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AN ADVANCED METHOD OF INTERPOLATION OF SHORT-
FOCUS ELECTRON BEAMS BOUNDARY TRAJECTORIES
USING HIGHER-ORDER ROOT-POLYNOMIAL FUNCTIONS
AND ITS COMPARATIVE STUDY
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Abstract. The comparison of three advanced novel methods for estimating the
boundary trajectory of electron beams propagated in ionized gas, including lower-
order interpolation, self-connected interpolation, and extrapolation, as well as
higher-order interpolation, is considered and discussed in the article. All estimations
of the corresponding errors have been provided relative to numerically solving the
set of algebra-differential equations that describe the boundary trajectory of the elec-
tron beam. By providing analysis, it is shown and proven that lower-order interpola-
tion usually gives the minimal value of average error, using the method of self-
connected interpolation and extrapolation gives the minimal error for estimation of
focal beam parameters, and higher-order interpolation is suitable to obtain a uniform
error value over the entire interpolation interval. All results of error estimation were
obtained using original computer software written in Python.

Keywords: interpolation, extrapolation, lower-order interpolation, higher-order in-
terpolation, root-polynomial function, ravine function, average error, electron beam,
boundary trajectory, high voltage glow discharge, electron beam technologies.

INTRODUCTION

Interpolation of boundary trajectories of electron beams is very important task
today, taking into account the high level of development electron beam technolo-
gies and its applying in modern industry [1-9].

Really, industrial electron-beam technologies have been developed and
widely applied in industry since 60—70-th years of XX century [6-9], but its
application in modern industry is also continued. Therefore, adaptation of
traditional electron-beam technologies to corresponded advanced technological
processes is successfully provided today [1-5; 10-13].

Today main branches of industry, where electron beam technologies find
high level of application, are follows: metallurgy, mechanical engineering,
electrical engineering, instrument making, microelectronic production,
automotive, aircraft, and space industries [1-5].

For example, in microelectronic production point-focus electron beams with
focal beam radius can be successfully applied for making contacts in precision
cryogenic devices [14; 15]. Corresponded estimation of diameter of welding seam
in electron-beam technologies have been provided recently in the paper [16; 17].
Other advanced application of electron-beam technologies in microelectronic
production is refining of silicon [10-13] and obtaining of chemically-complex
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ceramic films for high quality capacitors and for microwave transmitters and
receivers in advanced communication systems [18-20]. Generally, advanced
possibility of using electron beam technologies in modern microelectronic
production are described in manual book [5].

In metallurgy advanced electron-beam technologies are widely used, since
60-years of XX century, for refining of refractory metals [21-23] and other re-
fractory materials, in particular silicon for the microelectronics industry [11-13].
Among other, advanced application of electron beam heating in metallurgy,
which have been developed in last few years, three-dimensional printing by the
metals, including forming of details with complex spatial shape for aircraft and
space industry, have to be mentioned and considered [24-26].

In energetic industry and electric vehicle production electron beam tech-
nologies are widely used for deposition high-quality ceramic insulator films [27—
30]. Other advanced application of high-quality chemically-complex ceramic
films in automotive, aircraft and space industry is obtaining heat-resistant and
heat-protective thick films for details of engines, which operated under conditions
of high temperature. For deposition such kind of films advanced method of physi-
cal vapor deposition by electron-beam heating is usually applied [27-30].

Special issue is applying of high-energy intensive electron beams, obtained
in the accelerators, for changing the properties of treated materials. Corresponded
technologies are described in the works [4; 31-33].

The advantages of electron beams, which caused its wide application in
modern industrial technologies, are as follows [1-5].

1. High total power and power density in beam focus.

2. High energetic efficiency of electron beam sources.

3. Simplicity of fast control of beam power and spatial position of beam fo-
cus using electric and magnetic fields.

4. Wide range of different technological operations, which can be realized by
electron beam heating and chemical treatment.

Taking into account pointed out advantages of electron beam technologies,
elaboration of advanced improving industrial constructions of electron beam
sources, which are called electron guns, is important scientific and engineering
task today. Usually, this task solving using two different ways, which are, gener-
ally, follows.

1. Improving the constructions of electron guns with heated cathode, oper-
ated in conditions of high vacuum. Such kind of electron guns are traditional and
widely use since 60—70-th years of XX century [6-9].

2. Elaboration of novel types of electron guns, based on auto-electronic
emission of electrons in the string electric fields, photoemission, as well as on
emission in gas discharges. Among this types of guns special place occupied
high-voltage glow discharge electron guns, which particularities of operation will
be considered in next part of this paper.

HIGH VOLTAGE GLOW DISCHARGE ELECTRON GUNS AND
ADVANTAGES ITS APPLYING IN ELECTRON BEAM TECHNOLOGIES

In the last few decades, in some technological processes that are implemented in a
soft vacuum in an environment of air or active gases, instead of the traditionally
used guns with a heated cathode, alternative guns have been successfully applied,
the operation of which is based on the use of a high-voltage glow discharge
(HVGD). From a physical point of view, HVGD is considered a kind of dis-
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charge, taking place under voltage between electrodes 5—40 kV and pressure in
the discharge volume range of 0.1-10 Pa [34-36]. In the work [34-36] the basic
principles of simulation HVGD electron guns have been considered, and corre-
sponding mathematical relations were also given and analyzed. In the papers [37;
38] main advantages of applying HVGD electron guns for welding, melting proc-
esses, as well as for deposition of ceramic films have been pointed out. These ad-
vantages are as follows [37; 38].

