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FAIRNESS OF 2D COROTATIONAL BEAM SPLINE
AS COMPARED WITH GEOMETRICALLY
NONLINEAR ELASTIC BEAM
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Abstract. The goal of this paper is to further investigate the properties and advan-
tages of corotational beam spline, CBS, as suggested recently. Emphasis is placed
on the relatively simple task of drawing the spline between two endpoints with pre-
scribed tangents. In the capacity of “goodness” of spline, the well-known notion of
“fairness” is chosen, which presents itself as the integral from the squared curvature
of spline over its length and originates from the elastic beam theory as the minimum
of energy of deformation. The comparison is performed with possible variants of the
cubic Bezier curve, BC, and geometrically nonlinear beam, GNB, with varying
lengths. It was shown that CBS was much more effective than BC, where any at-
tempt to provide better fairness of BC by varying the distances from endpoints to
two intermediate points generally leads to lower fairness results than CBS. On the
other hand, GNB, or in other words, the elastica curve, can give slightly better val-
ues of fairness for optimal lengths of the inserted beam. It can be explained by the
more sophisticated scientific background of GNB, which employs 6 degrees of free-
dom in each section, compared with CBS, which operates only by 4 DoF.

Keywords: corotational beam spline, geometrically nonlinear beam, 2D, Bezier
curve, fairness, transfer matrix method.

INTRODUCTION

In this paper we analyze the aesthetical quality, or in other words the fairness of
the newly proposed Corotational Beam Spline, CBS [1]. For a few examples, we
will also compare the CBS results with those obtained by an accurate Geometri-
cally Nonlinear Beam, GNB, approach [2]. It is done intentionally because some-
times there is confusion as to the difference between the real beam and the beam
splines. For the case of small displacements, both approaches are the same — we
mean cases of explicit presentation y = y(x), where for example, y is the verti-

cal coordinate of the point, and x is the horizontal one. Yet in the case of large
displacements GNB operates by 6 parameters and presents itself as the solution of
the differential equation of the 6™ order, whereas the explicit beam spline is al-
ways the solution of the 4™ order equation.

Historically, the beams have generated splines both as technical tools ini-
tially, and later as the mathematical model [3]. For many years, starting from
early AD Roman times the elastic beams (long and thin strips of wood) have been
used by draftsmen to fair in a smooth curve between specified points for ship-
building [4]. Mathematical cubic spline approximation in its present form was
suggested in 1957 by Holladay [5]. He noted that for curves with modest slopes,
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the cubic spline became identical to the bending of a straight beam. The latter op-
erates by four degrees of freedom — displacement, angle of rotation (first deriva-
tive), bending moment (second one), and transverse force (third one). To apply
the beam spline the positions of consecutive points should be known and one ad-
ditional boundary condition should be specified at each end. The beam spine is
called the natural one if the second derivative is taken as zero. In beam theory,
this corresponds to simply supported end, when displacement is fixed, and mo-
ment is zero.

The language and technique of the beam theory were fruitfully employed
later. Mention only a few ideas. First of all, in analogy to beam the different end
conditions can be considered [3; 6]. They are: free end conditions, when second
and third derivatives (moment and force) are equal to zero and the position is un-
known; the clamped one, when the position and angle (first derivative) are pre-
scribed; zero force condition (third derivative is additionally equal to zero). An-
other finding of the beam theory is the employment of the tensed beam model to
use in beam spline — this is to make the spline straighter [7] at the expense of in-
creased curvature at the prescribed positions (control points). Instead of the 3™-
order polynomial the 1%-order polynomial and two exponential functions,
exp(i kx), are used, where coefficient k£ is proportional to the square root of the

prescribed axial force (used in addition to the usual transversal one) [8]. Note, that
if £k — 0 we get the usual beam spline. Also note, that 4 parameters tensed beam
model is a simplification of 6 parameters planar beam problem (analog of the
elastica).

Mention some additional beam features suggested during the “golden age”
of the beam domination in the spline development. Very effective is the applica-
tion of the beam on the elastic support model instead of the usual rigid ones,
where the curve was suspended by springs attached to its control points for
smoothing the errors of measurements [9]. The spring stiffness controls how
closely the beam interpolates these points [10]. Asker [11] introduces several ap-
proaches to overcome wiggles [12]. The variable beam stiffness is in a piecewise
constant fashion and in a piecewise linear fashion, which allows to change locally
the spline behavior while keeping the same control points. As noted in [12] these
methods are equivalent to the weighted spline of Salkauskas [13].

The main drawback of ‘classical’ beam splines is that they are suitable only
for interpolation to plane curves, which turn through an angle of less than 180°
[14]. The reason is the explicit presentation of the form y = f(x), which is axis
dependent and is not able to represent multiple-valued functions, and cannot be
used where a constraint involves an infinite derivative [15].

So, generally, for any geometry, the implicit representations of the form
f(x,y)=0, and parametrical representation of the form y = f(¢) and x=g(¢),
where ¢ is an additional parameter, are used for curve splines [15]. As to beam
splines in particular, Ferguson [16] introduces the parametric cubic spline curve
by applying the cubic spline function for each coordinate by employing the inde-
pendent curve parameter ¢, by prescribing for each consequent vector point
(x,y) the non-decreasing value of parameter ¢. Their drawback is in the arbi-
trariness of the parameter 7, the choice of which leads to different configurations
[17], especially in smoothing the sharp corners [18], or in general, in case of large
curvature [19]. Of course, it can be ‘repaired’ by imposing the additional re-
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quirement to transverse force (third derivative), by changing the positions of cor-
ner points [18], but it implies additional complications. So, the parametric beam
spline is rarely used nowadays.

Very popular now are splines based on Bezier curves, B-splines, and
NURBS [15]. Their peculiarities are that they are formed by special polynomial
or rational functions, and the sum of them in each control point is equal to 1. Oth-
er kinds of curves are used very often, too [19; 20]. Nevertheless, despite of pre-
sent less usability, the cubic beam splines have tremendous historical significance
and a large impact on the development of the spline theory. We can formulate, at
least, three of their salient contributions.

