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ON RANDOM ATTRACTOR OF SEMILINEAR
STOCHASTICALLY PERTURBED WAVE EQUATION
WITHOUT UNIQUENESS

G. IOVANE, O.V. KAPUSTYAN, L.S. PALIICHUK, O.V. PEREGUDA

In this paper we investigate the dynamics of solutions of the semilinear wave equa-
tion, perturbed by additive white noise, in sense of the random attractor theory. The
conditions on the parameters of the problem do not guarantee uniqueness of solution
of the corresponding Cauchy problem. We prove theorem on the existence of ran-
dom attractor for abstract noncompact multi-valued random dynamical system,
which is applied to the wave equation with non-smooth nonlinear term. A priory es-
timate for weak solution of randomly perturbed problem is deduced, which allows to
obtain the existence at least one weak solution. The multi-valued stochastic flow is
generated by the weak solutions of investigated problem. We prove the existence of
random attractor for generated multi-valued stochastic flow.

INTRODUCTION

In [1], [2], [3] as an adequate mathematical apparatus for describing the dynamics
of a stochastically perturbed evolution systems has been proposed concept of
random attractor, which has been applied to the stochastically perturbed reaction-
diffusion system and 2D Navier-Stokes system, white noise-driven Burgers
equation and to nonlinear wave equation with smooth nonlinear term. Recently
many results concerning various properties of random attractors have appeared
(see [4], [5] and the references therein). In particular, random attractors for
stochastic damped nonlinear wave equation were investigated in [6], [7], [8].
Beginning with pioneering work [9], the ideas and methods of classical theory of
global attractors systematically applied in the case of non-uniqueness of Cauchy
problem. Modern research in this field with many applications contained in the
monograph [10]. Theory of random attractors has been generalized for multi-
valued case in [11], [12], [13] for the systems with attracting random compact set,
and in [14], [15], [16] for the compact systems, which are dissipative in
probability. In this paper we obtain a result on the existence and properties of
random attractor for abstract asymptotically compact multi-valued random
dynamical system (MRDS), which made it possible to prove the existence of
random attractor for the semilinear wave equation with non-smooth nonlinear
term, perturbed by additive white noise.
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SETTING OF THE PROBLEM

In bounded domain Q  R", n >3 we consider the problem:

{dut +(Pu, — Au+ f(u))dt = gdw,

ulspy=0,

(1

where w is Wiener process, >0 and ¢ H 2(Q) NH (1) (Q) are given,
nonlinear term f is continuous (not necessary smooth) function, which satisfies

conditions:
n

| () [€ C (14 |u|m2), @)
2n-2
f@u>Cy(Fu)-1), Fu)>Cs(u|™2 1), 3)

where F'(u)= If(s)ds.
0
In [2], [6], [7] under additional conditions smoothness of f and

| [ ') € Cy(1+|ul?™), p<

dimension of random attractor for stochastic flow, generated by the problem (1).
Without restrictions on derivative of f two difficulties appear: absence of
uniqueness of weak solution of Cauchy problem and impossibility of
decomposition of the flow on compact and decaying parts. In deterministic case
(¢=0) in [17], using the apparatus of energy equations, the existence of global

attractor for corresponding multi-valued semigroup was proved only under

Q)

condition (2) and sign condition liminf~——=>—-4,. Using energy equations
lulso0 U

approach, in [8] was proved existence of random attractor for stochastic wave

n

authors proved the existence and investigated

equation with critical exponents on R>. For non-autonomous case, when
f = f(t,u), and function f(¢,u) is smooth only on the first variable, theorems

about existence of global attractor for multi-valued dynamical processes were
obtained in [18].

The aim of this paper is to prove the existence of random attractor for multi-
valued stochastic flow, generated by the problem (1), under conditions (2), (3).
For this purpose we prove result about existence of random attractor for abstract
non-compact MRDS system, which made it possible to investigate dynamics of
solutions of the problem (1).

MULTI-VALUED RANDOM DYNAMICAL SYSTEMS

Let (X,]|-|]) be separable Banach space with Boreal o -algebra o(X), C(X) is
the set of all non-empty closed subsets of X, for 4,B — X we denote:

A is closure of 4 in X ;
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b

dist(4, B) =sup inf |x -y
xed yeB

Os(A4)={y e X [dist(y, 4) < 5};
B, =ixeX|||lx[<r}, [[4]l,=supllall.

