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INPOEKIIMOHHO-UTEPAIIMOHHAS PEAJIM3AIIUA ABHBIX
METOA0OB BAPUAIIMOHHOI'O TUIIA JJIs1 PEHIEHUSA
HEKOPPEKTHBIX OIIEPATOPHBIX YPABHEHUM

JLJI. TAPT

AnHoTauus. VcciienoBaHo NPOEKIMOHHO-UTEPALMOHHBIE METO/IbI PEryIIpU3aLtH,
OCHOBaHHbIC Ha SBHBIX METOJaX BapHaLMOHHOIO THMa (CKOpEHIero crycka v MH-
HUMAaJIBHBIX HEBSI30K), [UISI pEIICHHsT HeKOPPEKTHBIX JIMHEHHBIX ONCPaTOPHBIX ypaB-
HEHUH B IMJIBOEPTOBOM HPOCTPAHCTBE, U1l KOTOPBIX HE BBINOJHSACTCS TPETHE YCIIO-
BUE KOPPEKTHOCTH 3a1auu 1o Anamapy (yctoitumBocts). IIpeanmoxenHsIil moaxon
COCTOHMT B 3aMEHE HCXOJHOTO HEKOPPEKTHOTO ypaBHEHMS HEKOTOPOH MOcCieioBa-
TEJIHOCTBIO 00JIee IIPOCTHIX ANNPOKCUMUPYIONIUX €0 yPaBHEHUH, 3a1aHHBIX B KO-
HEYHOMEPHBIX IIOANPOCTPAHCTBAX HMCXOJHOrO NpocTpaHcTBa. s Kaxkzoro us
«IPHOIMKECHHBIX» YPaBHEHHUH CTPOUTCS C MOMOIIBIO IBHOTO BAPHALIUOHHOTO METO-
J1a JIULIb HECKOJIbKO IPUOIMKEHHH, OCIIEHee U3 KOTOPhIX IPMHUMACTCS B Ka4ecT-
BE€ HAYaJIBHOIO MPHOIKCHUS B UTEPALIMOHHOM HPOLIECCe I CICAYIOIETO IIPH-
OMmDKEHHOT0» ypaBHEHUs. JlOKa3aHBI TEOPEMBI O CXOJUMOCTH IIPOCKIHOHHO-
UTEPAIIMOHHBIX METOJIOB, IOJIyYEeHb! OLIEHKU MOIPENIHOCTH. [[aHbl peKOMEeHIAuN
0 BBIOOPY PEryJIsipU3YIOLIEro KOJIMYECTBa HTEPALIUiL.

KiioueBble ci10Ba: HEKOPPEKTHOE YpaBHEHUE, ONEPaTOp, MPOCTPAHCTBO, MOCIEI0-
BaTEIBHOCTh, MPUOIIDKECHUE, UTCPALIMOHHBI METOJ, HEBA3KA, MOIPEIIHOCTD, MPO-
EKIHOHHO-UTEPALIMOHHBIN METOJ], CXOIUMOCTb, OLICHKA.

BBEAEHUE

Teopusi HEKOPPEKTHBIX 3a/lad M METOJOB WX MPHUOIMIKEHHOIO PEIICHUs] — aK-
TUBHO pa3BHBAIOIICECs HAMpaBICHHEC MAaTEMaTHUKH, MMEIoIIee pa3sHOOOpa3HbIe
IMPUIJIOKEHUA BO MHOTUX obacTax €CTCCTBO3HAHUA, TEXHUKH U YIIPABJICHHA. He-
KOPPEKTHO TOCTAaBJICHHBIC 3a7]aul BO3HUKAIOT B MPOLIECCE MATEMATUYECKOIO MO-
JETMPOBaHUS B TeO(U3HKE, aCTPOPHU3NKE, KOMITBIOTEPHOH ToMoTpaduu, mpu 00-
paboTKe W WHTEpPIPETAIlMN MaHHBIX (HU3WYEeCKHX OJKcIepuMmeHToB [1-3].
WHTeHCHMBHOE pa3BHTHE TEOPUH HEKOPPEKTHBIX 337]ad BO MHOTOM OOYCIIOBIICHO
MOSIBJICHUEM B MOCJCTHUE JCCATHICTHS BBICOKOMPOW3BOIUTEIBHBIX BBHIYMCIIHU-
TENBHBIX cucTeM. Takue 3amauu GOpPMYIHUPYIOTCS, KaK MPaBHUJIO, B BUJAC Omepa-
TOPHBIX YPaBHEHUH, 3a/1a4 MUHUMHU3AIUKN (YHKIHOHAJIOB, & TAKKEe 33]]a4 BbIYHC-
JICHUS 3HAYCHUI HEOTPaHUYCHHBIX ornepaTopoB. OnepaTopsl 3a7at0TCsi 00BIYHO €
TOW WJIM WHOW MOTPEIIHOCTBIO, MOCKOIBKY HCTOYHMKOM HCXOJHBIX JaHHBIX Ha
NPAKTUKE YaCTO SBISFOTCS SKCIICPUMEHTHI U U3MEPCHUSI.

3HauynuTenbHAA YacTh HCKOPPEKTHLIX 3a1a4 MOXKET OLITH npeacraBjicHa B BU-
JIc OTIePaTOPHOTO YPaBHEHHS MIEPBOTO PO

Au=f (1
¢ 3a/1laHHBIM omepatopoM A, neiictByromuM 3 X B Y (X, Y — Merpuueckue

IPOCTPAHCTBA, B OTAEIBHBIX CIydasx OaHAXOBBI WM THIBOEPTOBHI), U JIEMEH-
oM feY.
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OcHOBHBIE pe3yNbTaThl MO0 HEKOPPEKTHBIM 33/ladaM OTpaKeHBI B paboTax
M.M. JlaBpentbeBa [4], A.H. TuxonoBa u B.SI. Apcennna [5], B.A. Mopo3o-
Ba [6], B.K. UBanoBa, B.B. Bacuna u B.Il. Tanauwer [7], M. Baiinukko u
A.IO. Beperennukosa [8]. Hambonee oOmuM M3 M3BECTHBIX MOAXOJOB K pelie-
HUIO HEKOPPCKTHBIX 3aJay SBISETCS IOAXOJ, OCHOBAaHHBIH Ha BBEICHHOM
A.H. TuXoHOBBIM MOHATUM peryisipusatopa. Mcnonb3oBaHUE perysspuzaropa
3aJla4yM J]aeT BO3MOXKHOCTH CKOJIb YTOJIHO TOYHOTO €€ PEIICHUS MPH JOCTATOYHO
TOYHBIX UICXOJIHBIX TaHHBIX.