1. High stability of operation in conditions of soft vacuum.

2. Relative simplicity of gun construction.

3. Relative simplicity of evacuation equipment for obtaining soft vacuum.

4. Since the current density from the cold cathode in HVGD conditions is
not so large, range of 0.01 A/cm?, using of enlarges cathode surface and suitable
self-maintained electron-ion optics allows forming profile electron beams with
linear and ring-like focus [37; 38].

5. Simplicity of control of gun current, both by relatively slow aerodynamic
method using electromagnetic valve [39], and by fast electric method with
lighting of low-voltage additional discharge in anode plasma region [40].

6. Possibility of providing operation of HVGD electron guns in impulse regime
with obtaining advanced technological possibilities of pulsed electron beams [41-43].

The regulation time for slow electrodynamic control systems was estimated
in the paper [39], and for fast electric control systems correspondently, in papers
[41;43].

However, simulation of HVGD electron guns is realized today mostly by
solving of complex algebra-differential equations, described forming and
interaction of charged particles flows in the soft vacuum conditions. The main
problem in this task is defining of anode plasma boundary form and position. It
caused by the fact, that in HVGD anode plasma is considered as the source of
ions and as electrode with fixed potential, which is transparent to beam electrons
[34-36]. Simplified analytical models for defining of focal beam parameters in
HVGD aren’t existed [34]. But namely such approximative estimations are very
important for defining the technological possibilities of electron beams, especially
on the first stage of gun designing [16; 17]. Absence of such simple approach of
analytical calculations of focal beam parameters significantly hinders
development and implementation in industry of HVGD electron guns, which
advantages have been described above. Also using of sophisticated numerical
calculation methods is lead to increasing the complexity of solving simulation
problems in case of implementing cloud computing. Corresponded estimations
have been given in works [44-46]. Therefore, finding the corresponding
analytical relations for estimation focal parameters of electron beams, formed by
HVGD electron guns, is very important scientific and engineering task today.
This task will be considered in the next section of the article.

GENERAL STATEMENT OF PROBLEM OF INTERPOLATION BOUNDARY
TRAJECTORY OF ELECTRON BEAM, PROPAGATED IN IONIZED GAS,
AND ESTIMATION OF ERRORS

Firstly, the basic approach to interpolation the boundary trajectories of electron
beams have been proposed in the years 2019-2020 in the papers [17; 47—49].
Generally, this approach is based on the following presumptions.
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1. Numerical solving of basic set of algebra-differential equations for the
boundary trajectory of short-focus electron beam, propagated in the soft vacuum
conditions in the medium of ionized gas, which is, in general form, written as fol-
lows [1-6; 34; 49]:

n _ (=B d’y _C o _dy o

f: € > C= ’ - -, s
Mo =N 4ms, /26 Uls dz* 1, dz °
2eU,, M ;ggn,
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where U, is the voltage of HVGD lighting; /, is the current of electron beam; p

is the residual gas pressure in the volume of HVGD lighting; z is the longitudinal
coordinate; 7, is the radius of the boundary trajectory of the electron beam; dz is

the length of the electron path in the longitudinal direction at the current iteration;
n;, 1is the concentration of residual gas ions on the beam symmetry axis; n, is the

concentration of beam electrons’; v

and 0,

beam electrons, corresponding to Rutherford model [1-6]; 6 0., .. is the av-

is the average velocity of the beam

electrons; 0, are the minimum and maximum scattering angles of the

n ax

erage scattering angle of the beam electrons; f is the residual level of gas ioniza-
tion; B; is the gas ionization level; m, is the electron mass; g, is the dielectric
constant; ¢ is the light velocity; y is the relativistic factor; M; is the molecular
mass of residual gas atoms, and Z, is its’ nuclear charge.

2. Choosing of k basic points (7,,z) on the calculated boundary trajectory.

3. Interpolation of defined function 7,(z) using ravine root-polynomial func-
tion [47—49]:

i (2)=4Cz" +C 2" 4 1z Gy 2)
where n = k — 1 is the degree of the polynomial and the order of the root-
polynomial function, and C,,...,C, are the polynomial coefficients.

4. Defining of interpolation error using relation [47—49]:

o(z) = om0y @), ”Sm() 100%, (3)

bVlqu

where 1, (z) is numerical and Vi (z) is interpolated values of beam radius 7, .

136 ISSN 1681-6048 System Research & Information Technologies, 2024, Ne 4



An advanced method of interpolation of short-focus electron beams boundary trajectories ...

Generally, described above method of interpolation of electron beam bound-
ary trajectory is based on the presumption, that dependence Boum (z) is considered

as ravine one with one global minimum and quasilinear dependence outside the
region of minimum. This presumption is fully corresponded to the conception of
physics of the flows of charged particles, have been described in [1-6]. Provided
theoretical researches shown, that main particularities of root-polynomial function
(2) are usually generally suitable to this presumption. Therefore, the interpolation
error, defined by relation (3), is always very small, range of few percent, and in
_ some cases is even smaller [47—-49]. Typi-
Relative Error, % cal dependence of obtained relative error of

: | E interpolation on z coordinate for different
order of polynomial function (2) is pre-
sented in Fig. 1 [49]. In this figure the solid
line corresponded to a second-order func-
tion, the dotted line — to a third-order func-
tion, the dashed line — to a fourth-order
function, and the dash-dotted line — to a
fifth-order function. Model parameters for
Fig. 1. Errors of interpolation of the the numerical data, presented at Fig. 1, are

boundary trajectory of the electron follows: — Ug =10 kV, [, =0.5A,
beam depend on z coordinate [49] p=0.1Pa.
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Also provided researches shown, that the interpolation error is strongly de-
pend on position of interpolation points Pz'(”b,- ,z;) on the interpolated interval. It

has been proven, that the minimum error of interpolation is provided to symmetric
interval of ravine data with location minimum in the medium point. And if the
ravine data is asymmetric, the value of error is significantly increased. Namely
this established rule constituted a theoretical basis for further research, which will
be described later in this article.