aeA

Let (QQ,®,P) be a probability space, ® 1is P-completion of @,
{0, : Q> Q},.r 1s metric dynamical system [4], that is a measure preserving
group of transformations in Q such that the map (¢,w) > 6,0 is measurable,
where parameter ¢ takes valued in R endowed with Boreal o -algebra o(R).
The map F: Q> C(X) is called random set F(w), if F is measurable,
that is the function @ dist(y, F'(w)) is measurable.
Definition 1. The map G: R, x Qx X > C(X) is called MRDS, if
1) Vxe X the map (¢,w) — G(t,w)x is measurable;
D) VoweQ, Vt,s20, VxeX
GO,w)x=x, G(t+s,0)xc G(t,0,0)G(s,w)x.
Note, that it will be enough to assume that condition 2) takes place on
0, -invariant set of full measure.
Definition 2. The random set A(w) is called random attractor of MRDS G,
if for P -almost all (P -a.a.) @weQ:
1) A(w) is compact;
2) A(6,0)c G(t,w)A(w) VY t=0;
3) Vr>0 dist(G(t,0_,0)B,,A(w)) >0, t > +o0.
Theorem 3. Let assume that MRDS G satisfies the following conditions:
1) there exists P -almost everywhere ( P-a.e.) bounded random set B(w)
such, that for P-a.a. w€Q, Vr>0
dist(G(¢,0_,0)B, , B(w)) > 0, t > +x; 4
2) V20, VoeQ the map G(¢,w) : X — C(X) has compact valued and is
upper semicontinuous;
3) Vr>0 the map (¢,w) = G(¢,w)B, is measurable;
4)for P-aa. weQ, Vr>0, Vi, T+ arbitrary sequence &, €
eG(t,, 0_tn ®)B, is precompact in X.
Then the set
A@)=JAp (@), where Agz(0)= () [JG¢,0_,0)B (5)

>0 T>0 2T
is random attractor of MRDS G. It is P-a.e. unique and is a minimal among

closed sets, satisfying (4).
Remark 4. From condition (4) we have existence of P-a.a. bounded
random set D(w) o B(w) such, that for P-a.a. w€Q, Vr>0
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AT =T(w,7) Vt>T G(t,0_,0)B,  D(). (6)

Remark 5. In the paper [11] theorem 3 was proved under condition of
compactness of B(w) (which is stronger than condition 4)), in paper [14] it was

proved under condition of precompactness of G(¢,®)B, , which is also stronger
than condition 4), because

¢, €G(t,,0_, ®)B, G(1,0,0)G(1, -1,0_, ®)B, < G(1,0_,0)D(0_,0).
Proof. It is well known [5], that
yeAB(a))<:>EItnT +oo dy, eG(tn,Q_tna))B:yn .
So from 4) 3Q,, P(Qy)=1 such that Vo eQ,, Vr>0 ABr(a)) Q.

Assuming that V @ € Q condition 4) takes place, we have that V @ e (),
Vr>0 Ay (@) c B(@). Futher VoeQ,, Viz,}cA, (@) 3 t, T +oo,

3¢,€ G(1,,0; ®)B, such that ||, -z, ||S%. Then due to 4) the sequence
{z,} is precompact, so Vo eQ,, Vr>0 A Br(a)) is compact. Let us prove
that VoeQ, Vr>0 A 8, (w) attracts B, in the sense of (4). If not, then
36>0 3¢, T+, Ty € G(t,,0., @)B, such that dist(y,,Ap (0))20.
But on some subsequence y, > yeA 5, (w), and we have contradiction. So

VweQ, the set A(w)= UA B, (w) satisfies condition 3) of Definition 2.
r>0

Moreover, A(®w) < B(w), so A(w) is bounded P -a.e. Let us prove that A(®) is

compact P-a.e. Let us put Q° =ﬂQn, where Q, ={weQ,|0_,0eQ}.

n=1

Then P(QO) =1.For weQ let us define the set K(w)= U AB,, (w). For every
r>0

sequence {&,} < K(w) and for arbitrary n>1 we can find 7, >0 such that
&, € ABr (w). Then
n

Vn2lVeoeQ® 3IT=T(o,n) V=T G(t,0_,)B, < D(6_,w).

1
For n>1 3p, € U G(t,@_,a))B,n such that ||, =&, [|<—. So Vnr>1
n
t=T+n

dm > T such that

n,€Gn+m,0_,_, a))BVn cG(n,0_,0)G(m,0_,0_, a))Brn c

c G(n,0_,0)D(6

—n a))

Let us consider for arbitrary R > 0 sets:
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QR)={o||| D(@) ||, <R},
Q. (R)={w|0_,0<(R) for infinitely many n}.

Due to Poincare’s recurrence theorem P(Q (R)) > P(CX(R)). As the set
D(w) is bounded P-ae., we have P(Q,(R))—>1, R—>x. For 0eQ’n
NQ_ (R) we can find subsequence {n;(®)};-; such that for every k>1

M, € G(ny,0_, @)Bp. So VR>0, VoeQ’n Q_(R) K(w) is precompact

-
in X and we deduce that A(w) is compact P -a.e.