Ocoboe MecTo cpeny METOJIOB PEIICHHS HEKOPPEKTHBIX 3ajad 3aHUMAIOT
UTEepaloOHHbIe MeTOoAbl. llepBrie MeTonpl MPUOMMKEHWH, MArolHue B TIpeiesie
TOYHBIE peleHus ypasHeHus (1), eciu nanHbie (orepatop A u mpasas 4acth f )

3a/IaHBl TOYHO, OBLIM TIpemokeHbl B 30-e rompl Mmpomuioro Beka B paboTax
T. Kapnemana, I''M. T'ony3una u B.WM. Kpemosa, U.I'. Mankuna. B paGote [4]
M.M. JlaBpeHThEB 00OCHOBAII CXOIUMOCTh METO/a TTOCIICIOBATEHHBIX TPHOIIH-
JKEHUH MpH NPUOIMKEHHONW MpaBOW YacTh JTUHEHHBIX YpaBHEHUH U pacrpocTpa-
HUJI TOJyYEeHHbIE pe3ysibTaThl Ha Clydail HETWHEWHBIX ypaBHEHHU. M3yudeHuro
UTEPAMOHHBIX METOAOB IMocBsAmeHs padotel B.H. Ctpaxosa [9], M.A. KpacHo-
cenbekoro, .M. Baiinukko, I1.I1. 3a0peiiko [10]. Pa3iauunbie cXeMbl UTEPAIlUOH-
HBIX MeTOJ0B, pemioxenusie A.C. AmapruaeiM, B.K. UBarnoseiM, M. M. JlaBpe-
HTheBbIM, B. Jlundeprom, A.b. bakymmuckum u A.B. ['ongapckum, B.A. Mopo-
30BbIM, B.B. BacuHbIM, NpHMEHSIINCH I pPENIeHHS MHOTHX HEKOPPEKTHBIX
3a1a4 B 0AHAXOBBIX U TMJIBOEPTOBBIX MPOCTPAHCTBAX. METOM MPOCTOI UTEpalluu
Y WTEPAlMOHHBIE METOJNHI BAapHAIIMOHHOTO THIIA IS PEIIeHUS HEKOPPEKTHBIX
ypaBHEHUH ¢ IPUOIMKEHHABIMI JaHHBIMU M3yJaliuch B padorax A.A. Camapcko-
ro u [1.H. Babumesuua [1], O.A. JIuckopia u f1.B. KoncranruroBoii [11].

[TomMrMO UTEpAITIOHHBIX METOAOB LIS IPHOIMKEHHOTO PEIIeHUs] HEKOPPEK-
THBIX 33J]a4 [UPOKO MPUMEHSIOTCS MPOCSKIIMOHHBIC METOJIbI, MO3BOJISIOIIUE (TI0
JI.B. KantopoBuuy) ypaBHenue (1), paccmMaTpmBaeMoe B KaKOM-TO CJIOKHOM
MPOCTPAHCTBE, 3aMCHUTH MTPHOIMIKEHHBIM ypaBHEHUEM, 3aJJaHHBIM B 0OJIee Mpoc-
TOM TPOCTPAHCTBE, U MPHUHITH TOYHOE PEUIeHHE MPUOIIKEHHOTO YPaBHEHHS KaK
NpUOIMKEHUE K PEIICHUI0 UCXOJHOTO ypaBHEHUs. TeopeTnueckoMy 0OOCHOBa-
HUIO ¥ Pa3IMIHBIM TPUJIOKEHHUSIM MTPOEKIIMOHHBIX METOJOB MOCBSIIEHBI Pa0OTHI
C.I'. Muxnuna, JI.B. Kaartoposnua, H.H. ITonsckoro, M.A. KpacHocensckoro,
I'.M. Baiinukko, ILI1. 3a6peiiko, B.B. lBanosa, B.B. Ilerpummna, a takxe FO.1.
I'pubanora, b.I'. T'abnynxaesa, A.1O. Jlyuku, C.J1. BanamioBoii u apyrux aBTo-
poB. Ilpu 3ToM mpuBieueHune wieil (YyHKIMOHAILHOTO aHajH3a Jaj0 BO3MOX-
HOCTb BBIPa0OTaTh €AMHBIN MOAXO0M K PEUICHUIO Pa3HOOOPA3HBIX 33134, TTOCKOJIb-
Ky pa3n4yHble KOHKPETHBIC BHIbI YPaBHEHUH NPEICTABISAIOT COOOW YacTHBIE
CIIy4ad HEKOTOpPOTO ONEpPaTOPHOTO YpaBHEHHS, a TAKKE TEOPETHYECKH 0OOCHO-
BaTh MCCIIETyEMbIE METOIBI.

Hecmotpst Ha mmpokyro 007acTe TpHUMEHEHHs, MPOEKINOHHBIE METOIBI
UMEIOT HEJOCTAaTKU. XOTS MPUOIMKEHHBIC YPABHEHUS U TPOIIE UCXOIHOTO, TEM
HEe MeHee MOJIy4YeHHe UX TOYHBIX PelIeHHH Ha MPAaKTHKE 3aTPYIHUTEIHHO, a HHO-
raa u HerenecooOpa3Ho (WM3-3a MOTPENIHOCTEH 3aJaHusl UCXOJHBIX JIaHHBIX).
CnoXHBIM SIBIISIETCSI TaK)Ke BBIOOP IMOPAIKA MPUOIMKEHHOTO ypaBHEHUS, KOTO-
phliii o0ecriedrs1 OBl MOJTyYCeHUE PEIICHHMsI C 33aHHOM TOYHOCThI0. Eciu pemeHue
MPUOIIKEHHOTO YpaBHEHHsI HEKOTOPOTO TOPSIKa # HE YAOBIETBOPSIET MOCTaB-
JICHHBIM TPeOOBaHUAM, TO MPUXOAMUTCS PellaTh YpaBHEHHE 00Jee BBHICOKOTO II0-
pAKa, HUKAK HE UCIOJB3Ys IIPHU dTOM PE3yJbTaT, TOMYyUYCHHBIN Ha TPEIbIIyIIeM
mrare.