1. The quantitative notion of the curve aesthetic measure or ‘fairness’. The
number of curves passing through a set of points is infinite, thus the interpolation
problem is by nature ill-posed [21]. So convenient criteria for the best curve must
be formulated. Of course, the notion of a fair curve appeared long before the ori-
gin of cubic beam spline, and various qualitative formulations were abundantly
employed in literature [12; 21]. However, the first mathematically exact definition
was based on the analogy with the elastic beam theory, where the energy of de-
formation E is given by expression [5; 8]:

E=[ 0, (1)

where « is the curvature, / is an element of length, and L is the length. So, the
curve is deemed to be the best, if it provides the minimum of energy E . In the
context of CAD, this integral becomes one of the standard criteria for the fairness
of a planar spline curve [22]. Note, that cubic splines give the minimum energy
only in case of small deflections.

The expression (1) for the energy E very often is supplemented by other
components, which also have the ‘beam’ origin. For example, for a 3D beam, it is
common to introduce the ‘stretch’ energy, which is proportional to the
‘elongation’ of the beam and is the integral from the squared first derivative, or
the ‘twist’ energy, which is found as the integral from the squared third derivative
(rotation of the beam) [23]. For approximation spline, the control points are often
considered as the springs [10], and the extension or compression of which makes
the additional contribution to the elastic energy. So, an additional term for each
“spring’ (control) point is considered, which is proportional to the squared
difference between the position of the spring and smoothened points [24]. Such
curves are named minimal energy curves, MEC, [12].

Of course, the beam-based energy criteria are not unique mathematical for-
mulations for defining the best curve. Other formulations are widely used, too, but
they were either inspired by the energy criteria analogy or emerged as a result of
the drawback of MEC for the best curve construction. Explain this. When the
length of the spline is not restricted, the best MEC (mathematically) may be at-
tained for the spline of infinite length and minimal curvature [25].

So, in general, MEC does not correspond to the common requirement of
Farin [26], that a curve’s curvature plot must be almost piecewise linear, continu-
ous, and with only a small number of segments. So, a different functional, which
satisfies Farin’s criteria, the so-called minimum variation curve, MVC, was pro-

posed in [12]. Instead of K2 (/) in functional (1) the square of the derivative of
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dx(l)

2
/ j is used. In contrast to the MEC which bends as /ittle as possi-

curvature (

ble, the MVC bends as uniformly or as smoothly as possible [12]. Yet the MVC
has no clear physical sense, it is not as flexible as the MEC to account for other
constraints, for example, for the required proximity to the control points at ap-
proximation.

So, the MEC are still widely used in the usual continuous [22] or discrete
form [27], where the energy is accounted for integrally in the control points as the
sum of squared angular misalignments. The minimization of functional can give
an aesthetically pleasant curve, which is stable for relatively slowly changing an-
gles between neighboring control points. Very often the energy minimization is
applied as a polishing tool for curves, which are derived by other kinds of splines.
For example, in many works, energy minimization is applied to Bezier curves
[28; 29], cubic spline curves [30], biarck splines [31], B-splines [32], for Hermite
splines [33], and many others.

2. Development of the technique of construction of elastica and promotion
of its popularity. The notion of elastica originated at the end of the 17" century
due to the efforts of the Bernoulli brothers [34]. The elastica is the free-form de-
formation of the elastic beam, whose shape is such that its squared curvature (1)
was minimized. It was an interesting mathematical task, and many famous scien-
tists contributed to its solution and application to different problems, to mention
only Euler, Laplace, Kirchhoff, Max Born, Love, etc [34].

The practical resurrection of interest in elastica originated in the works of
Schoenberg [34] in 1946, where the spline was defined as a variational problem
that minimizes the functional (1) but makes the small-deflection approximation.
The basic shortcoming of the works of Schoenberg and Holliday [34] was under-
lined by Birkhoff and de Boor in 1965 [35], where it was noted that linearized
interpolation schemes are not invariant under rigid rotation. So, they suggested
replacing linearized spline curves with non-linear splines (or “elastica”). Further-
more, they obtained the differential equation for curvature functions w(/), which

satisfy to minimum energy requirement (1):
. ]
k() + 51(3 =0. (2)

This curve was treated as a free elastic curve as it refers to a planar elastic
curve without length constraints. This result was extended in work [36], where it
was shown that equation (2) can be applied for segmented curvature function with
natural end conditions that pass through a prescribed set of control points. Other
generalization of these results consists in the justification of the validity of equa-
tion (2) when the end conditions are given in the form of prescribed tangents [37].

Based on these general results the various algorithms of elastica construction
were proposed. The first work on the numerical construction of elastica was pro-
posed by Glass in [38], where the discrete points on the curve were specified it-
eratively. Technically this algorithm was later improved by Malcolm [39].
Mehlum [40] used circular arc approximation of arbitrary precision. Mehlum uses
these methods in the Autokon system for curve and surface design, which became
the first commercial CAD software, and underlined the tight relation between
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free-form shape representations and physically inspired mathematical functions
[41]. Another technique of nonlinear spline construction was suggested in [22],
where the looking for function is presented as a piecewise polynomial curvature
function.

Among the many early works on nonlinear elastica, we see the work of Horn
[42], where it was carefully studied a specific MEC segment, defined by two
points on a baseline with a vertical tangent constraint specified at each point. The
approach consists of a presentation of the looking-for curve as a set of circular
arcs with a minimization of energy. Starting from one arc, then two or more arcs
up to sixty-four were considered, while the resulting curve resembles a croquet
hoop. The resulting energy was as small as 0.913953% of the semicircle. Then the
elliptical curve with minimal energy was constructed and energy was equal to
93.42% of the semicircle, and for the Cornu spiral the energy was as low as
0.9178%. Then Horn computes closed-form expressions for the energy, arc
length, and maximum curvature of his subject curve and the lowest value is equal
to 0.913893. MEC has at least two principal shortcomings: the first cause it to fail
a very desirable property for splines such as roundness [21], and another one, is
that energy depends on an unspecified length of elastica. So, in the works of Kal-
lay [43; 44] the theoretical substantiation and numerical method are elaborated for
computing that shape, given the positions and directions of the endpoints and the
total length. In this case, the notion of energy and the goal of optimization be-
come clearer and are related to the fixed length. In work [45] the elastica is con-
structed by the elastic curve segments which are expressed in a closed form via
the elliptic functions. The method depends on the good initial guess for the ap-
proximating curve with subsequent application of gradient-driven optimization.