By the reason of results of this researches the method of interpolation by
higher-order root-polynomial functions is proposed, which will be considered in
next section of the article.

In the paper [50] was described the method of approximation of the trajecto-
ries of electron beams, propagated in ionized gas, using third-order root-
polynomial function (2). Another approach to simulation of focal beam parame-
ters of HVGD electron guns was given in the paper [51].

ASYMMETRIC RAVINE NUMERICAL DATA AND STATEMENT
THE PROBLEM OF ITS INTERPOLATION AND EXTRAPOLATION

Let’s considering left-hand and right-hand asymmetric ravine root-polynomial
functions, which in general form presented in Fig. 2. Here given the basic pa-
rameters of these functions, such as radiuses of electron beam in the Start Point

SP r,,, and End Point EP r, ,, location of this points z,,,, and z,,,, and posi-

tion of beam focus z Iz

It is clear from Fig. 2, that, corresponding to the theory of interpolation, ba-
sic principles of numerical methods, and probability theory [52—58], for interpola-
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tion ravine dependences using root-polynomial functions (2) the additional refer-
ence point with coordinate z,, is considered, and its location is defined by fol-
. I"(i) < Tstart V(l) 2 Tstart .
zp i) =\1,,0 > 7, . -z(i)+ ’ ~Zp i —=1) |+
| Bl O (el B
r(i)<r d . r(i)Zr )
+(rstart 2 end)‘(( “ ]‘Z(Z)—F( .. end 'pr(l+1) 5 4)

iy=Npii=i—1 i=i—1

lowing arithmetic-logic relation:

where N, is the whole number of points in numerical calculation of beam trajec-

tories, which is usually in range Np >10*. On the contrary, the value of the basic

points Npp for solving interpolation tasks is significantly smaller: Nzp =n+1.

Base ,
r(z) _ : 1(2) A Base !
Points | NSR | @ sp Points

Al
1.9P —E
Istart Fend|
Zi  Zp ;
z ° Z . 7 z
start IR ER Zend start ER IR end
a b

Fig. 2. Right-hand (@) and left-hand (b) asymmetric ravine functions: IR — Interpolation
Region; ER — Extrapolation Region; SP — Start Point; EP — End Point; BP — Bound-
ary Point; NSR — numerical simulation result; [ — interpolation result; E — extrapola-
tion result

The basic principles of forming arithmetic-logic relations have been consid-
ered in the book chapter [45].

After using iterative relation (4), finding of location of basic points BP on in-
terval [zy,,.,z,] for right-hand asymmetric function or in interval [z;,,z,,4]

for left-hand one is defined by following relations:
Npp()=(z;2z,) N;(I+kp () +(z; <z,)N,(A=k;())), (5)

where k (/) is the coefficient, which depend on the order of root-polynomial

function and provided the minimal error of interpolation for symmetric ravine
numerical data. For functions of even order usually one basis point is located at
the focus position z, and other symmetrically on the interval of interpolation

(Zstares Zop] OF [2hpsZenq]- For example, for fifth-order root polynomial function:

kf(2)=% and kf(3)=%. For six-order function: kf(2)=% and kf(3)=%.

Correspondent approach to calculation the coefficients k,(/) is related with the

theory of numerical methods [52; 53; 55; 56] and was considered in the paper
[49]. Really, for symmetric ravine function:
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a5

For asymmetric ravine function problem of minimizing error of interpolation
can be solved by to following ways.

1. Using interpolation method with defining position of basic points by
relations (4)—(6). In this case the points are located evenly on interval

. , ) .
[ZstarsZena]» and the focus position z, can’t be considered as a region of

minimal error, because the coefficients & rare calculated for ravine function.

2. Using interpolation method with defining position of basic points by
relations (4)—(6) only for the symmetric region IR (see Fig. 2), and for region ER
solving extrapolation task [53; 54]. In this case the additional basic boundary
point BP is defined by relation (4) and used. Therefore, corresponding to Fig. 2,
for right-hand asymmetric ravine data interpolation provided on the interval
[Zstare»Zpp ], and extrapolation on the interval [z,,z,,,]. In contrary, for left-

hand asymmetric ravine data interval of extrapolation is [z,,,,z;,] and interval
of interpolation is [z;,,z,,,] . For such self-connected interpolation-extrapolation
task maximal error is always observed on the region ER, but in the region of
focus position it is minimized.

Other method of interpolation, which give the average value of error on the
whole interpolation interval, will be considered in the next section of the article.