Cucmemni docnioxcenna ma ingpopmayiiini mexnonoeii, 2017, Ne 1 115



JLJIL I'apm

CurHTE3 NMPOEKUMOHHBIX M UTEPAllMOHHBIX METOAOB, OCHOBAaHHBI Ha BO3-
MOYXHOCTH MPUMEHEHHS UTEPALIMOHHBIX METOOB JUIs TPUOIMIKEHHOTO PELIeHUs
NpUOIIDKEHHBIX yPAaBHEHUH, NPHUBENI K BO3HUKHOBEHHUIO I'PYIIIBI METOAOB IOJ
Ha3BaHUEM MPOEKIMOHHO-UTepalMoHHbIX. Tak, cornmacuo uaee C./I. banamosoit
[12], peann3oBaHHOM IIsI KOPPEKTHO MOCTABICHHBIX 3a7a4, Ui KaKIO0Tr0 U3 MpH-
ONMDKEHHBIX YpaBHEHUH (7-TrO ypaBHEHHS) CIENyeT HaXOAUTb HTEPALUOHHBIM
METOJIOM JIMIIb HECKOIBKO ( &, ) MPUOIMKEHUH, OCIe Hee U3 KOTOPBIX M10J1araTh

pPaBHBIM HayaJIbHOMY NPUOMIDKEHHI0 K pemeHuto creayromero ((#+1)-ro)
ypaBHeHUs. Takol MOAXOJl €CTECTBEHHO YCTpaHSET TPYIHOCTH, BO3HHKAIOIINE
MIPH PEIICHUHM MCXOJHOTO YPaBHEHUS OOBIYHBIM MPOCKIIMOHHBIM MeTojoM. Kpo-
Me TOT0, MPUMEHEHNE NTEPAMOHHBIX METO/IOB HE K MCXOJHOMY YPaBHEHHIO, a K
0ojee TPOCTHIM TNPHUOIIKEHHBIM YpaBHEHHSM TO3BOJISIET Hauboiee MPOCTO
CTPOUTH TOCJIEIOBATEIBLHOCTh MPHUOIMKEHUN K PEIICHUI0, a TaKkKe o0Jerdaet
3a/1a9y O BEIOOpE HAYAIHHOTO MPUOIKEHUS.

B nmanHo# pabote cornacHo oOmieii meromonoruu [12, 13] BnepBeie ucche-
JIYIOTCS POSKIIMOHHO-UTEPAIIMOHHBIE METO/bI PEIICHUS HEKOPPEKTHOI'O JTHUHEH-
HOTO OmepaTopHOro ypaBHeHHs (1) ¢ mpHOMMKEHHON NPaBOil YacThiO, OCHOBAH-
HbIC HA SIBHBIX WTEPAIMOHHBIX METOJaX BapHAllMOHHOTO THWIIA, B YaCTHOCTH
METOJ[aX MUHUMAJIbHBIX HEBS30K U CKOPEHIIIEro CIycKa.

INOCTAHOBKA 3AJIAYHN

ITycts 3amano ypaBHenue Buaa (1), B koropoM 4 — TWHEHHBIN OrpaHUYCHHBIN
CaMOCOTIPSKCHHBIN M TOJIOKUTENBHBIN OTepaTop, NCHCTBYIONINA B T'HIILOSPTO-
BoM mpoctpancTtBe H co ckamsipHBIM mpom3BefaeHUuEM (u,V) TPOU3BOIBHBIX

3JIeMEHTOB U,V € H W mopoxkaaemMoil UM HOPMOM ||u|| =./(u,u), uecH. Ipeamo-

JIOKHM, YTO OGPATHBIN omepatop A~ CyLIECTBYET, HO He SBISETCS OrpaHHYCH-
HeIM B H , T.e. He BBINIOJHSACTCS TPEThE YCIOBUE KOPPEKTHOCTH 3aJauu Mo Aja-
Mapy (ycroitumBocth) [5]. HekoppektHocTh ypaBHenus (1) oOycrmaBimuBaercs

TEM, YTO COOCTBEHHBIE 3HAYeHUs A, , m=1,2,... onepatopa A, ynopsIo4eHHbIE

1o yosBaHHIO (A} A, 2..2 A, 2...>0), cTpeMATCsS K HYJIO IIPA 7 —> 0, 9TO
BJICYET IUIOXYIO €ro 00yciIoBIeHHOCTh. bynem o003Hauate yepe3 u* € H TouHoe
pemenue ypaBaenus (1).

OtmMeTyM, 4TO eciii B ypaBHeHuu (1) omepatop A He SBISETCS CaMOCOMPSi-
JKECHHBIM U TIOJIOXKHUTEILHBIM, TO MOXHO MPOBECTH TPEIBAPUTEIILHYIO CUMMETPH-
3anuio 1o ["ayccy u paccmaTpuBath BMECTO ypaBHEHUs (1) SKBUBAJICHTHOE eMy

*
CUMMeTpH30BaHHOe ypaBHeHne A Au= A" f ¢ NONOKUTENLHBIM (2 3HAYMT, Ca-

MoconpsikeHHBIM) B H nuHeiHbIM onepatopoM A* A, Tine A* — conpshkeHHBIH
OTIEPaTOp MO OTHOIICHHIO K A .

Heab padoThl — TEOPETUUECKOE 0OOCHOBAHKE MPOCKIIMOHHO-UTEPAIIIOHHOTO
MOJIXOJ[a JJIsl PEIIeHNsI HEKOPPEKTHBIX JIMHEWHBIX OMEepPaTOPHBIX YPaBHEHWH BH-
na (1) B rusib0epTOBOM MPOCTPAHCTBE, & UMEHHO TOYYeHHE JIOCTATOYHBIX yCIIO-
BUI CXOJUMOCTH, OLICHOK MOTPEIIHOCTU U CKOPOCTU CXOAUMOCTU MPOEKIIMOHHO-
WUTEPAIMOHHON peaTu3aliiil IBHBIX METOJIOB BApUAIIIOHHOTO THIIA.
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METO/| PEIIEHUA

Hapsiny ¢ ypaHenuwem (1) paccMaTpuM TOCIEAOBATEIHLHOCTh MPUOIMKEHHBIX
ypaBHEHUI

A u, =1, n=12,.., 2)

rne A, — muHeinbll onepatop B H, ; {H, } — Bo3pacTaromas nocnenosa-
TENBHOCTh KOHEYHOMEPHBIX IIOANPOCTPAHCTB MCXOAHOro mnpocrpancrea H
(HcH,c.. cH,c..cH, H,#9); f,=P,f, P, — onepatop opToro-
P[=1.