On the other hand, the analytical solution for Euler’s Elastica motivated
within the structural mechanical community the development and application of
one-dimensional theories for the deformation of elastic slender bodies [46] and
especially the elaboration of the comprehensive and efficient numerical formula-
tion [47]. Geometrically nonlinear computational models of the beam under finite
rotation are obtained from three basic approaches: total Lagrangian, updated La-
grangian, and Co-rotational [47]. It is beyond the goal of the paper to discern
them in detail.

We only mention that technically they often are reduced to solution by the
transfer matrix method, TMM, either within the Lagrangian approach [48] or in
the corotational formulation [49]. The transfer matrix, which relates the set of
governing parameters at any point of the element including its end with those at
the beginning of the element, is called the field transfer matrix, FTM. It is derived
by the solution of physical differential equations. The continuity relations be-
tween the parameters of two neighboring elements at the border between them are
given by the point transfer matrix, PTM. Sometimes the method is called in litera-
ture as a method of initial parameters [50]. The transfer matrix method is a very
effective tool, which allows to eliminate the intermediate unknowns of inner ele-
ments, thus while keeping a large number of degrees of freedom, technically it
reduces the ultimate matrix to the size determined only by the number of real
points [51].

3. Employment of local coordinates system for each element. In structural
mechanics, this approach is called a corotational approach [52; 53]. Here, the total
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configuration of a beam is presented as the sum of two components: straight ele-
ments position and pure deformational displacement of points. The deformation is
measured from a rotating frame attached to the straight element, and linearized
formulation solutions are employed in the numeric incremental procedure. The
nonlinearity is accounted for by the rotation matrix between the elements. So, the
discontinuous angles of rotation between elements are the key parameters of the
corotational scheme. Note that the geometrically nonlinear beam model of work
[2] is the enhanced corotational approach, where the reference geometry is part of
a circle and already contains build-in deformation (basic solution), which is sup-
plemented by smoothing solution derived by integration of governing linear dif-
ferential equations written in curvilinear (polar) coordinates.

Within the computer graphics world, the looking for curves are usually pre-
sented as continuous ones at every stage (iteration) of computation. The only
known exception is the Fowler—Wilson method [54], which was based on usual
cubic beam splines in a local two-dimensional coordinate system. The Fowler-
Wilson scheme is a transition from the explicit presentation of spline y = f(x) to

the implicit one g(x,y)=0. It was very popular till the beginning of the 21st cen-

tury and was used in many industries around the world [55]. So, initially, the
spline is given by a set of straight sections, which determine the tangent vector
and normal vector. Local sections of the spline are calculated along the normal to
the section. The main requirement is to provide the continuity of slope and curva-
ture at the borders between points. The nonlinear equations of continuity are ob-
tained and iteratively solved.

Now return to the goal of this paper. The corotational beam spline of our
work [1], among other ideas, uses the idea of straight initial sections drawn be-
tween control points, which determine the local system of coordinates. So, the
purpose of splines is to smooth out the so-called misalignment (gap) angles. This
resembles the idea of Fowler—Wilson. As to the task of interpolation, the main
differences in our work [1] consist of two peculiarities. First, from the very be-
ginning, our spline is constructed in a linearized statement, which is usual for the
theory of beam:

tgO~sin0~0, (3)

where 6 is the calculated angle of rotation, this noticeably simplifies the calcula-
tions [56; 57]. Second, to suppress the errors induced by (3) we introduce the no-
tion of auxiliary ‘imaginary’ points. So, we consider that control points are of two
kinds. Points of the first kind are of the real kind, where the outer constraints are
explicitly given. Points of the second kind are imaginary ones, which are arbitrar-
ily placed between the real ones, their positions are not specified and naturally
refined during the calculation process. They are intended to: a) make the length of
the straight section approximately equal to the length of the spline section; b) de-
crease the maximal calculated angle 6 within each section to provide better accu-
racy of (3). Another enhancement of the method is of technical significance and
consists of the employment of the transfer matrix method, which allows keeping
the resulting matrix for spline with imaginary points of the same dimension as
without them. Besides, the geometrically exact definition of curvature is used.
The goal of the paper is to analyze the aesthetical quality or energy (1) of the
CBS and compare it with GNB for example a simple task defined by two end-
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points with a tangent constraint specified at each point. This choice is taken be-
cause: 1) similar tasks were considered in old theoretical investigations of elastica
[42; 44]; 2) the fairness of such curve can be easily assessed visually; 3) it is a
practical task for thin deformable wire held at each end by a robotic gripper [58]
and for applications of robotic hot-blade cutting [45; 59].

THEORETICAL FOUNDATION OF CBS AND GNB

Short introduction to CBS

Note, that very simplified logic, designations, and equations of more general pa-
per [60] are outlined here. The main reason for simplification is that here we con-
sider only the task of interpolation, so many enhancements related to consistency
with the task of approximation will be omitted. Note, that the solution process is
organized according to the transfer matrix method, TMM, methodology.

Let we have enumerated consequently both the exactly measured (real)
points and the inserted between them (in any number) imaginary points,
4,(X,,.Y,), where m is the point number, and X,,, Y,, are their Cartesian co-

ordinates in the absolute coordinate system. Usually, we do not discern between
them and name them as the control points, because referring to the transfer matrix
method, TMM, the field transfer matrix, FTM, is the same for any element placed
between any two neighboring points. The difference exists only for the point
transfer matrix, PTM, and depends on whether the considered point is a real or
imaginary one. So, in this case, the points will be discerned by using the addi-
tional lower indexes: “r” for real points, and “i” for imaginary ones. For example,

4,,, means that point 4,, is the real, and 4, ; is the imaginary one.

€9y
1

Connect the consequent points A4, by straight lines and get the open or
closed polygon. Consider the particular straight beam section, named as m sec-
tion, which is placed between control points 4,,,, and 4,,, Fig 1. Introduce the

notion of iteration number, k. The real points retain the same position at each
iteration; however, the imaginary points change their position. Furthermore, the
algorithm envisages that new imaginary points might be inserted during the itera-
tion process. This is controlled by the maximal value of calculated angle 0, as to

condition (3). If the angle is large enough, say, larger than %, we insert a new

imaginary point. This provides the accuracy as to (3) within 0.2%. So, the inser-
tion of a new imaginary point may change the general enumeration. Thus, the
numeration is iteration dependent, and control points should be presented as

A,i‘; (X k Yk ), where k is the iteration number. Nevertheless, in most cases, the

m>=m

upper index k& will be omitted.

