and 5z , corresponded set of 5 linear equation for 
calculation the polynomial coefficients is written as follows [22; 23]: 
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For solving the set of equations (3) firstly considered the coefficients basic 
intermediate variables lka , , where k — number of iterations for solving set of 

equation (2) and l — number of equation i in the set (3) [22; 23]. Corresponded 
analytical relations are look as follows: 
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After that, considering the second set of additional variables lmkb ,, , where 

parameter m is the power of variable z in the set of equations (3). Corresponded 
analytical relations are written as follows: 
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After that, with known values of the coefficients 4,2,2b , 3,2,2b  and 5,2,2b , 

five additional variables from the first data set 2,35,34,35,4 ,,, aaaa , and 1,3a  as 

well as two new coefficients from the second set of variables 1,3b  and 2,3b , 

arecalculated by using such analytical relations: 
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And finally, taking into account relations (4)–(6) and the first equation of the 
set (3), all polynomial coefficients of the set of equation (3) are defined with ap-
plying the following relations: 
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The analytical relations for coefficients of fifth order root-polynomial func-
tion 43210 ,,,, CCCCC  and 5C , corresponding to relation (1), is written as fol-
lows [22; 23]: 
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Therefore, the set of equation for defining the polynomial coefficient includ-
ing 6 equations and generally it writing as follows [22; 23]: 
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But the advance of proposed method of calculation the polynomial 
coefficients is that with using the set of coefficients for four-order function, 
defined by relations (4)–(6), some of that relations are also correct for defining 
the coefficients of fifth-order polynomial. For example, among the first set of the 
coefficient a only the values a1,l are different form relations (4), since they are 
including fifth order of beam radius r. Corresponded relations for defining the 
coefficients a1,l are written as follows [22; 23]: 
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Other two coefficients from the first set a26 and a36 are defined by the fol-
lowing analytical relations: 
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The corresponded coefficients b from the second set of additional variables 
are calculated for five order root-polynomial functions by analytical solving the 
set of linear equations (9) by the following relations: 
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With known additional variables a and b, defined by the relations (4), (10)–(12), the 
polynomial coefficients of root-polynomial function (8) are calculated with using 
following relations: 
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Relations (4)–(7) have been used in this work for calculation the coefficients 
of forth order root-polynomial function (2), and relations (10)–(13) — for calcula-
tion the corresponded coefficients of fifth order root-polynomial function (8). 
Such kind of ravine functions are generally characterized by one minimum, as 
well as by quasi-linear dependence outside the region of local minimum. In any 
case, such functional dependences are very suitable for approximation the trajec-
tories of electron beam, propagated in the medium of ionized gas with compensa-
tion the space charge of electrons, because, as it was proved theoretically, the be-
havior of electron beams in such physical conditions is exactly the same [1; 20–
23; 26–29]. An effective and simple method of calculation the optimal values of 
polynomial coefficients for function (3) and (8), have been used in this work for 
solving the task of approximation the suitable numerical data. Describing of this 
method, as well as corresponded examples of approximation for some of ravine 
functions, will be considered in the next parts of this article. 
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STATEMENT OF APPROXIMATION PROBLEM 

In general, the approximation task is that for given approximation basis points and 
a given approximation function r(z), for example, for function (1) with unknown 
coefficients Cn, Cn-1, ... C1, C0, write an analytical expression based on the method 
of least squares [24; 25; 30; 31]. 

For example, for fourth order root-polynomial function: 
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where n is the degree of the root-polynomial function, m is the number of reference 
values. 

Applying known methods of solving extremal problems through the search 
for partial derivatives of a function of many variables [24; 25], the generalized 
relation (14) can be rewritten in the form of a system of algebraic differential 
equations as follows [24; 25; 30; 31]: 
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Correspondently, relation (15) for fifth order root-polynomial function is re-
written as follows: 
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The problem is that the solution of the set of equations (16), (17) in the case 
of a nonlinear function r(z) of many variable parameters, is extremely difficult. 
Methods of analytical solution of some simpler approximation problems for 
linear, quadratic, polynomial and one-parameter functions f(z), as well as for the 
sum of arbitrarily specified functions φ1(z), φ2(z), φn(z) with unknown numerical 
coefficients a0, a1, ..., an are described in the textbook [30; 31], and the methods 
of numerical solution of systems of nonlinear equations, similar to (4), are 
considered in textbooks [24; 25; 32–34]. But generally, in the theory of 
approximation is assumed, that with increasing the number of varied variables up 
to 5 and more the applying methods of multicriterial analyze aren’t suitable and 
lead to obtaining the wrong results. Usually in mathematical software tools the 
gradient methods, the Nelder–Mead method, the Broyden–Fletcher–Goldfarb–
Shanno algorithm and others are used for solving multi-criteria optimization tasks 
[32–35]. 