BBeneHHbIe IPOCTPAHCTBA M OINEPATOPBI MPU KAXKIOM HATypabHOM 71 € N
CBSDKEM YCJIOBHUSIMU OJIM30CTH:

HaspHOro npoexktuposanns H na H | (P,,2 =P, P, =P,

|4u—-P,Au|<€,|u|, VueH; 3)
|4y, = P, Au,| <o, |||, Yu, eH,; 4)
|8, f —u|<m,|f]. VieH, (5)

roe &,,d,,n, — HOJOXUTEJIbHbIE YHCiIa, HE 3aBUcsAIue oOT ueH nuu, € H,,
npuueMm &, >0, o, >0, n, >0 npu n > .

IMycte Ker A={ueH: A u=0} — moampocTpaHCTBO HyJei oneparopa A
(Ker 4={0}), H=H\Ker 4 — ®axrop-nmpocTpanctBo mpoctpancrea H 1o
nojmnpocTpaHcTBy Ker 4, a A:H — H — nuueitHsiit onepaTop, UHAYLUPOBaH-
HbIit onepatopoM A B axtop-mpoctpancte H [14]. Cxommmocts B H mpoek-

[IHOHHOT'O METOJa PelicHus ypaBHeHUs (1) yCTaHOBIEHA C MCIOJIb30BAHUEM pe-
3yJIbTaTOB paboTHI [15].

Teopema 1. Ilycts ypaBHeHme (1) paspemmmMo mpu aH000W MpaBoil YacTh
f € H u BeimoniHeHs! ycnosust 0musoct (4), (5), a Takke yclnoBue

Vu,eH, 3z, H,: ||Aun—zn||SBn ||un

,B,>0,n—>0. (6)
Torna npu Bcex n = Ny 21, yI0BIETBOPAIOLIUX HEPABEHCTBY
P, =HZ_1H(an + 2Bn)<1,

MPUOTMKEHHBIC YpaBHEHUS (2) Takke pa3peiIdMbl MPH JTIO00W MpaBOd YacTH

f, € H, ¥ mocneioBaTeNbHOCTh {u,} MX TOYHBIX peruenuil cxomutcs B H K

pemenuio u” ypasHeHns (1) ¢ OLEHKOI IOTPEITHOCTH

<v,, n= Ny, @)

*
gy K
|y —u

rue vy, =2HZ_lHHf—AuZ =0, +a, +2B,).

OTMeTHM, 4TO W3 MOJOKUTENBHOCTH UcxogHoro onepatopa 4 B H u BbI-
MOTHUMOCTH ycioBwid Omm3octu (3), (4) BEITEKaeT CBOWCTBO MOJOXHTEIHLHOCTH
Kaxjoro u3 oneparopos A4, B H,, HauuHas c HekoToporo Homepa n = N; =1
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[12]. Kpome TOrO, U3 BHIMOIHUMOCTH yCiIoBHii (3), (4) clieayeT, 4To JUIs KaKI0ro
COOCTBEHHOTO 3HaueHust A, omeparopa A CyIIECTBYET IOCIEAOBATEILHOCTh

{Ap.n} COOCTBEHHBIX 3HAYECHWH omepaTopoB A, Takas, 4ro A, , —> A, TpH
n—>00, U HA00OPOT, BCAKas MNpejielbHasg TOYKa JIOOOM MNOCIEN0BAaTENbHOCTH
COOCTBEHHBIX 3HAUCHUN OIepaTopoB A, SBISIETCS COOCTBEHHBIM 3HAUCHUEM

onmeparopa A. Ilpu stom, ecmu 4, =P, 4, 10 A, <A, , u Ay, <A, , W

m,n
BCEX HATypalbHBIX HOMEPOB m € N u n = N; [10]. B gactHOCTH, ecnu onepaTop
A mnepesomutr H, B H,, To c yuerom (3), (4) MOXHO HOIY4HUTh Ui JIOOOTO

u, € H, ouenky

(Anun 9“/1) = (Aun 9”11) + ((An - A)Ll” sUp )S 7“1 "un "2 + ”(An - A)un” "un” <
< 7»1”14,,”2 + (”Anun - PnAun" + ||P”Aun - Aun”)”un” <

< ()\’1 +a, + &n)"un”2 = 7\‘l,n ”un”2 °

nus3 KOTOpOﬁ CJICAYCT BCJICACTBUC DKCTPEMAJIBHOTO CBOMCTBA COOCTBEHHBIX 3HAYE-
HUH CaMOCOMNPSAKCHHBIX OTPAaHUYCHHBIX OII€PATOPOB, YTO BEPXHUEC I'PAHUILIBI 7\.1 u

Ay, cHekTpoB A U A, COOTBETCTBEHHO CBS3aHbI COOTHOIICHUEM

X1n=7\,1+(xn+?;n, nZNl

Taxum 00pa3zoM, IpU ClETaHHBIX HPENONOKEHUIX 00 omepatope A4 Hc-
XOIHOM 3ajjauu OYCBUIHO, 4YTO coOCTBeHHble 3HaveHus A, (j=1,2,..0,,
¢, =dim H, ) oneparopos 4, , ynopsao4eHubie no yoeisanuio (A, 24, , ...
co2hy ,>0), cIpemsTCs K HyIIO NPH 7 —> o0, YTO BICYCT MAIyK yCTOWYH-
BOCTh KaXJOTO U3 NPHOMMKCHHBIX YypaBHEHWH (2), HaymHAas ¢ HoOMepa
n=N =max{Ny, N;}.