The vectorial length of each beam section is designated as fm :
im:;im-kl_"_éim:(Xm+l_Xm);+(Ym+l_Ym)j' (4)
For each straight section introduce the local coordinate system (s,,,w,, ) and

basic vectors 7,, and 7, . The tangent local vector ¢, , is derived from (4):
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1

!
~

~
Il
5

=a,i+b,j,

~

3
[

m‘

where

] = 1 = X = X, + (G = Y0

The normal vector 7,, is perpendicular to 7,, and rotated clockwise concern-
ing it, Fig 1. Local coordinate system (s,w ) is related to the basic vectors, where
s 1s counted from Zlm in the direction of 7 , and w is directed as 7 . Vector n,,
is presented as:

N, =Cyul +d,j,

where

¢, | (cos(-n/2) —sin(-n/2)\(a,| (0 1) a,
d, ) \sin(-n/2) cos(-n/2) \b,) (-1 O\b, )

Vi1
Fig. 1. The global cartesian vectors and local corotational basis for each element

Important in the model is the misalignment angle between two adjacent
straight beam sections: m and m—1, denoted as v, , Fig. 1. It is counted clock-

wise from vector 7, ; to vector 7,,. The angle of misalignment v,,_; is found
from the scalar and vector products of these two vectors:
sin (\Vm) = ;m—l * Zm , COS (\Vm) = ;m—l ’ E.m : (5)

Application of both rules is needed to establish the correct angle quadrant.
Now describe the calculation model. Consider the simplest beam model for
an initially straight beam. Each straight beam section is characterized by the vec-

tor of state Z (s), which is formed by 4 scalar functions of length coordinate s :
Z(s) = column {I (s); 6(s); M (s); O(s)},

where following the beam traditions we operate by four physical values: W (s) is
displacement directed along the local normal vector 7 ; 6(s) is the angle of (de-
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formational) rotation of the beam axis concerning initial vector 7, directed
clockwise; M (s) is the bending moment; Q(s) is the transverse force. The direc-

tion of the two latter parameters is chosen so, that the following differential de-
pendencies between all parameters are positive [1]:
dw(s) _ 0(s): do(s) M(s) dM(s)
ds © o ds EI ° ds

where EI is the constant of the beam, taken below as 1. The solution of the sys-
tem (6) can be presented in matrix form suitable for the application of TMM:

Z (N =[p: (N Z,0) » (7)

where Zo =Z(s=0) is the vector of state in the initial point of the section con-

0(s); %:o, 6)

sidered, and the coefficients of the transfer matrix are the following:

_ _—
1 s 5 5
2 6
S2

[P ;D]I=|0 1 = >0
00 1 =

100 0 1]

Note, that equations (7) can give the values of each parameter at the end-
point of each element through the initial parameters at this element by letting
s=1,,1e.

Zw )= Z ) =i ;U Z o)

where lower indexes “0” and “1” mean the beginning and the end of a section,
correspondently.

To formulate the calculation scheme, we need to supplement the FTM (7)
with PTM equations, which relate the vector of state at the border between the
end of the previous and the beginning of the next sections. For real control point,
we have the following PTM relations:

Wino =Wn-115 )
0.0 =011 =V » )
My o=My 1y, (10)
0o =Om11 + Lo (11)
Wio=0. (12)

Here P, is an unknown force in the beam support (real control point). Gen-

erally speaking, this force is determined from condition (11), or put more cor-
rectly, the introduction of additional unknown P, requires one additional condi-

tion (12). When compiling the system of governing the equation (11) (and
unknown P, ) is not used. Condition (8) means that displacement (deviation of
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position from the initial straight line) should be the same. Condition (9) is to pro-
vide the tangent continuity of the deformed contour, where the deformational an-
gles compensate for the initial misalignment angle. Condition (10) is the equality
of approximate beam curvatures. Condition (12) requires that the position of the
considered control point should not change during the iteration, i.e., it is fixed.

The point transfer matrix in the case of the imaginary point is slightly differ-
ent. They require continuity up to 3™ order, i.e., including the transverse force. So,
we have:

/4

m,0 =W,

m—1,1»
em,O = emfl,l Vs
Mm,o = M

m-1,1>

On.0 =On-11 -
Or in matrix form
(Zn0) =111 Zy1) + Coi»

where é,-:
ém,i = column{0;—vy,,;0;0} .

In this case, the PTM does not contain any additional unknowns.

Let’s go to the organization of the calculation process by TMM. It is conven-
ient to start with an introduction of four unknown parameters for both the begin-
ning and end of each element. It means we have 8 unknowns for each element. If
the number of elements is M , then the number of unknowns is 8- M . There are 4
FTM equations for each element, thus at the whole, there are 4-M FTM equa-
tions. On the other hand, there are M —1 borders between elements for open pol-
ygon, for which 4(M - 1) PTM can be written. So, for an open polygon, 8- M —4

equations should be supplemented by 2+2 boundary conditions on each boundary.
One of them is the condition of zero displacement, while another is either the re-
quirement to the angle value, or requirement to curvature (moment), or to trans-
verse force. When the contour (polygon) is closed we have no boundary condi-
tions, but instead, one additional PTM (four conditions) is to be written at the
point where the last section meets the first one.

At first glance, accounting for possibly a large number of imaginary points
in this CBS technique requires too many unknowns and can be very slow. First,
show that imaginary points and related unknowns actually can be removed from
consideration. Consider two adjacent sections which are separated by imaginary
points. According to the procedure of elimination [51] write three transfer ma-
trixes between them:

(Zm,l) :[pi,j(lm)](zm,O)a (13)
(Zm+l,0) = [1](Zm,l) + ém,i ) (14)
Zst) =21 G DN i 0) (15)
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Substituting (14) into (15) and later (13) in the resulting equation we for-
mally can get the matrix equation:

Zpi1r) =Pi Uit )N Z,y 1)+ Dy i (16)

where elements of matrix p; ;(/

mt1-ln) » and free terms vector D

are easily

m,i
calculated from (13)—(15). The matrix equation (16) is FTM for the combined
element, which starts at the point ;lm and ends at point Zm 47, thus eliminating

the imaginary point Zm +1- So, two FTM and one PTM are substituted by one
FTM. Second, for the remaining real points the number of unknowns can be reduced
to unknown moments in them only, as it is usually given in the textbooks [8].