INTERPOLATION OF ASYMMETRIC RAVINE NUMERICAL DATA USING
ROOT-POLYNOMIAL FUNCTION OF HIGHER ORDER

The main distinguishing feature of proposed method of interpolation is solving of
interpolation task on the whole interval of asymmetric ravine function
[Zart Zena ] but with including into consideration the boundary point BP, which

coordinate, corresponding to Fig. 2, is z;,,. In such conditions other basic point

are located in the IR region, but in ER region used interpolation by root-
polynomial function (2) with the same polynomial coefficients. The order of this
function is Npp, where Npp is number of basic points, located in the IR region.
Therefore, all basic points are located evenly in interpolation interval IE using
relations (4)—(6). The arithmetic-logic relation for defining set of coefficients
{C,,...Cy} of the root-polynomial function of higher order f, (z)by correspond-

ing set of basic points Q(F,,,, b, Fppq) 1 Written as follows:

Q(P'tart’Pbp’Pend) =

N

= (rstart < rstart) ' ({Zstart Fstart } > {ZBEi > rBPj } 5’ {pr >Top } > {Zend >Vend }) +

Jj=l...n

+(rstart 2 rend)'({Zstartﬂrstart}ﬂ{pr’rbp}’{ZBPj ’rBPj} 72’{Zend’rend}) s (7)

Jj=l..n
J=n+ly _ j=n+l Jj=n+l
Q(C =0 )—F(Zj‘j:o J.f‘j:o ).
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Analytical relations for defining the set of coefficients of the root-polynomial

Jj=n+l

: j=n+1 : Jj=n+l
function Q(C; =0 ) through vector-function F(z j‘j=0

T ‘ J=0
from second to sixth order have been given and analyzed in the paper [49].

Some examples of using relations (4)—(7) for defining the coefficient of root-
polynomial function (2), as well as comparing the error of interpolation using
high-order, low-order functions and combined interpolation-extrapolation
method, will be presented in the next part of the article.

) for function

OBTAINED RESULTS OF INTERPOLATION AND EXTRAPOLATION OF
ASYMMETRIC RAVINE NUMERICAL DATA USING ROOT-POLYNOMIAL
FUNCTION OF LOW AND HIGHER ORDER

Comparing study of applying interpolation and combined interpolation-
extrapolation methods, described above, has been provided by comparing such

types of errors: maximal error €., , average error €,,, error of estimation the

focus position &, and error of estimation focal beam radius ¢, .

Average error is defined by the well-known method of optimization tech-
nique [53; 54] and of mathematical statistics [57; 58] as follows:

NP
Z|rest - Kvim|
_i=l

av
NP

where 7, is the radius of the electron beam, calculated numerically by the set of

; @®)

€

equations (1) using the fourth-order Runge-Kutt method [55; 56], and 7, is the
value of the beam radius, estimated using relation (2). Local error of interpolation
and extrapolation at considered point z has been defined, using relation (3).

All errors have been estimated for different order of root-polynomial func-
tions 72 and length of extrapolation region L,;,; . Task parameter L, is given in
the tables of obtained testing results in absolute value, in meters, and relatively to
the length of the interpolation region IR, in percents.

Task 1. U, =15kV,
I, =55A, p=45Pa, ry,, =
=8.5mm, 0=10.5", :z

0.0050

0.0085

=0.1m.
End  points: l.z,,; =0.16m;
2.2, =0.165m; 3.2z,,=0.17m;
4. 2,0 =0.175m; 5. z,,; =0.18.

Additional boundary basic point:
zp, =0.156822 m.

0.10 011 0.12 013 0.14 015 018 For this example, the depel’ld—

Z,m ence r(z), defined by numerical
Fig. 3. Dependence r(z) for U, =15kV,

I, =55A, P=45Pa, end point
Zgng =0.16 m (screen copy)

00080 start

~ D007

0.0070

0.0085

0.0060

solving the set of equations (1), is
presented in Fig. 3.
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It is clear that the dependence presented in Fig. 3, corresponding to classifica-
tion, given at Fig. 2, is a right-hand asymmetric ravine function. Errors in solving in-
terpolation and self-connected interpolation-extrapolation tasks for this example are
presented in Table 1. Corresponded polynomial coefficients are given in Table 2.

It is clear that the dependence presented in Fig. 3, corresponding to classifica-
tion, given at Fig. 2, is a right-hand asymmetric ravine function. Errors in solving in-
terpolation and self-connected interpolation-extrapolation tasks for this example are
presented in Table 1. Corresponded polynomial coefficients are given in Table 2.

Table 1. Errors of estimation for Task 1

Estimation methods

Type of Interpolation Extrapolation Orders m, of Higher-|  Laas
Error Function Order, n Function Order, n Order Method m /%
4 5 6 4 5 6 5 6

€max> Y0 | 0.51 0.865 0.118 1.355 | 2.26 0.76 32 0.26

€% | 0.1586 | 0.377 | 310° 0.19 |0.338 | 610> | 0.926 | 0.11 [3.17-10°
er, % | 373107 19.3-10°1.87-102%| 0 0 0 0.129 0 /56

5% | 14510* | 0.1536 |4.07-10°|4.33-10 %6810 %/7.12:10"| 0.014 | 510°
Emas% | 098 | 1.434 | 0.281 | 1355 | 226 | 076 | 335 | 03

€% | 0275 | 0.595 | 6.6:10°| 0.19 | 0.338 | 0.059 | 0.96 | 0.16 |3.82:10°/

er, % | 0.1367 | 2:107° | 7.1-107° 0 0 0 0.82 0 14388

&% | 2:10° | 025 |5.3-10* (43310 0.068 |7.12:10™°| 0.069 | 0.0533
Eman % | 1.615 | 2263 | 0537 | 2.65 | 445 | 12 | 4.616 | 088

6% | 047 | 09 | 01376 | 0323 | 055 | 0147 | 14 | 031 1'1301,3/5'
er.% | 0294 | 6102 | 0.17445| 0 0 0 036 | 0 | g3

£,% | 8810° | 0.394 | 3410° |1.32:10"0.0544 | 1.2510°|0.0136 | 0.2478
Ema %0 | 24 | 3447 | 089 | 413 | 692 | 29 |2.7845] 0.563