Let’s we will the approximation task for root-polynomial functions (2), (8) 
by the other approach. As an initial approximation we will choose the result of 
interpolation for four base points using, to calculate the polynomial coefficients of 
the root-polynomial function (2), (8) by applying the analytical relations (4–7; 10–13). 

Regarding hat the root-polynomial function of the fourth and fifth order 
(2), (8) is symmetric about the axis minz z , considering now the linear 
approximation for the second and third branches of ravine function and find the 
corresponding angles of inclination of the tangents int 2k  and int 3k . The solution 
of the linear approximation problem is simple and well-known, the corresponding 
analytical relations are given in textbooks [30; 31]. For the second branch of 
interpolation, they are written as follows: 
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and for the third branch: 
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where 2BN  the starting point of the second approximation branch, 3BN  is the 

starting point of the third approximation branch, EndN  is the end point of the data 
set for approximation region.  

Taking into account equations (2), (18), (19), let’s we rewrite the set of 
equations (16) to find the minimum of the regression function (2) as follows: 
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Correspondently, to fifth order root polynomial function (8), one can rewrite 
the set of equations (17) as follows: 
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The separate problem is finding the derivations for root-polynomial func-
tions (2), (8) in the form of suitable polynomials for providing further iterative 
calculations. This task was solved in provided researches with applying the tools 
of symbolic calculation of the MatLab scientific and technical software [32]. Cor-
responded obtained results for taking a derivative of the function (2) is follows: 
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For the derivative  of fifth order root-polynomial ravine function (8) with us-
ing MatLab symbolic processor such polynomial expression have been obtained: 
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Obtained polynomial relations (22), (23) have been applied in provided in-
vestigation for iterative calculation the values of polynomial coefficient with us-
ing the method of consistent upper relaxation [33–36]. These relations included 
the values of the coefficients root-polynomial function (2), (8), as well as zf  co-

ordinate and slope angles of ravine function kf . The particularities of proposed 
algorithm, as well as some examples of solving approximation task, will be con-
sidered in the next sections of the article. 

PARTICULARITIES OF DEVELOPED ITERATIVE ALGORITHM FOR 

SOLVING THE APPROXIMATION TASK 

Iterative algorithm for approximation the ravine sets of numerical data by using 
root-polynomial dependences four and fifth order (2), (8) generally including the 
follow necessary steps. 

1. As basic approach the interpolation task is solved and the basic values of 
polynomial coefficients are calculated withusing relations (4)–(7) for fourth order 
function (2), and by the relations (10)–(13) for fifth order function (8). 

2. Solving the relaxation task for the finding values of polynomial coeffi-
cient with using iterative algorithm. Corresponded iterative relations for func-
tion (2), taking into account (22), are the follows: 
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For fifth order root-polynomial function (8), taking into account (23), the it-
erative relations, in the general form, are rewritten as follows: 
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3. Finding the best function of approximation by calculation the error with 
using relations (14), (15) for least-square method. 

4. Finding the new optimal values of polynomial coefficients wit using di-
chotomy calculations, namely: 
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where l — the number of polynomial coefficient, defined in the basic relations 
(4)–(6), (10)–(13). 

As shown the tests calculation experiments, the convergence of proposed 
algorithm is provided by 4–6 iterations. It also must be taking into account,  that 
first iteration for high order root-polynomial function, which have been obtained 
by interpolation through n + 1 points, where n is the polynomial order, is really 
usually close to optimal. The best solution has been chosen by the smallest value 
of sum in relation (14), (15), therefore the well-known least-square method is 
considered in this research as the criterium of optimization task [30–39]. 
Choosing of basic points is also very important, therefore considering  the 
different sets of its for finding the best approximative root-polynomial function is 
also  have been provided. Analyzing the interpolation error of the different order 
root-polynomial functions in dependence on choosing the set of basic points have 
been provided generally in the papers [22; 23]. 

And finally, choose the correct values of 
0Cw –

5Cw  relaxation coefficient is 

very important problem for providing the stability of convergence of proposed 
iteration algorithm, because the value problem of coefficients 50 CC   in the 
relations (24)–(26) are usually, for the practice engineering tasks, can be both 
extra low or extra high.  