Note, that calculated values of Mc have dimension of curvature and the
meaning of curvature in beam theory formulation. Yet they are not exact geomet-
rical curvatures. So, the additional procedure of refining the values of curvature
based on exact differential geometry formulation was established in [1] and will
be used in the presentation of the results.

Main equations of GNB

The principal distinction of GNB from spline is that it operates by a real object
with real properties and, especially it has a given length, L. In calculations, it is
broken into a necessary number of elements. For each element, m , the notions of
the Basic, Em (s), and Smoothing, §m (s), solutions are introduced [2; 61], where
s is a curvilinear abscissa of any point of element. Then, the looking for Ultimate

solution, U* (s), is the sum of these two constituents:

Uk =gk 4 k. (17)

Here the upper index & means the iteration number. So, as follows from
presentation (17) the basic solution is a result of the previous iteration i —1. Note,
that, where possible, the lower and upper indexes m and k& will be omitted.

The main aim of the basic solution, BS, is to principally account for all non-
linearities, while the smoothing solution, SS, is a linearized analytical correction
to BS. Another purpose of BS is that it gives the system of local curvilinear coor-
dinates and directions concerning which the SS is derived. On the other hand, BS

is permanently refined from iteration to iteration as a result of accounting for the
present SS. New BS is refined according to the following rule:

B¥ =B+ g. 5%, (18)
where g, 0< g <1 is the so-called retardation coefficient, which restricts the ab-

solute change of BS and accounts for whether the process of solution is conver-
gent (m can be increased) or divergent (m should be decreased). The rule (18) is
schematic because not all components of SS are used in BS. For the 2D case, BS

geometrically presents itself the part of a perfect circle, the radius of which R,’; ,
(or curvature Kfn =1/ R,],Z) and current length I,ﬁ are related with basic (embedded
in) bending moment and axial force [61].

SS solution is formulated for each element in the local curvilinear system of
coordinates, Fig. 2. It operates by six governing parameters, as opposed to a
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straight beam (cubic spline). They are: two force parameters — transverse force Q

and axial force N, bending moment M , angle of rotation 6, and two displace-
ment parameters — normal one w, and tangential one u. These parameters are
related by six differential equations:

dQ N_, dN _Q_, aM
Rdy R " Rddp R ' Rdd

do _M' du W N dw+u
Rdd EI’ Rddp R EF’ Rdd R

In the subsequent application below we will not consider the action of outer

. . .. 1
distributed forces P, and P, and neglect the axial elongation, i.e., take E =0.

N+AN

Q+AQ
M M+AM

Fig. 2. General scheme of 2D curvilinear beam

The general solution of (5) for SS can be presented in the form suitable for
the application of TMM [61], and schematically is given below. For FTM it can
be written as [61]:

(Zn($) =[P1 (N Zp0)
where elements of matrix p; ;(s) are the solution of the differential equations (5),

and the vector of state in any point s is:
Z(s) = column {w(s);u(s);0(s); M (5); O(s), N (5)} .
For PTM a similar equation can be written [61]:
(Z0)=UH1(Zyy 1)+ G-

In this case, the matrix [H ] is not an identity matrix, due to the vectorial es-
sence of two force and two displacement parameters and different local vectorial

basis used. As to the vector of free terms C’m,i ,

to the discontinuity of the basic solution (so-called gaps [61]). Note that the GNB
approach requires three boundary conditions at each end of the beam.

The aim of this short introduction to GNB is twofold. First, to show that the
technical solution of GNB can be similarly organized by TMM, with formal
elimination of all points (sections) that do not contain the real constraints. Second,
the variety of tools and possibilities of GNB analysis by numerical TMM is much
richer than in the traditional elastica approach. Hint the few possible

its all components are nonzero due
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opportunities. If one wants to make the solution “more tensed”, it can be very
easily done by introducing the normal pressure P,. To “tense” or to “relax” the

particular section it needs to increase or decrease the bending stiffness EI, or to
make it variable. The length of particular sections or the beam as a whole can be
controlled by axial stiffness EF .

Calculated curvatures in each curved section are presented as the sum of basic

curvature (constant) and those induced by calculated bending moment M ,l; (s):

b

k
K, (s)=—
()= 2t

Four points-based Bezier spline

Consider set of four consequent control points A4(X,Y]), 4,(X,,15),
A3(X3,Y3), A4(X,4,Y,), or in vectorial form:

A, =X, i+Y,j; m=12,34.

They can be used for the construction of a third-order Bezier curve,
P(x,y) [15]:

4 4
P(x,y)=Pi+P,j=i-3 X, -K,O)+] -3 Y, K, (1); 0<r<1,
m=l m=1
where K, () are the Bernstein’s functions
KO =01-17, K0t)=3t1-1)?, K5(t)=3>(1~1), K;(0)=0.
Bezier splines have the following properties [15], important to our task:

1. The first and last points on the curve are coincident with the first and last
points of the control polygon.

2. The tangent vectors at the ends of the curve have the same direction as the
first and last polygon spans, respectively.

So, our subsequent task is to construct a spline, which starts in point Z§1 at

the angle ¢, with a horizontal axis and ends in point Ez directed at angle ¢, .
Introduce the unitary tangent vectors 1; and M, in these boundary points. They
can be written as:

Ny =1 -cosQ+ j-sinQ; 7, =1 -cos@,+ j-sing,.
So, four consequent points of cubic Bezier splines can be chosen as follows:
A =By, A44=B,, Ay—4 =Dy Wy; Ay—4y=D, W,
where D is an absolute distance from point ;12 to point ;11, and D, from ;14 to
point A;.
Our next task is to obtain the element of length in each point, ds(¢), and the

curvature K(t). According to differential geometry rules, we can write:
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ds =J(P)? +(P))?dt, ()= R'F - PR

These expressions will be used in the calculation of the Brazier spline quality.