€, %0 | 07465 | 1.33 0.256 0.53 09 10.2925| 0908 | 0.24 | 1.8175

gr, % | 05257 | 0.1577 | 0345 | 58410° | 0 0 1.0 0o |107%/32

£4% | 2810° | 0.6 | 1.3910° | 3.8910" | 0.0454 | 3-10"" | 0.1147 | 0.0563
Ema 0 | 1219 | 5.11 132 5.8 9.6 | 4367 | 3.13 | 0977

€, %0 | 3385 1.87 0432 | 08166 | 1.379 | 0.51725|1.1168 | 0.37 | 2.1375:

€r, % | 3.078 | 0.6541 | 0.6168 0 0 0 1.05 0 [10%/408

£:% | 14 108752 | 46710° | 9.7610%0.0389 | 42810°| 0.13 | 0.06

Table 2. Coefficients of root-polynomial function (2) for Task 1, z,,;, = 0.16 m

Estimation Coefficients of root-polynomial function (2)
methods Cs Cs Cy G G C Co

>

4.84-10* |2.744-10*|6.07410°| 6474104 -3245107| -5.810°

Higher-order —
26310*| 2.0310* | 65310° |-122210°| 1.1-10°° | -5.63-10% | 1.22:10°

interpolation

4 - - 3.1410° | -1.610° | 3.1310* | -2.7210° | 8.96107
Lower-order [=5 1 000 105 | 99710° | 13310°| 3140° | 26107 | 9.910°
interpolation

6 | 2210 | -1.7-10* | 5487-10° | 9.4510° |9.184107| 477810% | 1.0410°
Interpolation | 4 | — - 3.0610° | -1.57-10° | 3.0510* | -2.66:10° | 8774107

and 5 - 896107 | 3.9810° | 2.0310°| 3.910° | -337107 | 1.110*

extrapolation | ¢ | 2.1110* | -1.626107 | 5239107 | -9036:10°|8.798-107| 45810°|  10°

5

6
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Results of estimations in graphic form for the point z,,; = 0.16 m are pre-

sented at Fig. 4.
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Fig. 4. Lower-order interpolation (a), extrapolation (b) and higher-order interpolation (c)

for the Task 1, n =6

In the upper graphs straight line correspond to numerical solving the set
of equation (1) and dash line to estimation of numerical solution in depend-
ences on length of propagation of electron beam. On the lower graphs shown
the error of estimation in dependences on length of propagation of electron

beam (screen copy).
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Dependence of error of estimation for extrapolation and higher-order inter-
polation tasks on the length of extrapolation region L, for different orders of
root-polynomial function presented at Fig. 5.

e
o e

125

| —————— Ll

£ 100

=
= 0rs
E

U psg

625

L_az:d.%
Fig. 5. Dependences of errors of higher-order interpolation (upper) and extrapolation
(lower) tasks on the relative length of extrapolation region L, ,; and order of root-
polynomial function n for Task 1 (screen copy)

Task 2. U, =15kV; I, =55A, p=45Pa, r

srart

=8.5mm, 0=10.5°,

Zyye =0.1m. End points: z,,=0.155m, z,,;=0.153m, z,,=0.15m,

e

Zopg =0.147m, and z,,; =0.145m.

For this example, the dependence 7(z), defined by numerical solving the set
of equations (1), is presented in Fig 6.

It is clear that the de-
pendence presented in Fig. 6,
corresponding to classifica-
tion, given at Fig. 2, is a left-
hand asymmetric ravine func-
tion. The position of boundary
point for left-hand asymmetric
are always different. Corre-
sponded values for this task
are presented at Table 3. Er-
rors in solving interpolation

o on ok o om o and self-connected interpola-

tion-extrapolation tasks for
Fig. 6. Dependence }’(Z) for Uac =15kV, Ib =5.5A, this example are presented in
P =4,5Pa, end point z,,, = 0.155m (screen copy) Table 4. Obtained polynomial
coefficients for different esti-

0.0085 4

0.0080 4

0.0075 4

0.0070 -

0.0065 -

0.0060

mation methods are given in Table 5.

Table 3. Position of boundary points z, in depend on position of end point
z,,q for left-hand asymmetric ravine function, given in Task 2

Zend, M 0.155 0.153 0.15 0.147 0.145
Zpp, M 0.102 0.1038 0.1044 0.1074 0.10942
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Table 4. Errors of estimation for Task 2

Type Estimation methods

of Interpolation Function Extrapolation Function |Orders 7, of Higher-| Laus m/
Error Order, n Order, n Order Method %

4 5 6 4 5 6 5 6

Emax, %0| 0344 | 0.5224 | 6.6:107% | 0.2357 | 0.38 | 00735 | 1.347 | 0.145

€% | 0.1 024 | 1.7-107 [9.1471070.1887 | 0.01455 | 0.4 |5.65107[183107/
er % | 3107 43107 43:10° | 0 0 0 0.6425 0 344
£5,% | 86210°| 0.09 3.89-10°[12410"0.0634 | 1.91-10° | 442610°| 0.0297

Emas %0| 0.344 | 0.44 [7.54-102(0.38143] 0.63 | 0.164 1.03 | 0.084

€% | 97107 | 0.202 |1.58:107%| 0.0736 | 0.134 | 0.0137 | 0.3 |0.0343 [3.810°
er, % | 3107 14.1-107°(8.26:10°| 0 0 0 0.425 0 1779
&5% [8.621077.07-10° 1.05:10°|1.3410 " 0.0336 | 1.1410° | 1.9410° |1.5:102
Emax, %0| 0.3725 ] 0.3685 [8.97-10%| 0.66 | 1.17 03 0.6386 | 0.034