Bo MHOruX NpUKIaJHBIX MCCIEJOBAHUAX TUIMYHOHN SABIISETCA CUTYyalHs C
3aJIJaHMEM MCXOJIHBIX JJAHHBIX C IOIPEITHOCTHI0. DTy OOILYI0 CHTYalHIO IIPOMO-
JeUPYeM MPE/NoNoKeHUEM, 4To 1IpaBas 4yacTh ypaBHeHus (1) 3agaHa ¢ morpeni-
HocThio 0> 0, 1.. BMecTo f € H n3BectHo fy5 € H Takoe, uto

(PSS ESE (8)

Tpebyercs no f5 € H moctpouts npubnuxennoe pemenne u (8) e H

ypasnenus (1), ynosierpopsiiomee yciopuio u (8) —u” mpu 8 —0.

Jlst mpubnkeHHoTO pentenns 3anadu (1) npu ycnosuu (8) anmmpoKCHMHUPY-
€M ypaBHCHHE

Au= f; ©)
TI0 TOH e CXeMe, UTO H BBIIIE, [TOCIIeI0BATENILHOCTHIO TPUOIMKEHHBIX YPaBHEHHUI
Ayu, = f,08), n2N, (10)
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rne f,(0)=P,fs. Tak xak P, — oproronansusiii npoektop H nHa H,, TO OT-

KJIOHEHHE TPaBhIX YacTel COOTBETCTBYIOIINX MPHONMKCHHBIX ypaBHEHHH (2) H
(10) mo Hopme H He mpeBBIIIaeT MOTPEITHOCTA O 3aJ[aHUs MIPaBOW YacTH ypaB-
uenus (1):

| £ = £ @\ =] Bof =B S5 <RIl £ - S5 <3 (11)

Ha ocHoBanuu Teopemsl 1 u3 paspemmmoctu ypaBHenus (1) mpu mro6oit
MIPaBO¥ YaCcTH W BBHITOJIHUMOCTH YCIOBUH (4)—(6) clemyeT pa3pemnMOCcThb KakI0-
ro U3 npuOIMKEeHHBIX ypaBHeHHH (10), mpuyeM MOCIEIOBATENBHOCTh TOYHBIX

pemwenuii  u,(8) e H, ypasuennii (10) cXOmuTCS K TOYHOMY pEIIECHHIO
u*(0) € H ypaBuenus (9) ¢ OLIEHKOH MOTPEITHOCTH

' (8)—u *(6)” <y, (8) = 2HZ—1H “f8 —Au,’;(S)H, n>N.

Jlist pemmeHusT KaXI0T0 M3 MPUOIIKEHHBIX ypaBHeHU# (10) Oymem mprmMe-
HATbH SIBHBIN JBYXCJIOWHBIA UTEpAalMOHHBIA MeTOJl PUuuapacoHa Bua

ul™ (@) =ul® 3) -1V (4, uP (B) - £,3)), k=0,1,.., n>N, (12)

rae uf,k) (0)eH, — k -e urepanuonHoe NpUONMKEHHE K TOYHOMY PELICHHIO

u,(8) e H, ypasuenus (10); r;"“) >(0 — urepaunoHHbIN nmapamerp. M3BecTHO
[16], uto mnsa merona (12) ¢ MOMOKHUTENBHBIM ONIEPATOPOM A, CYIIECTBYET CIIO-
co0 BBIOOpa ONTHMAIBHBIX (YEOBIIIIEBCKIX) HTEPAIIMOHHBIX TAPaMETPOB, OJHAKO
u3-3a OJIM30CTH K HyJIIO HUXKHEH IpaHHILBI CIIEKTpa onepaTtopa A, CIOXKHO KOH-
KPETH3HPOBAaTh CKOPOCTh CXOAUMOCTH Takoro meroza B H, u ykasars anpuop-
HOE 4MCII0 uTepauuit k,(d), corimacoBaHHOE € 3aJaHHBIM YPOBHEM IIOTPEIIHOCTH

npaBoit yactu (orenka (11)).

Bynem BBIOMpAThH mapaMeTphl rﬁ,k“) B dopmyie (12) u3 yCcioBUsS MHHIMYMa

MOTPENTHOCTH u,(lk”)(é‘))—u:(é‘)) UTEPAIMOHHOTO METO/a TpH 3aJlaHHOW II0-

Dy,

u (8) - u, (3)

IPEUIHOCTH , Tae D, — monoxurenbHell oneparop B H, ,

D?‘l
||un|| D, = (D,u,,u,). B 3aBucumoctu ot BbIOOpa D, MNOJIY4alOT Pa3IMYHBIC

UTEPAIMOHHBIC METO/IbI, TPEUMYINECTBO KOTOPBIX COCTOUT B TOM, YTO OHU HE
TpeOYIOT 3HaHUS TPAHUI] CIIEKTpa oneparopa A, B OTIMYHE OT METOAA C 4eObl-

MIIEBCKUM HaOOpOM TTapaMeTPOB.

HNPOEKHNOHHO-UTEPAIIMOHHBIE METO/IbI

0O06o3HaunM yepes r,fk) )= Anu,gk) (8) — 1,(8) meBsasky merona (12) Ha k -ii ure-
panuy, TOJYYEeHHYIO TIPU IOJICTAHOBKE K -T0 UTEPAIMOHHOTO TPUOIHIKEHUS
uﬁ,k) (8) B ypaBHenue (10), a gepe3 z,(,k)(é‘)):uf,k) (8)—u, (8) — MOrpemHoOCTH
metona (12) Ha k -it utepanuu. 3aMeTHM, YTO TIOTPEITHOCTh U HEBSA3KA CBSI3AHBI

Cucmemni docnioxcenna ma ingpopmayiiini mexnonoeii, 2017, Ne 1 119



JLJIL I'apm

PaBEHCTBOM Anzf,k )(8) = r,,(k)(S), ¢ yueroM Kotoporo u3 (12) nerko moay4uTh,
4TO HEBSI3KA rn(k) (0) yIoOBIETBOPSIET TOMY K€ YPAaBHEHHUIO, YTO M MOTPEIIHOCTh:

@) =nP®) -1 4, V@), nz N (13)

MeToa MUHHMAIIBHBIX HEBSI30K COCTOUT, KaK M3BECTHO, B BRIOOpE UTEpAIlH-

OHHOTO TTapameTpa rff“) B ¢opmyite (12) u3 ycroBuss MUHUMYyMa r,fk”)(S)H pu

, UTO TIPUBOJUT C ydeToM ypaBHeHHs (13) k sBHOMY

3aJIaHHON HOpME “rn(k)(?S)
BBIPXXCHUIO JUIS TTapaMeTpa

A &) (k)
r<"+l)=(\nrn ) = 4u ©)- 1,6). (14)

O‘IGBI/I,[[HO, POJib Ooreparopa Dn Opu KaXXJaoM n > N BBIIOJHSET TOXICCT-

n

4,

BEHHBII OIeparop.