Some examples of solving approximation for the ravine data sets with using 
root-polynomial functions (2), (8) will be considered in the next part of the article. 

SOME TESTING EXAMPLES OF SOLVING THE APPROXIMATION TASK 

Example 1. Find the coefficients of fourth order approximative root polynomial 
function for ravine function data set with one global minimum. Corresponded dig-
ital data are presented at Table 1.  

T a b l e  1 .  The first set of numerical data of the ravine function, have been used 
for testing the software tools for solving the approximation problem 

z, mm 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 
r, mm 2.5 2.4 2.3 2.1 1.8 1.75 2.11 2.3 2.4 

 

The obtained graphic results of solving the approximation task of this example 
with using relations (24), (26) are presented at Fig 1.  

Corresponded values of relaxation coefficient for providing the convergence 
of iterative relations (24) have been defined as follows: 

 ;101.7995 6
1

Cw  ;101.9163 5
3
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4
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2
Cw 0.945.

0
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The values of calculated polynomial coefficients are presented at Table 2. 
The error of approximation δ, defined by the equation (14) as sum of squares of 
differences between basic points and value4 of approximative function (2), also 
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noted in this table. The relative error of approximation is calculated as 

,100/())(]%δ[ 2
max  Sr де rmax — the maximum value of electron beam radius. 

T a b l e  2 .  The results of solving the approximation task for numerical data, 
presented in the Table 1 

Values of polynomial coefficients Nubmer  
of iteration C0 C1 C2 C3 C4 

δ, % 

Basic Approach –493.16 2750.4 4976.8 3690.6 –961.7 8 
First iteration –493.179 2750.41 4976.81 3686.9 –956.2 5 

Second iteration –493.172 2750.408 4976.81 3688.7 –958.961 4 
Third iteration –493.17 2750.408 4976.7 3689.68 –960.33 3 

 

In this example first iteration by the polynomial coefficients have been real-
ized with applying relations (24), (25), and the second and third iterations, in 
which have been obtained the best solution of approximation task, have been pro-
vided with using relation (26).  

Example 2. Find the coefficients of fourth order approximative root-
polynomial function for ravine function data set with one global minimum. Corre-
sponded digital data are presented in Table 3. 

T a b l e  3 .  The second set of numerical data of the ravine function, have been 
used for testing the software tools for solving the approximation problem 

z, mm 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 
r, mm 2.5 2.3 2.1 2.0 1.9 1.8 1.9 2.1 2.3 2.6 2.9 

 

The obtained graphic results of solving the approximation task of this exam-
ple with using one iteration step are presented at Fig 2. Really the task of interpo-
lation by choose 5 basis points among the 11 given have been solved in this case, 
and the interpolation error was smaller, than 2%. The calculated values of poly-
nomial coefficients for this test example are presented in Table 4. 

Fig. 1. The results of solving the approximation task with using fourth order root-
polynomial function (2) for data set, presented at Table 1. Corresponded values of 
polynomial coefficients and the approximation error are given at Table 2 

z, mm 

r, mm 
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T a b l e  4 .  The results of solving the approximation task for numerical data, presented 
in the Table 3 

Values of polynomial coefficients Nubmer 
of iteration C0 C1 C2 C3 C4 

δ, % 

Basic Approach 328.6 –1251.26 1953.66 –1417.8 398.9 1.5 
 

Example 3. Find the coefficients of fifth order approximative root 
polynomial function for ravine function data set with one global minimum. 
Corresponded digital data are presented at Table 5. 

T a b l e  5 .  The third set of numerical data of the ravine function, have been
used for testing the software tools for solving the approximation problem 

z, mm 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
r, mm 2.5 2.4 2.31 2.1 1.9 1.7 1.65 1.63 

z, mm 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 

r, mm 1.6 1.55 1.7 1.8 1.9 2.11 2.32 2.4 
 

In this and in the next example the corresponded values of relaxation coeffi-
cient for providing the consvergence of iterative relations (25) have been defined 
as follows: 
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2
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The obtained graphic results of solving the approximation task of this 
example with using one iteration step are presented at Fig 3. It is clear from this 
example, that considered type of the root-polynomial functions is not very 
suitable for approximation the ravine data sets with large area of minimum 
numerical values. Corresponded approximation error was greater than 12 %. But 
for the left and right branches of considered data set the error of approximation is 
much smaller, nearly few percents. 