From 3) one can easy obtain (see [11]) that the map

o o0 00

o~ U606 ,0)8,

n=1k=01=k
is @ -measurable. So from [3] there exists compact random set Z(a)) such that

Z(a)) = A(w) for P-aa. we Q. Thus the set Z(a)) is compact random set,

which satisfies condition 3) of definition 2. Then from results of [11] MRDS G
has random attractor, which coincides with A(w) P-a.e. and it is a minimal

among closed sets, satisfying (4). Theorem is proved.

RANDOM ATTRACTOR FOR STOCHASTIC FLOW, GENERATED
BY THE PROBLEM (1)

We consider problem (1) under conditions (2),(3), w is two-sided real Wiener
process. Let us consider canonical Wiener probability space (Q,®,P). Then we

have w(t,w) = w(t) Vte R and formula 8,a(t) = o(t + s) — o(s) defines metric
dynamical system {6, : Q> Q} . _» [4].

Following to [2], we define W = W (¢, w) as a solution of the problem
dw, + W, = dw,
{ t IB t (7)

w()=w,0)=0.
We make the change of variable v(t) =u(t) — ¢/ (¢) . Equation (1) turns into

_?n+ﬁw—Av+fw+¢Wa»=A¢Wax

VJ of randomly

Now we deduce a priory estimate for weak solution ¢ =(
Ve

perturbed problem (8) in the phase space X = H (1) (Q)><L2 (Q) with usual norm

l@lly. |- isanormin Z*(Q), |||l isa norm in H(Q).
Multiplying (8) by v =v, +nv for 7 >0 small enough, we have [2]
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%%wz +HIvIH +alIvIP +B =5 1> =n(B-m)F,v) +

+(f(),v)=(,ApW),

where for sufficiently small 77> 0:

nvI? +B-n)| 7 P —n(ﬁ—n)(V,V)Z%(IIVIIZ +17 %),

|(v,A¢W)|s§|V|2 +C, (@),

(fW).7)> %(F(u),l) +7Cy (Fu).1) ~7Cy | Q|- (f ). O, + ),

2n-2
(&
| (f (), 9) | W, +77W|S%77(F(u),1)+cn(1+|Wt W 2.

From the above inequalities for some small & >0 we obtain
d . ~ ~
— (TP VP +F@.D) +5(FF +lIvIF +(Fw. D) <gto),  ©)

where
2n-2 2n-2

gt,0)=C(I+|W(t,@)| "> +|W,(t,0)| "),

and C > 0 is some constant, which does not depend on @ .
So from Gronwall’s lemma V¢ > s

15O P + v |1? +(F (u(t)),1) <

<e D (F() 7 + V) P +Fus), D) + [e 2 g(z, w)dr. 1o

From (10) we deduce final estimate: 3C >0 Vi>s VweQ
=2
leO1F<C+e [l 1§72 + [e D g@mydr). (1)

S
From estimate (11) we can claim [18] that Voo eQ VseR V¢, € X there
v()
Vy ()

further arguments we denote it by ¢(¢, w,s,¢,). Moreover, every solution of (8)

exists at least one (weak) solution of (8) ¢() =( j on [s,+o), @(s)=¢,.In

on [s,+00) belongs to C([s,+);X), satisfies (11) and the following equality:

%Iw(f,(o(t))Jrﬂlw(f,(o(t))=Hw(t,(0(t)), (12)

where

o t0@) =31, P+ [V IE +(F @ + 2 0,0,
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s s
2 2
+(f @), W) + B(F(),1), u(t)=v(t) + gW (2).

Moreover, we have the following result.
Lemma 6. [18] Let @, > @, in Q, t, >, =5, ¢,(-) is solution of (8) on

H,(t,0(0) = (v, AW (1)) + = (v, AgW (1)) = - (f (), v) +

[s,+) with random parameter w,,, @, (s) = @, weakly in X. Then there exists
@(-) — solution of (8) on [s,+) with random parameter @,, ¢(s)= ¢, such
that on some subsequence

@,(t,) > p(t,) weakly in X,
Ha)n (tn’¢n(tn))_>Ha)0(t0a(0(t0))'

If, moreover, ¢, (s) > @, strongly in X, then ¢, (¢,) = ¢(t,) strongly in X.

_ (ng
Letusput W =

t

J and define the maps:
SR, xQxX > P(X),

S([,S, w)(”o = {(ﬂ(f, @,8,Py — W(Sa Cl))) + W(ta Cl))}, (13)

G:R xQx X P(X),

G(t,0)p, = {p(t,0,0,0,) + W (t,0)}. (14)
It is easy to show [2], that for every s € R
G(t,w)x=S(t+s,s,0_,0)x, (15)
and the map S for every w € (2 generates multi-valued process [18], that is
VYreR S(r,r,o)x=x, Vt=2r=>s S,s,0)xcSt,r,0)S(r,s,w)x.