EXAMPLES OF CALCULATION

Several similar problems will be calculated and compared here. In some cases, the
well-known Bezier curve will be used too. We will consider the relatively simple
task, which is defined by two endpoints with a tangent constraint specified at each
endpoint.

Example task 1

First point B, is placed in point (X =0,Y =0), second point B, has coordinates
(X =150,Y =0), the tangent in point B, is directed vertically, i.e., the angle (in
the clockwise direction) with the horizontal axis is equal —90°, and in point B,
the angle is equal to 90°. It is the famous Horn task [42], which has demonstrated
that minimization of energy is not always a solution for the best curve, and
eventually led to the appearance of other criteria, say minimization of squared
derivative from curvature [12].

Intuitively, the best curve is the semi-circle of diameter equal to 150. Its

length, L, is L, =n%=235.62. Calculate the quality (energy) of the ideal

2
2 J M50 0.041888.

150

Construct the splines according to different techniques, Fig. 3. Designation
BZ 110 relates to the Bezier spline, where two intermediate points on the pre-
scribed tangent are placed at a distance of 110 from either endpoint. Similarly, the
BZ 115.5 curve employs one point on distance 115.5 on each tangent. GNB
depends on the prescribed length of the beam, so the designation GNB 230 means
that the length of the beam is equal to 230. Many variants of BZ spline and GNB
can be obtained. As to CBS, it gives only one possible configuration.

Analyze the results. First of all, note that CBS gives the ideal semi-circle.
As to other curves, at first glance, they can approach the ideal figure very well,
and each seemingly is capable of depicting the ideal circle.

With this respect, the more informative are graphs of curvature versus the
length coordinate for each spline shown in Fig. 4. More definite conclusions can
be drawn from it. First, note that CBS is indeed capable of giving the ideal circle.
The wavy character of the graph is a reflection of an insufficient number of
imaginary points — the more points, the smoother the curvature. Second, Bezier
splines give noticeable deviation from the ideal circle for all parameters of
optimization (distances from endpoints). Third, GNB is a very powerful
technique, which depends on the chosen length of the beam. In case, when the
prescribed length of GNB coincides with the length of the ideal circle, it actually
gives this ideal circle.

semi-circle. According to (1) it is equal to E|, =(
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180
— 1 BZ110
- - 2 BZ1155
160 | |-.-3 BZ120
---- 4 BKS
140 5 GNB 230
-~ 6 GNB240| -
7 GNB 410 .
120 .
7
100
80
60
a0
20
0

-20 0 20 40 60 80 100 120 140 160

Fig. 3. Several calculated splines according to the Bezier method (4 points), BCS, and GNB
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0.013
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1 |-- 2BZ115.5
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----4 BKS \

0.011
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¢ GNB 240

0.009
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Fig. 4. The graphs of curvatures obtained by different splines for Task 1

Cucmemni docniodcenns ma ingopmayiini mexnonozii, 2024, Ne 3 121



L Orynyak, P. Yablonskyi, D. Koltsov, O. Chertov, R. Mazuryk

Compare the quality (energy) of each depicted curve. The results of its cal-
culation are given in Table 1, where the absolute value of energy, as well as the
reduced value of it (divided by the ideal semi-circle value of 0.41888), are pre-
sented. The result for CBS is slightly different from the ideal circle due to a
smaller number of imaginary points (only 28 points are employed here). As to
Bezier’s results, they are close to 1 in the considered range of chosen distances of
additional points, and the lowest result is attained for the BZ 120 curve.

Table 1. Calculated energies for different splines for Task 1

Curve | BZ110 |BZ115.5| BZ 120 BCS | GNB 230 | GNB 240 | GNB 410
Quality | 0.04305 | 0.04190 | 0.04113 | 0.04190 | 0.043024 | 0.041181 | 0.037927

Reduced
quality 1.02774 | 1.0003 0.9818 1.0003 1.04475 | 0.98312 | 0.90544

Evidently, the notion of energy cannot be the sole criterion of fairness. Note,
that splines, which “embrace” the ideal semi-circle give the lesser values of
energy. Concerning the results of Table 1 it is interesting to recall the results of
Horn [42]. Remind that for this task 1 the “best” value of energy equal to 0.91383
was obtained [42]. So, plot the graph of the energy concerning beam length by
GNB approach, Fig. 5. Interesting to note, that in the vicinity of the ideal semi-
circle configuration (L =L, =235.6) the quality of the curve linearly decreases

with length. Yet in the range of length 310 < L <340, it attends the local “pla-
teau”. The calculated quality in this range is approximately equal to 0.03828 (at
L =320). Dividing this value by 0.041888 (ideal semi-circle) we get the reduced
value equal to 0.9138, which is very close to Horn’s theoretical value. This testi-
fies to the high efficiency of the GNB approach [2]. Further increase of L beyond
this range leads to a permanent slow decrease of energy, which was not predicted
in Horn analysis [42]. This is related to the outward deviation of the calculated
figure from the vertical lines x =0 and x =150, which is evident from Fig. 3 for
GNB 410. For L — « the energy tends to zero.

0.05

0.045

0.04

0.035

0.03
200 250 300 350 400 450 500 550 600 650 700 750 800

Fig. 5. Quality of GNB spline concerning the beam length for Task 1

Example task 2

This task is very similar to symmetrical Task 1. The only difference is that in first
point B, the tangent angle is inclined to —60° concerning the horizontal axis, and

in second point B, the angle is equal to 60°.
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Intuitively, the best expected (ideal) curve is the semi-circle. From geometri-
cal consideration, its diameter should satisfy the following relation D/2cos30°=
=75, where one can get that D =173.20. So, the length of the ideal figure is
equal to 181.37. As to energy (1) of the ideal curve, it is equal to 0.02418.

Construct the splines according to different techniques, Fig. 6. As above
CBS gives the ideal semi-circle. Bezier spline gives very close results at a dis-
tance equal to 67. When this distance is smaller, than Bezier curve lies below the
ideal circle, and when the distance is larger it is situated above the ideal curve. A
similar picture is for GNB splines. When their lengths are lesser than the ideal
circle length, it is placed below, and above otherwise.