Fig. 2. The results of solving the approximation task with using fourth order root-
polynomial function (2) for data set, presented at Table 3. Corresponded values of poly-
nomial coefficients and the approximation error are given at Table 4

z, mm 

r, mm
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Example 4. Find the coefficients of fifth order approximative root 
polynomial function for ravine function data set with one global minimum. 
Corresponded digital data are presented at Table 6. 

T a b l e  6 .  The fourth set of numerical data of the ravine function, have been 
used for testing the software tools for solving the approximation problem 

z, mm 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 
r, mm 2.5 2.4 2.31 2.1 1.9 1.7 1.65 1.5 
z, mm 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 
r, mm 1.4 1.5 1.6 1.8 1.9 2.11 2.32 2.4 

 

The obtained graphic results of solving the approximation task of this exam-
ple with using 3 iteration step are presented at Fig 4. 

Fig. 4. The results of solving the approximation task with using fifth order root-
polynomial function (8) for data set, presented at Table 6. Corresponded values of the 
polynomial coefficients and approximation error are given in Table 7 

r, mm 

z, mm 

Fig. 3. The results of solving the approximation task with using fifth order root-
polynomial function (8) for data set, presented at Table 5. Corresponded approximation
error for the left and right branches of considered ravine function was smaller, than few
percent 

r, mm 

z, mm 
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T a b l e  7 .  The results of solving the approximation task for numerical data, 
presented in the Table 6 

Values of polynomial coefficients Nubmer  
of iteration C0 C1 C2 C3 C4 C5 

δ, % 

Basic Approach –231.51 2340.2 –5259.9 5083.15 –2278.7 392.01 5 

First iteration –39.32 2340.1 –5260.0 5082.7 –2276.1 392.1 4 

Second iteration –151.0 2340.0 –5259.9 5083.0 –2278.2 392.1 3 
 

In this example, the iterative process was carried out in the same way as in 
example 1. The first values of polynomial coefficients were obtained by solving 
interpolation task. Therefore, for defining the coefficients of the root-polynomial 
function (8) relations (10)–(13) was applied. In this step of solving approximation 
task 5 basis points have been choose among the 16 given. By the such way the 
basic the approach for calculation the polynomial coefficients have been 
provided. At the second iteration the values of polynomial coefficient have been 
calculated iteratively with using relations (25), and in the third iteration — with 
using relation (26). Corresponded results of for the coefficients of fifth order root-
polynomial function, as well as the estimated value of approximation error, have 
been presented in the Table 7. 

ANALYZING OF OBTAINED RESULTS AND ITS’ DISCUSSION  

The provided numerical experiments for solving the approximation task for ravine 
data set with using high order root-polynomial functions (2), (8) shown, that 
generally by providing simple iterative process with relaxation by using relations 
(24), (25) is really possible to find the optimal correct values of polynomial coef-
ficient. Estimated theoretically approximation error in most cases was in range of 
few percent, and, taking into account, that usually approximated experimental 
data for the trajectories of electron beams are included the large amount instru-
mental errors, such estimations, in the most cases, are generally useful from the 
practical point of view. 

The main distinguishing feature of proposed algorithm is possibilities of 
obtaining the correct results for approximation task just on the first step of 
calculations by solving the simpler interpolation task. Such approach is very 
effective on the practical point of view for developing corresponded software for 
simulation the boundary trajectories of electron beams. 

The provided testing experiment also shown, that root-polynomial functions 
of high order, like (8), (12), are generally not suitable for approximation the 
ravine data sets with the large area near the minimum, but such kind of functions 
isn’t corresponded to the trajectories of electron beam in standard physical 
conditions. Usually, the region of beam focus is relatively small, and, as shown 
the provided numerical experiments, such data sets can be approximated by the 
high order root-polynomial functions with small error. 
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The provided theoretical analyze also shown, that for obtaining the 
convergence of proposed iterative approximation algorithm correct choosing of 

relaxation coefficients 
0Cw –

5Cw  is very important numerical factor. 

Analyzing of another advanced possibilities of applying high order root-
polynomial functions for accurate approximation of ravine data sets and forming 
the corresponded algorithms is the subject of further theoretical researches.  