PaccMOTpUM IPOEKIIMOHHO-MTEPAIIMOHHBI MPUHIUI perneHus 3axadn (1)
mpu yciaouu (8), OCHOBaHHBIA Ha MPUMEHEHHH K PEMICHUIO KaKIOTO U3 IPH-
OommkeHHbIX ypaBHeHui (10), HaunHas ¢ HoMepa n = N , UTEPAMOHHOTO METOa
(12), (14). [ocTpouB ¢ MOMOIIBIO 3TOTO METOAA IJISl 71 -0 MPUOIIKEHHOTO YpaB-
HEHMsl HECKOJIbKO NPUOIMKEHUH uf,k)(S) eH,, k=12,.,k, (k,<k(d)) n no-
JIOKMB MOCJIEHEE U3 HUX PaBHBIM HAYaIbHOMY NPUOIMKESHUIO AT CISAYIOLIETO,

k
(n+1)-ro ypaBHEHHS, MOJyYUM MOCIENOBATEILHOCTD {u,(1 ”)(8)}20: N DpubmmKe-
HUi K pemenuto u* € H ypaBnenus (1):

uf @) =u®P (@) -V (4, uP @) - £,8)), k=01, k, ~1;  (15)

u®,@) =u @), n>N; uQ @) eH,y. (16)

n+l

JlocTaTo4HbIe YCIOBUS CXOAUMOCTH MPOCKIIMOHHO-UTEPAIIMOHHOTO BapHaH-
Ta METO/Ia MUHUMAJIbHBIX HEBSI30K YCTaHABIMBAET TeopeMa 2.

Teopema 2. IlycTh BBINOJHEHBI YCIOBUS TEOpEMbl 1 M B MPOCKIIMOHHO-
urepanrionHoM Metone (14)—(16) mpu kaxaoM 7> N KOJIHYECTBO HTEPAITHA
k. <k(d), npuuem k(8)d—>0 mpu 6—0. Torma mociernoBaTeIbHOCTH

{u,(lk")(fi)}f: ~ » onpezensemas no gopmynam (14)—(16), cxoaurcs B H x pemre-

uuto u” ypasaenust (1) npu ycnosuu (8), ecnmu 8 — 0, U crpaBeUIMBa OIEHKA
HOTPEIIHOCTH

kn
Z](\(]))”+MZ +621(k) +Yas ZE\(I)) :ug\(]))(a)_ujv, y, mHaeTes
k=1

u,ﬁ"n)(a)—u*usxn(a), n>N, (17)

e x,(8)=u,

n

n—1

& ’ Tk " & k L
(1)0pMy.IIOI/I (7)> Wy, = qu‘] > Wy = Z 82‘[5”) TYm TV ma HCI]'] ’
j=N m=N k=1 Jj=m+1

0<g;<l.
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JokazareancTBo. Paccmorpum nipy n > N HEpaBEHCTBO

e u, € H, — To4uHOE pelieHre NPUOIIKEHHOro ypaBHerus (2). [l BToporo

u,ﬂk”)(?S)—u *

s” u,g"n)(é)—u,’;u+“ uy -’ (18)

cimaraemoro HepaBeHcTBa (18) nmeeM oneHky (7). OnieHHM TIEpBOE CllaraeMoe.
W3 ypaBHeHus (15) HEMOCPEACTBEHHO MOTyYaeM

ky—1 _
uy™ ®) =| [T - 4,) |uy” 3) +
Jj=0

k, ) k-1 o
+ S OTTE =% D g )| .8, n=N, (19)
n n n n
i=1 J=i

rre u,(,O) (0) € H,, — HauanbHOe npubmmkeHue, onpeaensemoe 1o popmynam (16).

%
I[JI;I TOYHOI'O pPEeHICHUs U, EHn MOXXHO BOCIIOJIB30BaThCA aHaJIOTMYHBIM

MIpEe/ICTaBIICHUEM
k=1 . ky k-l o
uy=| [TE-"Da) fuy +] DO TTE -4 | £, n=N,
j=0 i=1 Jj=i

KOTOPOE COOTBETCTBYET HMTEPALHOHHOMY pEIlEHHIO ypaBHEHHs (2), Koraa Ha-
YyajabHOE NPUOIMKEHUE COBIANAET C €r0 TOUHBIM PEILICHUEM.

() — k)
n

*
p (8) —u,, MoIy4NM BBIpaKEHHE

C yueroM (19) 115t HOTPEMIHOCTH Z
20—y oy s, (20)

rae

k-1
k, k,—J 0
i) = [TE =74, |2,

=0
k,, X ky—1 .

W) = | S OTTE =D 4,) [(f,8) = 1) 1)
i= J=i

[lepBoe cnaraemoe B BhipakeHUU (20) SBISICTCS CTaHAAPTHBIM JUIS MPOCK-
[IUOHHO-UTEPAMOHHBIX METOJIOB, BO BTOPOM XK€ CJIAra€MOM YYUTHIBAETCS IIO-
TPEIIHOCTh B 3aJJaHUH MPAaBOX YacTH ypaBHEHUS (2).