The main result of the paper is the following.
Theorem 7. The formula (14) defines MRDS, which has random attractor in

the phase space X = H (1) (Q) % I* (0).
Proof. Let us prove condition 2) of definition 1. From (14) V @ e Q
VxeX G(0,w)x=x.For ¢,t, 20 we have

Gt +t,0)x=S(, +t,+s,5,0_ w)xC
S +ty) +5,t5 +5,0_,0)S(ty +5,5,0_,0)x=

:S(tl +t2 +S,[2 +S’H—t2—s

th w)S(ty +5,5,0_ w)x=G(t, 6’,2 w)G(t,,w)x.

Now let us verify conditions of theorem 3 (from conditions 2), 3) we, in
particular, obtain, that the map G has closed values and is measurable). Let
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&, €G(t,o)n,. Then &, =9, (t,0,0,n,)+ W (t,®) and from lemma 6 we have
condition 2). Let us consider for fixed a e R, >0, y € X the set

C={(t, ) |dist(y,G(1,w)B,) < aj.

If (tn:wn) € Ca (tn:wn)_)(thwO): then Elﬂn eBr > Mp = To Weakly in
X’ 3.))}’l EG(tnawn)nn, ||yn _y”Sa. AS y}’l :q)n(tn,a)nﬂo,ﬂn)-i-W(t’a)n)’ SO
due to lemma 6 y, = z=(ty,0,,0,70)+W (t,w,) weakly in X. Thus
zeG(ty,wy)B, and ||z - y||<liminf ||y, — y||<a. Therefore (¢y,m,) € C and
condition 3) takes place.

According to (15)

G(1,0_,0)p, = SO~ @)py = {(0,0,~t, 09 =W (-1)}.

So from (11) we deduce
2n-2 0
1G(t,6_,@)B, |[F< C(A+e™ -+ |1 (=Dlx) "2 + [ e g(z, 0)dr). (16)

—t

It means that the conditions (6) and 1) take place with D(@) = Bc(24/(0)) »

where
0

r(w) = je&g(r, w)dr <o P-ae.

Let us verify condition 4). If &, €G(t,,0_, w)y,, where t,T 40, 7, 57

weakly in X, then from (15) &, =¢,0,0,-t,,7, —W(—tn,a))) and from
estimate (16) &, — & weakly in X. For M >0 we consider

2, ()=, (t =M, 0,~t,,,17, =W (~t,,,0)) + W (t =M, @) € S(t = M, ~t,,,0) 77,
cS(t-M~M,0),(2M,w,~t,,n, —W (-t,))+ W (-2M)).
So z,(t)=¢,(t—M,0,— M,y —W (=M))+ W (t — M), where
rh =0, (2M,0~t,,n, =W (-t,))+ W (2M)—y,, weakly in X,
Then due to lemma 6 V¢ <[0,M]
2, () > z()=0,(t—M,0,~M,y,, —W (~M))+ W (t — M) weakly in X.
From equality (12), applying to function ¢, , we obtain

0
I,(0,6,)=e™M1, (=M, vy =W (M) + [ e H,(p,5,(p)dp.
-M

0 0
lim [ e H,(p.,(p)dp = [ " H,(p,3(p)dp =
M

n—>0
-M
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=1,00,5(0)—e ™M1,(-M,y) —W(-M)),
SO

1. . 1 _ —
S liminf ||, ||§(s5||5||§( +e P (~M,yy W (=M)) |+

+e "M limsup | 1,,(~M, 1, =W (=M))]|.

From the last inequality, passing to the limit when M — o, we have
inequality liminf || &, ||y <|| ||y, which means, that the sequence {&,} is

precompact in X. Theorem is proved.

CONCLUSIONS

For semilinear wave equation, perturbed by additive white noise, in sense of the
random attractor theory the dynamics of solutions is investigated.

In particular, the existence of random attractor for abstract noncompact
multi-valued random dynamical system is proved. The abstract theory allows to
apply this result to the wave equation with non-smooth nonlinear term. A priory
estimate for weak solution of randomly perturbed problem in the phase space is
deduced, which contributes to obtain the existence of the weak solutions. The
existence of random attractor for generated multi-valued stochastic flow is proved.

Thus for the class of mathematical models with non-smooth dependencies
between determining parameters of the problem, controlled by nonlianerized pie-
zoelectric and viscoelasticity theory with nonlinear stochastic perturbations, the
opportunity of long-time forecasts for state functions is obtained. As a result, it
became possible to direct the state functions to the desired asymptotic level.
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