€ % | 0.096 | 0.1628 [1.69-10%| 0.069 | 0.12 | 0.019 | 0.172 |0.0185 |441510°
er, % | 43107 3893107 1.16:10%| 0 0 0 0.214 0 |/9685
£5% | 1791071487107 1.3-107 | 1.310" | 0.012 | 34410 | 510° |5410°
Emax, %0| 03224 [ 0.5224 [ 6.6:107% [ 0.2357 | 0.38 | 735107 | 1.347 | 0.145

€% | 0.1054 | 024 | 1.7-107%|9.15102]0.1887 | 1.4510% | 0.4 |56510°|74210°
er % | 0017 [43:10°]4310° | 0 0 0 0.6425 0 |/1875
€% [2.5210°|8.9-10 |3.89-10 *[1.24'10 6.34-107 19110 | 4.4-10° |297-10°
Emao%| 04 | 0.398 [0.112361| 1.107 | 2.073 | 0.58 022 [7.66:107
€% | 011 | 0.129 [2.2:107%| 0.11 |0.2065|4.81102 | 0.084 [1.66:10%94102/
er % | 0042 [35:10°(1.05-10% 0 0 0 0.06 0 265
&% [19510*| 0.024 [1.31-107° 9.110 |1.54-107 9.7610™ | 4.08-10* 7.3-10*

Table 5. Coefficients of root-polynomial function (2) for Task 2, z,,; = 0.15 m

Estimation Coefficients of root-polynomial function (2)
n
methods Cs Cs Cs C; G G o
4| - - 29510° | -151210° | 295610 * |-2.58210 °| 853810
Lower-order =0 310570 066.10 | 3473410 ° | 5647510 | 440810 7| 13410
interpolation - — — — — - -
6| 2:10™ | -1.54910 510 86410° | 843107 | 4404610°]9.62810
-3 —3 —4 -5 =7
Interpolation | 4|~ — 2.810 1435107 | 2792107* | -2.43107 | 8.06110
and 5 — 185335107 32510° | -1655107° | 3.19810°[-2.766:10 7| 903210
extrapolation [ ¢ 118410 % -141710* | 45710° | -7910° | 7710 | 40310° [8.82110 ™
Higher-order | 5| — | 403107 | 2.9-10% | 8210 | 11510~ |-801810"'| 222710°°
interpolation | 6 [2.2210*| -1.7110* | 5.5110° | -949510°923510| 4.8110° | 1.046:10”°

Results of estimations in graphic form for the point z,,; =0.15m are pre-

sented at Fig. 7. Dependence of error of estimation for extrapolation and higher-
order interpolation tasks on the length of extrapolation region L,;; for different

orders of root-polynomial function presented at Fig. 8.
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Fig. 7. Lower-order interpolation (a), extrapolation (b) and higher-order interpolation (c)
for the Task 2, n = 6. In the upper graphs straight line correspond to numerical solving
the set of equation (1) and dash line to estimation of numerical solution in dependences
on length of propagation of electron beam. On the lower graphs shown the error of esti-
mation in dependences on length of propagation of electron beam (screen copy)
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Fig. 8. Dependences of errors of higher-order interpolation (upper) and extrapolation
(lower) tasks on the relative length of extrapolation region L, and order of root-
polynomial function n for Task 1 (screen copy)

PARTICULARITIES OF ELABORATED COMPUTER SOFTWARE

All simulation results presented in this paper have been obtained using original
software, which has been elaborated for simulation and numerical estimation of
the boundary trajectory of an electron beam propagated in ionized gas. The source
program code has been written using the means of programing language Python,
including advanced mathematic and graphic libraries such as tkinter, nympy, and
matplotlib [59; 60]. The distinguishing feature of elaborated software from the
point of view of the means of programming is including additional advanced li-
braries for creating scientific plots from module matplotlib into traditional ele-
ments of the interface window created using the function of module tkinter
[59; 60]. For the correct solution of this sophisticated programming task, specific
system tools have been used, including the definition of virtual variables and cre-
ating on its base the virtual environment for forming a virtual disk in the operative
memory of a local computer [59; 60]. Corresponding graphic interface windows
of elaborated software for the bookmarks “Interpolation” and “Extrapolation” are
presented in Fig. 9. For saving and further analyzing the obtained graphic infor-
mation, the bottom “Save Graph” has been provided in both interface windows.

For automatic creation of root-polynomial functions on both bookmarks, the
bottoms “Import from SDE Task” have been provided. Using this program’s
functionality is possible only after solving the simulation task for the established
electron beam parameters in the corresponded bookmark “Solving of Differential
Equation of Beam Boundary Trajectory”. But the manual creation of the root-
polynomial function by the » and z coordinates, which have to be input in the corre-
sponded textboxes, is also possible by pressing the bottom “Calculate Manually”.

Errors of estimation, presented in Tables 1 and 4, as well as coefficients of
root-polynomial functions, presented in Tables 2 and 5, are written out in the es-
tablished output text windows on the corresponded bookmarks. All described
elements of the graphic user interface are shown in the copy of these bookmarks,
presented in Fig. 9.

146 ISSN 1681-6048 System Research & Information Technologies, 2024, Ne 4



An advanced method of interpolation of short-focus electron beams boundary trajectories ...