O603naunm uepes TN = E—1M 4, camoconpsuxenneii 8 H,, omeparop

nepexoja oT urepanuu k ureparuu B merone (12), (14) u ¢ yuetom ypaBHEHUs
(13) Oynem uMeTh:

Hrn(km (8)H < “Tn(k+1)

H‘r,fk)(f))u k=01, k, ~1. (22)

k+1
B 10 ke Bpems I yKa3aHHBIX HOMEPOB k TIpH BBIOOpE rfq ) cornacHo

BeIpakeHHI0 (14) HOpMa HEBSI3KU

rn(kﬂ) (8)” JIOCTUTaeT MUHHUMYMa; MO3TOMY,
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MOJIOKUB B ypaBHeHUH (13) BMecTO r(k D mr06oe JIpyroe, NOCTOSIHHOE IIPU J1aH-

HOM 1> N, 3nauenue 1, €(0,2/A;,), NONYYUM HEPABEHCTBO

k k
=B -, n0 9)] <

SHU?—rnAn)deSNS”E—rnAH
omeparopa A, IpHU YCIOBUH

W E) <4, [ @) arm

n

A Tak kxak g nonoxurensHoro B H,

T, €(0,2/),) umeem [1] ||E—rnAn|| =q,<l, 10

Bcex k=0,1,...,k, —1. Torga c yuerom (22) nonaydaem CleQyIOLIYIO OLIEHKY AJIS

HOPMBI OIlepaTopa Mnepexoa:
-

sy

<1, k=12,..k,, n>N. (23)

st BeIpaxeHus w,gk”) , >N B (21) Ha ocHOBaHMM cooTHoweHui (11) n

(23) 6ynem umeth
|1 @ - AU Tl -4
ORI

i=1

Jlaee, TTOCKOJIBEKY HayalbHAsl MOTPEITHOCTH MCTO,Z[a TUTS ypaBHeHI/IH ) c
(kn 1)(8) u

24

yueroMm (16) mpencraBuma B BUJIE z(o) = u(O) () - u

tYu vV, 0 N,

k *
SHZH_I) +Hun_1—u*H+Hu —u

U s v,gk”) Ha ocHOBaHWU cooTHomeHn# (20), (21), (23), (24) BemonHsIETCS pe-

KypCHUBHOE HEPAaBEHCTBO

k,—1 )
S (N E R I
j=0
(k1)
]+

(b
e

n-— 1)H+6 Zt(’)l Y Y, an" n>N;
ky— .
e <0 TTle - ] <ot
i—0

1) k
Wn—nl H—'—Yn—l +Yn)qnn S’

HOHLSyHCB 3THUMHU COOTHOLICHUAMU, IMOJTYYUM OLICHKY

<110 ) [azf(’)wmwmﬂJHq, n2N. (29

Jj=m+l
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BosBpamiasce k HepaBeHCTBY (18) 1 oueHHUBasi mepBoOe cCllaraéMoe B HEM C
yaetoM dopmyi (20), (24), (25), nmpuxoauM K oreHke morpemntHocty (17), u3 xo-
TOpPOW BHIHO, YTO TNPOEKIHMOHHO-UTEPAIIMOHHAS IOCIIECIOBATEILHOCTh TPUOIIH-
JKEHUN {u,gk”)(8)};f=N cxomutrcst B H k pemenno u” ypasHenus (1) mpu ycio-
BuH (8), korma n—>0 1 d —>0.

Teopema nokazaHa.

Paccmotpum Temepp NMpOeKIMOHHO-UTEPAIIMOHHBIA METO]] PEIIeHHS 3a1a4n
(1), (8), ocHOBaHHBI Ha MPUMEHEHUH K PEIIEHHIO KaXXI0TO U3 MPHOIMKEHHBIX

ypaBHeHwuit (10), HaunHas ¢ HOMepa n = N , UTepalliOHHOTO METOIa CKOPEHIIIero

(k+1)

coycka. ITapamerp T, B ¢opmynax (15), (16) BeiOMpaeM U3 yCIOBUS MHUHH-

MyMa 3HEPreTUYeCKOH HOPMBI MOTPEIIHOCTH ||z, MIpH 33/IaHHOW HOpMeE

, KOTOpOe ¢ y4eToM ypaBHEHHS AJs norpeimHoctH (Buga (13)) mpuso-

JUT K BBIPA)XCHUIO

e o G w0 g s, (26)
Tn (A0 0’ !

Kak u B Teopeme 2 nerko nokasarb, 4YT0

k+l1
y :H(E_Ti +)An)zn

<|E-v, a2 0), <lE-v,4

npu Jo0bIx 3Hauenusx 1, €(0,2/A,,), k=0,1,...k, -1, n> N . Ilootomy nss

orepaTopa mepexojia B MeTojie ckopemiero cirycka (12), (26) cnpaBeanuBa Ta ke
OLIEHKA, YTO U B METOJie MUHUMAJBHBIX HEBA30K (12), (14):

“Tn(k) “ =HE —®B g H <|E-t,4,]|= g, <1, k=12,.k,, n> N,

OTKy/ia CIIENyeT, YTO YTBEPIKICHUS TEOPEMBI 2 COXPAHSACT CHITy W JUIS MPOCKIIU-
OHHO-UTEpaMOHHOM peanm3aruu (15), (16), (26) MeToma cKopeHIIero cirycka.
U3 nokazatenscTBa TEOpeMbl 2 O CXOJIUMOCTH SIBHBIX TPOEKIMOHHO-
UTEPAIMOHHBIX METOIOB BaPHAI[HOHHOTO TUIMA st perenus 3aaayuu (1), (8) BbI-
TEKAET, YTO IIOCIEI0BATEILHOCTD {u,gk")(é)}ff:N cxomuTest K u-, ecit 0 —0,
IpHY POU3BOJIBLHOM BBIOOpE YMCeN k, , B 4aCTHOCTH, BCE 4ucia k, MOTYT OBITh
PaBHBIMU 1 CnenyeT, OJHAaKO, UMETH B BUAY, YTO C BO3paCTaHUEM 71 yBCJIMYMUBaA-
eTCsl 00bEM BBIYMCIUTEILHOU paObOThI, HEOOXOAMMEI JIJIsl HAX0XKIICHUS 0YEPETHO-
ro npubmmwkenus. [103ToOMy HY)XHO CTPEMUTBCSA K TOMY, YTOOBI 32 CYET MOJXO-
JS11ero BeIOOpa k, 1O BO3MOKHOCTU MaKCHMAaJIbHO MPUOIM3UTBHCSA K UCKOMOMY
PEIICHHIO TIPH JAHHOM 71 M TOJIBKO TOT[Ia TIepeXOoauTh K ypaBHeHuto (10) 60ib-
mweil pazmepHoctu. He cienyer taxxke BbIOMpaTh uucio k, IpU JaHHOM 7 CIIH-
IIKOM OOJIBIIIAM, IIOCKOJIbKY, HAYMHASI C HEKOTOPOTO MOMEHTA, YBEIIMYCHUE ITOTO
Yucia He IPUBOJUT K CYIIECTBEHHOMY YIYYIICHHUIO (TI0 OTHOIICHHUIO K PEHICHUIO
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u* MCXOTHOTO YpaBHEHHS) OUePEIHBIX MpuOMmKeHuit. Takum oOpa3oM, BO3HU-
KaeT BOIPOC O 1iesiecoo0pa3HoM BeIOOpe uucen k, (7> N ), OTBET Ha KOTOPBIH B
o0IeM ciydae 3aTpyJHHUTENICH, OTHAKO MOTYT OBITh JIJaHBI HEKOTOPbIC PEKOMEH-
pit:1107078