90

—1 BZ67

--2BZ80
80 ---3 BZ120 3 -

--—-4 BKS \ L7 S

, .
70 5 GNB 170 . \_\
6 GNB 181 L/ N
) 8 X
GNB 185 : .
60 ! R 7 \
8 GNB 190 ’ “
’ 2 \
J'. \\ — .
50 : = .
40
30
20
10
0
0 20 40 60 80 100 120 140 160

Fig. 6. Several calculated splines according to the Bezier method, BCS, and GNB, Task 2

The informative is a graph of curvatures for each spline, shown in Fig. 7.
The best Bezier spline, BZ 67, is very close to the ideal circle, and its curvature is
almost ideal. The same can be said about the BCS and GNB 185. Compared with
CBS for Task 1 (Fig. 4), the curvature for CBS for Task 2 is much smoother: we
use here as many as 120 imaginary points. Graphs of curvature are very important
to judgment about the quality of different splines.

Compare the quality (energy) of each depicted curve. The results of its cal-
culation for Task 2 are given in Table 2. That results in differently-looking curves
that sometimes are very close. This means, that energy cannot be the sole criterion
of the construction of the curve nor for the assessment of its fairness.
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Table 2. Calculated energies for different splines for Task 2

Curve BZ 67 BZ 80 | BZ120 | BCS 181 |GNB 170 | GNB 181 | GNB 190
Quality | 0.0241 0.0246 | 0.0408 | 0.0242 | 0.0303 0.0242 | 0.0243

0.035
Iy —1 BZ67
[ -- 2BZ80
0.03 o -.-3 Bz120
----4 BKS
——5 GNB 170
0.025 - - 6 GNB 181
---7 GNB 185
----8 GNB 190
0.02
0.015
0.01
0.005
0
0 50 100 150 200 250

Fig. 7. The graphs of curvatures obtained by different splines for Task 2

Example task 3

This task is a more complicated one and relates to the construction of anti-
symmetrical geometry. Point B, has coordinates (X =0, ¥ =0), second point

B, has coordinates (X =150,Y =150), the tangent in point B, is directed at an
angle of 60°, while in point B, the angle is equal to 60°, too.

The best solution cannot be formulated intuitively, so here we will subjec-
tively assess the best solution below.

Construct the splines according to different techniques, Fig. 8. Look on the
CBS, which does not require any auxiliary parameters. The general subjective
impression is that it is visually pleasant, and its calculated length is about 294. So,
chose the auxiliary parameters in other spline methods to approach this spline. It
is not always possible for the Bezier splines. If we take the distance to be very
small — it would resemble the straight line between two endpoints, and, of course,
it should be rejected. If we take the distance in the Bezier spline too large, the
graph will be placed well beyond the vertical range of —150< y <150. So, we

chose subjectively the distances equal to 120, 150, and 180 as the candidates for
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the best Bezier curve. Nevertheless, they are not pleasantly looking, and this can
be supported by graphs of curvatures, Fig. 9. As to GNB it completely coincides
with CBS, if we take its length as large as 294, Fig. 8. The increase or decrease of
length leads to more loose or tight geometry, respectively.

200
— 1 BZ120
- - 2BZ150 7 ,,-':;f_‘_“;:_‘\
---3BZ180 .
v
180 ----4 BKS 6\ LT
—— 5 GNB 280 24
- - 6 GNB 294 5 ¥4
- -7 GNB 310

100

50

-50
0 20 40 60 80 100 120 140 160

Fig. 8. Several calculated splines according to the Bezier method, BCS, and GNB, Task 3

More informative are the graphs of curvatures concerning the current length
coordinate, Fig. 9. The curvature of CBS is very smooth, it is a straight line (small
fluctuations are due to a limited number of imaginary points). So, an important
conclusion can be drawn from its visual presentation. The CBS is a Cornu spiral,
and this can be explained by the third differential equation of (6). On each small
straight section P = const , so the moments (curvature) change linearly. In case,
if intermediate points are the imaginary ones, the force does not change between
them, so the whole section between any real points is a Cornu spiral.

As one can see, the GNB completely coincides with the CBS, in case its
length is equal to the length of CBS. If GNB is shorter than CBS, then its
curvature is larger than that of CBS. And vice versa, for longer GNB its curvature
is smaller. As to the Bezier curve, it demonstrates the large local curvatures for all
three considered distances chosen. As we see, the Bezier curve is ineffective for
anti-symmetric cases.

Compare the energy for each curve. The results of its calculation for Task 3
are given in Table 3. The results for Bezier curves are very poor. So, the very big
difference in energy can testify to the deficiency of the curve. As to GNB, the
results for it are close to CBS because their lengths are similar. In any case, by
varying the length of GNB the quality of it can always be better than that of CBS.
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Fig. 9. The graphs of curvatures obtained by different splines for Task 3

Table 3. Calculated energies for different splines for Task 3

Curve BZ 120 | BZ150 | BZ 180 BCS |GNB 280 | GNB 294 | GNB 310

Quality | 0.2080 | 0.2092 | 0.2173 0.1286 | 0.1373 | 0.1284 | 0.1225

Example task 4

This task is similar to the previous one but is not an antisymmetric. Point B, has
coordinates (X =0,Y =0), second point B, has coordinates ((X =150,
Y =-150), the tangent in point B, is directed at an angle — 60°, while in point
B, the angle is equal to 0°.

The best solution cannot be formulated intuitively, so here we will subjec-
tively assess the best solution below.

Construct the splines according to different techniques, Fig. 10. As to CBS,
the general subjective impression is that it is visually pleasant, and its calculated
length is about 260. So, chose the auxiliary parameters in other splines as to
approach this spline. As in Task 3, it is not possible for the Bezier splines — they
deflect from CBS for any chosen parameter of distance. So, the results for Bezier
splines are shown for three subjectively chosen distances — 100, 125, and 150.
Nevertheless, they are not pleasantly looking, and this impression can be
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supported by graphs of curvatures, Fig. 11, which has large local peaks of
curvature, which is prohibited for “fair” spline [12]. As to GNB it completely co-
incides with CBS if we take its length as 260, Fig. 10. The increase or decrease of
length leads to more loose or tight geometry, respectively.