Iserpalaion Earapolation Read Image. Traedtery Enoss of Estestion

Task Parameters: Order of the Root-Polynomial Function:

zCoordinate, m 1. 0100005 2. [0.106635| 3. 0115761 4. 0126522 6. 0130313 6. 0141074 7. 015 Colculte Manually
) [ imperteomsE Tt
Beam Rad . [Baguora| 2, |7a5e9s0| 3, |6277542| 4, (5600600 6, (5699630 6. 6277790 7. 7.56950
eam oo 1. o] 2. [raseoso| 3, foarisez] 4. fpemnco] 6. fsesmmn] e marrmm] 7. ases] |
Coefficients of Root-Polynomial 1.Interpolation Result 2.Error of Interpolation: Beam Focal Parameters:
Function: -
| Beam Radius, mm: [5:685829
CO: [1.04644562384994520-09
@008 Focus Position, m: [0-128417
C1: [-4.806743221447862¢-8
E g007 | | Error of Interpolation, %:
€2: (0. 234775063706675¢ 07 =
Mong Beam Ragius: [0.005364
©3: [0.4953483565637500-06 0.006
1 Mang Focus Postion (0.0
Gd4: |5 5008872349679316e-050. .10 011 012 013 014 015
- " Maximal Exror 0.0337820|

©5: |0.00017106486008339442 003

Average Errar 0018547
CB: |0.00022200740292611124

SveGoph | File Name:
*tiff

Error Window:

a
Fonae lemagpe - Trapectory Ervor of Extrmustion
Basic Points: Order of the Root-Polynomial Function:
zCoordnate mc 1. uwuu:x.i 2 [0M5761 3 0926522 4. 0420313) 5 041014 6. :uw 7. $ 0 [Cotutneomaty

Beam Radusr mm 1. |7356050) 2. 6277542 3. 5600600, 4. 5600630 5 6277700 6. i?mso T

Coefficiants of Root-Polynomial

1.Extrapolation Result 2.Emer of Extrapolation: Beam Focal Perameters.
Function "
Bam Radws, mm: (3886811
C0: 0 OSSR TMIM e 08
o.008 1 Focus Posiion, m 0.128417 |
C1: -2 T6B000BTORE 976 e-T |
0007 Errar of Extrapalation, %:
G20 31981982497 TT8S0-06 c
ong Beam Radus. (0011904 |
C3: -1855362511184905-05 6006 4
#ong Focus Pesmen: (00
Ca: 3 25006 18656030650 08 al an 012 a1 o014 a1 [ 1
Mgl Efroe 1anmzzr
C5: -B.53351005635408¢- 07
100 Aerage Emar {0 11ea24 |
C6: | | oy Start Peint End Paint
[ rm 0100005 015
5 osed F ! |
assd o BASGOTS | (7356950 |
e Fi :
o004 [ ile Name:

[0 nil 12 (18] B4 0.15 ]

Errar Window:

Fig. 9. Interface windows for bookmarking “Interpolation” (@) and “Extrapolation” () in
elaborated computer software (screen copy)

ANALYSIS OF OBTINED RESULTS AND DISCUSSION

The computer simulation results described in this paper showed that higher-order
interpolation for asymmetric ravine functions gives an average error value. No
minimum error value was detected for this novel estimation method. In general,
from a theoretical point of view, this is due to the location of the reference points
for root-polynomial functions of the appropriate order. Indeed, the &y values de-
termined by relations (5), (6) were chosen correctly only for the corresponded
lower-order of the odd or even root polynomial function (2).

For example, for higher-order interpolation with order of function n, = 5, the
basic points are located as for forth order symmetric function, and additional point,
located at the start of interpolated interval for left-hand asymmetric function or on the
end of this interval for right-hand asymmetric function, is artificially added.

Generally, corresponding to Tables 1 and 4, minimal values of maximal and
average interpolation error are corresponded to standard low-order interpolation,
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but self-connected interpolation-extrapolation task usually given the minimal er-
rors in estimation of focal parameters of electron beam. The same conclusion are
follows from graphic dependences, presented at Fig. 4 and Fig. 7.

But, in any case, average integral error of estimation the beam trajectory by
the higher-order root-polynomial function in the whole segment of interpolation
isn’t so large, therefore such estimation can be preferable in some solutions for
practice application. For simplifying the further corresponded analysis in the
digital presentation all estimation errors for the end point z,,; =0.15 are
rewritten from extended Table 4 to smaller Table 6.

Table 6. Errors of estimation for Task 2 for end point z.,;,= 0.15 m

Methods and . Interpolation and Higher-Order
function order Standard Interpolation Extrapolation Interpolation
N 4 5 6 4 5 6 5 6

Ema %0 | 0.3725 [ 0.3685 [ 897107 | 0.66 | 1.17 03 0.6386 | 0.034

Eas% | 0.096 | 0.1628 | 1.6910°| 0.069 | 0.12 | 0.019 | 0.172 | 0.0185
er, % | 43107 |389310°| 116107 | 0 0 0 0.214 0
g% | 179107487107 1.310° [13-10"] 0.012 | 34410"°| 510° | 5410°

Errors

From the calculation results, presented in Table 6, it is clear, that for higher-
order interpolation the for n = 6 average error (g, =0.0185 %) isn’t so small,
than for standard interpolation by the function of same order (&, =0.0169 %),
but the difference of these errors isn’t so large. Also, and it is very significant and
important that the estimation using higher-order interpolation for n =6 gives the
minimal value of the maximal error, €, =0.034 %.

It is clear also from numerical data, presented in Table 6, that the best results
for estimation of focal radius of electron beam giving the method of interpolation
and extrapolation by forth and six order functions, the level of error ¢,, is range

of from 10" % to 10 %. But such precision estimation of focal beam
parameters usually isn’t necessary for the practical applications. Estimation using
higher-order interpolation method give the value of error ¢,, = 5.4-107> %, which,
certainly, isn’t so small, but usually is suitable for the most of practical applications
[16]. It is also interesting and important, that for self-connected interpolation and
extrapolation method the error of estimation focus position is € = 0 %, but the same
result is observed for higher-order interpolation function in the case of n=6.