But, generally, the complicity of proposed iterative algorithm is connected 
only with solving the strong non-linear task for derivatives of ravine functions (2), 
(8) and to numerical solving the complex polynomial relations (22), (23). The 
provided numerical experiments shown, that the polynomial coefficient, which 
are calculated throw the derivatives by numerical solving the relations (22), (23), 
are strongly depended on relaxation parameters and the values of these parameters 
are magnificently grater, than for the polynomial coefficients, which are 
calculated independently by using simple relations (2), (8). But it is also clear 
from the provided testing numerical experiments, that the approximation error is 
mostly defined by the polynomial coefficients, which values are calculated 
through the derivations. And the values of coefficients, calculated directly by the 
relations (2), (8), are generally stable and corresponded relaxation parameter is in 
the range of medium value, it is not very large and not so small. But since usually 
ravine functions in the region of a local minimum are non-linear, it is often 
complex non-linear equations for derivatives, like (22), (23), are solved. Its makes 
possible to ensure, that the smallest error and the optimal values of the 
polynomial coefficients for solving the approximation problem have been choose. 

Choosing the optimal values of relaxation parameters for calculation the 
polynomial coefficients throw the derivatives is also the subject of further 
theoretical researches.  

CONCLUSION 

The theoretical researches, have been provided and described in this work, as well 
as realized test numerical experiments, given in the corresponded examples, have 
shown, that applying of high order root-polynomial functions, which have been 
determinate by the analytical relations (2), (8), always leads to solving the task of 
approximation the numerical sets of ravine functions data with the small value of 
error. Therefore, such functions can be used successfully for approximation the 
boundary trajectories of electron beams, propagated in the ionized gas with com-
pensation the space charge of beam electrons.  Such approximation can also be 
applied to the noisy experimental data, which included experimental errors. 
Therefore, studied and proposed in these researches the theoretical approach and 
the numerical algorithm of the approximation of digital data are very important 
from the practical point of view for further development of modern industrial 
electron beam equipment with applying HVGD electron gun as the source of in-
tensive beams. For solving this task proposed iterative algorithm has to be inte-
grated with the software tools for treatment of experimental photographs, where 
the beam propagates through ionized gas. Analyzing of the brightness of a burn-
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ing discharge on such photographs gives the important experimental information 
about the boundary trajectories of propagated electron beam in the real physical 
conditions. [1].  

Advanced singularities of proposed iterative algorithm, including the 
possibilities of approximation the ravine data sets with a large area of the global 
minimum, as well as studying of influence of the derivative of root-polynomial 
functions on the values of relaxation coefficients, are the subject of further 
theoretical researches. But, in any case, the results of provided theoretical 
researches, presented in this article, are enough for estimation the boundary 
trajectories of electron beams, propagated in ionizing gas. Therefore, theoretical 
results, which have already been obtained, are very interesting and important for 
experts in the branch of elaboration of modern electron-beam equipment and its 
industrial application. 
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БАЗОВИЙ АЛГОРИТМ АПРОКСИМАЦІЇ ГРАНИЧНОЇ ТРАЄКТОРІЇ 
КОРОТКОФОКУСНОГО ЕЛЕКТРОННОГО ПУЧКА ЗА ДОПОМОГОЮ 
КОРЕНЕВО-ПОЛІНОМІАЛЬНИХ ФУНКЦІЙ ЧЕТВЕРТОГО ТА П’ЯТОГО 
ПОРЯДКІВ / І.В. Мельник, А.В. Починок 

Анотація. Розглянуто новий ітераційний метод апроксимації граничної траєк-
торії короткофокусного електронного пучка, який поширюється в режимі 
вільного дрейфу в іонізованому газі низького тиску за умови компенсації про-
сторового заряду електронів. Використано коренево-поліноміальні функції че-
твертого та п’ятого порядків, головними особливостями яких є яружний хара-
ктер та наявність одного глобального мінімуму. Як початкове наближення для 
розв’язування апроксимаційної задачі розраховано значення поліноміальних 
коефіцієнтів через розв’язання задачі інтерполяції. Задачу апроксимації 
розв’язано ітераційно. Для цього поліноміальні коефіцієнти обчислено багато-
разово з урахуванням значень функції та її похідної у відлікових точках. Оста-
точні значення поліноміальних коефіцієнтів коренево-поліноміальних функцій 
високого порядку розраховано з використанням методу дихотомії. Наведено 
приклади використання коренево-поліноміальних функцій четвертого та 
п’ятого порядків для апроксимації наборів числових даних, які відповідають 
опису яружних функцій. Отримані теоретичні результати є цікавими та корис-
ними для спеціалістів, які вивчають фізику електронних пучків та займаються 
проектуванням сучасного промислового електронно-променевого технологіч-
ного обладнання. 

Ключові слова: апроксимація, інтерполяція, коренево-поліноміальна функція, 
яружна функція, метод найменших квадратів, нев’язка, похибка апроксимації, 
електронний пучок, електронно-променеві технології. 

 
  