50
0
50
\
\.
AN
— 1 BZ100 :
100 | |-- 2BZ125
-.-3BZ150
----- 4 BKS
— !5 GNB 250
- — 16 GNB 260
- =7 GNB 270
-150
0 20 40 60 80 100 120 140

Fig. 10. Several calculated splines according to the Bezier method, BCS, and GNB, Task 4

Informative are the graphs of curvatures concerning the current length coor-
dinate, Fig. 11. The curvature of CBS is a straight line (small fluctuations are due
to a limited number of imaginary points), so evidently CBS is a Cornu spiral.

As in above Task 3, note that GNB completely coincides with CBS in case,
its length is equal to the length of CBS and can be more tight or loose depending
on whether the length of GNB is shorter or longer than the length of CBS. Bezier
curve demonstrates the large curvatures for all three distances chosen.

Compare the energy for each curve. The results of its calculation for Task 4
are given in Table 4. The results for Bezier curves are very poor and testify to the
deficiency of the curve. As to GNB, the results for energy are close for CBS
because their lengths are similar. In any case, by varying the length of GNB the
quality of it can always be better than that of CBS.
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Fig. 11. The graphs of curvatures obtained by different splines for Task 4

Table 4. Calculated energies for different splines for Task 4

Curve BZ 100 | BZ125 | BZ 150 BCS | GNB 250 | GNB 260 | GNB 270

Quality 0.1156 0.1114 0.1153 0.0781 0.0835 0.0778 0.0753

CONCLUSION

The main attention of the paper is paid to the discussion of the advantages of
CBS. On one hand, it is the four degrees of freedom simplified version of GNB,
which operates by 6 degrees of freedom at each point. The beam theory origin of
CBS gives a wide prospect for its modernization and application. On the other
hand, the presented here version of CBS for the task of interpolation is reduced to
the new original technique of construction of the Cornu spiral, which is widely
recognized as one of the most aesthetic curves for the geometrical design purpose
[62]. The application of the methodology of linear TMM makes this technique
very simple and effective.

In detail, the method and its comparison with Brazier spline and GNB is
made on the example of two endpoints that are connected by spline with pre-
scribed tangent values. Several local conclusions can be drawn out.

1. As to the Brazier spline with the employment of four points (two interme-
diate ones can be chosen arbitrarily to optimize the geometry), it generally dem-
onstrates poorer results. The resulting curvatures, especially for geometries, when
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it changes the sign, behave very unsmoothly and exhibit very high local peaks. In
this case, the calculated value of energy (1) is much higher than for CBS.

2. CBS for all 4 tasks considered gives very pleasant results. In all cases, the
curvature is either constant (symmetric cases) or linearly changes with the spline
length coordinate. The only technical requirement for its realization is the inser-
tion of a sufficient number of imaginary points.

3. GNB is the most effective technique for spline construction as well as for
modeling the deformation of real flexible beams. Its drawback for the geometrical
design is that the justified length of the beam should be chosen in advance. The
value obtained by the CBS solution is a good initial approximation for further
GNB application. The accuracy of the GNB technique is demonstrated in the ex-
ample of the well-known Horn task [42].

4. Energy criteria of fairness (1) cannot be considered as a sole criterion for
the spline construction. On the other hand, a very big value of it testifies to the
drawback of the applied technique.
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JAOBPOTHICTD 2D KOPOTA]_ullﬂHOFO CILTAMHY ITPOMEHS IIOPIBHSIHO
3 TEOMETPUYHO HEJIIHIMHO NPYKHUM HNPOMEHEM / 1.B. Opunsk,
I1.M. S6noncekuit, JI.P. Kombros, O.P. Yepros, P.B. Mazypuk

AHoTamisi. MeTolo cTaTTi € mojaiblie JOCIIDKEHHS BIACTUBOCTEH 1 IepeBar He-
IIOJIABHO 3aIlPOIIOHOBAHOrO KopoTauiiHoro 6ankoBoro cruiaiiHy (KBC). Axuent
3po0JICHO Ha PO3MIISAl TOCUTh MTPOCTOT 3a/1aui MPOBEACHHS CIUIAWHY MK JBOMA KiH-
LEBUMHM TOYKAMH 13 3aJaHUMHU JOTHYHMMH B HHUX. SIK KpUTepid «XOpOLIOCTi»
CIUIaliHy OOpaHO BiJOME IOHATTS «JOOPOTHOCTI», SIKE SIBJIsIE COOOIO IHTErpaa Bix
KBaJpaTa KPUBUHY CIUIAHHY 11O HOTO JOBXXHHI, IO MOXOAUTH i3 TeOpil MpyKHOI
Ganku sk enepris nedopmarii. IMopiBrsaES «mo6porHOCTI» KBC BHKOHAHO 3 ne-
SKAMH BapiantaMu KyOiunoi kpuBoi besse (KB) i reomerpruno HemiHilHOT Ganku
(I'HB) 31 3minHOIO noBxuHOIO. [Tokazano, mo KBC € HabaraTo edexTuBHIMMM, HiK
Kb, mis sixoi Oynp-sika crpoba 3abesnedntd kpamy «1o6poTHicTe» Kb mnursixom
3MiHH BiICTaHi BiJ KiHIEBHX TOYOK ZO JBOX IPOMDXHHUX TOYOK, SIK IIPABUIIO, NPU-
3BOAWTH 10 Tipmwux pe3yibraTiB mopiBHsAHO 3 KBC. 3 inmoro 6oky, 'HB, abo in-
MMM CIIOBAMH, KPHBA «ENACTUKa», 3aTHAa JABaTH JICLIO Kpallli 3HAYCHHS «100poT-
HOCTI» JJIsl ONITUMAJIbHOT HOBXHHM Oanku. [le MoXKHA MOSCHUTH OUIBII CKJIaIHOIO
MeTozooriuHo0 ocHOBOIO ['HB, sika BUKOpPHCTOBYE 6 CTyNEHIB BUTBHOCTI B KOX-
HOMY Tiepepisi HOpiBHAHO 3 4-ma cryneHsmu ButbHOCTI B KBC.

KunrodoBi ciioBa: xoporaniitauii 6aakoBH CIUIaiiH, TeOMETPUYHO HeNiHil{Ha Oaika,
IUTIOCKA 3a1a4a, KpuBa besbe, TOOPOTHICTE, METO] OYATKOBHUX MApaMETPiB.
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