[ToacranoBka dopmyn (20), (24) u (7) B HepaBeHcTBO (18) mpUBOIUT
K OLIEHKE

rae T, = max rﬁj‘) . OTa olleHKa MOKa3bIBAET, YTO B CIIydae MPUMEHEHHUS MPOEK-
1<k<k,

u,(,k”)(S)—u*

s” v,g"n)u+6k,ﬁn +y,, n=N, 27)

[IUOHHO-UTEPAMOHHBIX MeTo0B (15), (16) ¢ BBIOOPOM HTEPALMOHHBIX ITApaMeT-
poB cornacHo BeIpakeHuto (14) (wmum (26)) mist pemenns 3axaquu (1), (8) mapa-
METPOM PETYJISIPU3ALUU SIBISIETCS KOIMYECTBO UTEpaUuil k,, KOTOpoOe CleayeT
COTJIaCOBBIBATh KaK C MOTPENIHOCTHI0 O B 3aJIaHUM MPAaBOI YacTH, TaK U C IO-
IPELIHOCTBIO Y, NMPOEKLUMOHHOro Merona. IlepBoe crnaraemoe B mpaBoil wacTu
(27) cTpemuTcs K HyJIO 1IpU k,, — o0, BTOPOE — pacTeT C KOJIMYECTBOM HTepa-
UM, TpeThe Ke He 3aBUCUT OT k, . [loHsATHO, uTO uncno k, JOCTAaTOUHO BHIOPATh

k)

TaKMM, 4TOOBI BEITHYHHBI , k,T,0 ¥ y, UMeIM OXMH M TOT e MOPSIIOK

MaJIOCTH; B YaCTHOCTH, POJb k, MOXET WMIrpaThb HAaMMEHbIIEEe M3 4Huced Kk
(k=0,1,...), yIOBJIETBOPSIOUINX HEPABEHCTBY

“v,(,k)“sM(k?n8+yn), n>N, (28)

rae M >0 — HeKoTopasi KOHCTaHTA.
Cnemyer oTMeTuTbh, 4To crnocoboMm (28) ompeneneHus uucen k, ymaoOHO

MOJIb30BAThCS JIMIB B TEX CIIydasX, KOTJa MCIOIb3yeMble 3/1eCh BEIUYHHBI, BXO-
JSIINME B OLEHKY HOTPEIIHOCTH (27), JIETKO BBIYUCISAIOTCS, YTO HE BCETJa BBINOJI-
HSIETCS IIPU PEIICHUH NIPAKTUYECKuX 3a1ad. HexoTopele npyrue cnocoOsl BeIOopa
qucen k, (n= N ) MoxHO HaliTu B pabore [13].

OTmeTnM, YTO METOJBl MHUHHUMANBHBIX HEB30K (12), (14) m ckopeiimero
crmycka (12), (26) mpu pemieHnn ycToMumBBRIX ypaBHeHHH Buma (10) cxomsarcs
C TOM K€ CKOPOCTBIO, YTO U METOJ IIPOCTOI UTEPAUK C ONTUMAIILHBIM MTapaMeT-
pom 1, =2/(hy, +X, ,) [16]. lpu pemeHnn >xe HEKOPPEKTHBIX ypaBHCHWH

(10), xorza oTHOmEHNE Ay, /A, , HAMOOJNBUICIO M HANMEHBIIETO COOCTBEHHBIX

3HAYCHUHN oreparopa An BCJIIMKO, 9T MECTOJAbI CXOIAATCA OOBOJBHO MCIJICHHO.

[IpoekrOHHO-UTEPAIIMOHHBIN TIOJXO0/ IMO3BOJIICT YCKOPHUTH CXOAMMOCTH IIPO-
1[ecca UTEPAMOHHBIX MPHOIMKEHUH K pelleHnto ncxoqHou 3anaan (1), (8) u tem
CaMbIM YMEHBIIUTh KOJMYECTBO BBIYHUCIUTENBHBIX 3aTPaT, MOCKOJBbKY 3HAYH-
TEeJIbHAsI YacTh ITUX TPHOIMIKEHUN CTPOMTCS Il MPUOIMKEHHBIX YpaBHEHHN
(10) meHbIIEH pa3sMEpHOCTH MPU HEM3MEHHOW IMOTPENTHOCTA O WX IPaBBIX Yac-
Teil. YCKOPUTHh CXOJUMOCTh MTEPAIIHOHHBIX METOJIOB MPH PEIICHUH TPUOIHIKEH-
HBIX ypaBHeHUH (10) MOKHO MpUMEHEHWEM HESBHBIX UTEPAIIMOHHBIX METOJOB, B
TOM YHCIIE C IEPEMEHHBIMH UTEPAIMOHHBIMH MTAPAMETPAMHU.
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TUMNa (CKOPEHIIero CIycka U MUHUMAJIbHBIX HEBS30K), JAJIS peIIeHUs] HEKOPPEKT-
HBIX JIMHEHHBIX ONEPaTOPHBIX ypaBHEHWI B TMJILOEPTOBOM MNPOCTPAHCTBE, AJIS
KOTOPBIX HE BBIIOJHACTCS TPEThE YCIOBHUE KOPPEKTHOCTH 3aladu Mo Axamapy
(ycroituuBocTh). JlokazaHbl TEOPEMBI O CXOIUMOCTH METOOB, IOIYy4€Hbl OLIEHKU
norpemHocTy. Jlansl peKOMEHIAIMY 10 BEIOOPY PEryISpU3UPYIOIIET0 KOJIHYECT-
Ba UTEpaLUi NpU PELICHUH KKIOr0 U3 MpUOIMKEHHBIX YPaBHEHHUH, paccMaTpu-
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