As it is clear from Tables 1 and 4, the particularities of the different methods
of interpolation and extrapolation described above are similar for all positions of
the end point, including left-hand and right-hand ravine functions. But, in any
case, the error in the estimation of electron beam boundary trajectories by using
the root-polynomial function (2) is very small, in the range of a fraction of a per-
cent. This result is confirming the pervious preliminary theoretical estimations,
have been provided in the works [47—49].

All research work described in this paper has been provided in the Scientific
and Educational Laboratory of Electron Beam Technological Devices of the National
Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnical Institute”.

CONCLUSION

Generally, provided research has shown that usually the minimal average error g,,
of estimation of the boundary electron beam trajectory using the root-polynomial
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function (2) corresponds to the lower-order interpolation method. The best orders
of these functions are even values, such as n=2, n=4, and n=6. The best es-
timations of electron beam focal parameters have been obtained using the self-
connected interpolation-extrapolation method. The level of error in the estimation
of the focal beam radius ¢,, for this method has been significantly small, ranging
from 107" % to 10'° %, and the estimation by the focus position has been exactly
precise without error. The best results for this method also give the even values of
the order of the root-polynomial function, such as n =4 and n=06. It can be gen-
erally explained by the suitable choice of base points position for the symmetric
part of the ravine function, which is evaluated. The proposed method of higher-
order root-polynomial interpolation gives an average value of error both in the focal
region and at the start and end basic points. The larger values of the average error in
this case are explained by the location of the basic points. Unfortunately, solving the
optimization task of defining the basic points position in this case is impossible.

All simulation results presented in this paper have been obtained using origi-
nal computer software elaborated and developed by applying the advanced
mathematical and graphic means of the Python programming language.

Obtained scientific results and practical recommendations can be interesting
to a wide range of experts in the fields of the physics of electron beams and ad-
vanced electron beam technologies, as well as in the computational mathematics
and methods of interpolation and extrapolation of ravine functions.
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YIOCKOHAJEHHUN METO/I IHTEPIIOJISIIIT TPAHAYHUX TPAEKTOPII
KOPOTKO®OKYCHHUX EJEKTPOHHHUX IMYYKIB 3A JOIIOMOI'OIO
KOPEHEBHX IMOJIHOMIAJBHUX ®YHKIIN BUIIOTO TOPSJIKY TA
HOro MNOPIBHSUIBHE JOCJIJKEHHS / 1.B. Memsank, A.B. IlounHok,
M.IO. Ckpunka

AHoTamisi. Po3riisiHyTO Ta 00rOBOpEHO y3arajbHEHe IOPIBHSHHS TPhOX CyYacHHX,
HOBHUX METO/IiB OL[IHIOBaHHS IPAHUYHOI TPAEKTOPI] €JICKTPOHHUX MY4KiB, 1[0 MOIIH-
PIOIOTBCS B 10HI30BAaHOMY rasi, BKJIIOYAIOYM IHTEPIOJILII0 HIXKYOTO MOPSIKY, ca-
MOY3TO/KCHY 1HTEPHOJIALII0 Ta €KCTPANOJALII0, a TAaKOXK IHTEPIOJIII0 BHIIOTO
MOPSIKY. YCi OIIHKK BiATIOBITHUX MOXHOOK OYyJIM MPOBEACHI BiTHOCHO YHCIIOBOTO
PO3B’s3yBaHHs CHCTEMH ajreOpa-audepeHiialbHuX PiBHSHb, 10 OMHCYIOTh IPaHHU-
YHYy TPAEKTOPIIO €IEKTPOHHOTrO Mydka. Uepe3 BUKOHAHUH aHaII3 MOKA3aHO Ta JIOBe-
JICHO, 10 IHTEPHOJIALiS HUKYOTO MOPSIAKY 3a3BHYail ac MiHIManbHe 3HA4YEHHS Ce-
penHboi NOXMOKM, BUKOPHUCTAHHS METOLY CaMOYy3TODKEHOI iHTepHosiii Ta
EKCTPanoJLii Jae MiHIMalIbHy OXHOKY 1100 OL[HKU (POKAIBHUX HapaMeTpiB elie-
KTPOHHOT'O TIPOMEHS, a IHTEPNOJALsA BUIOTO NMOPSAAKY MOXe OyTH BHKOpHCTaHA
IUTE OTPUMAaHHS PIBHOMIPHOTO 3HAYCHHS MOXMOKH Ha BCHOMY IHTEpPBaNi 1HTEPIIONS-
mii. Yci pe3yabpTaTH OLiHIOBaHHS MOXHOOK OTPUMAHO 3 BUKOPUCTAHHAM OpPHUTiHAIIb-
HOTO KOMIT IOTEPHOTO IPOTPaMHOr0 3a0e3IeYeHHs, CTBOPEHOro 3acobaMy MOBH
nporpamyBanHs Python.

KurouoBi ciioBa: iHTeprossiiisi, eKCTPAOIALIs, IHTSPIIONALSI HH)KIOTO MOPSAKY,
IHTEPIOJIALIS BUIIOTO MOPAIKY, KOPEHEBO-TIOMIIHOMIanbHa (QYHKIIS, SApyKHA (YHK-
Lis, cepenHs MOXHOKa, CICKTPOHHHUH ITy4OK, TPAHUYHA TPAEKTOPisl, BUCOKOBOJBT-
HUH TIII0YXI PO3PSK, €IEKTPOHHO-IIPOMEHEB] TEXHOJIOTII.

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2024, Ne 4 153



