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ANALYSIS OF NEGATIVE FLOW OF GRAVITATIONAL WAVES

Y. MATSUKI, P.1. BIDYUK

Abstact. In this article, we made the mathematical explanation of the anti-
gravitational waves, by the inspiration that we got from the observed positron in
cosmic rays. Then, we analyzed the mathematical difference between positive and
negative flows of gravitational waves; and we calculated the spin of the negative
flow of gravitational waves, which is used to stabilize the movement of the waves.
In the mathematical formulas we found that positive and negative flows move in op-
posite directions from each other; therefore, if we see the spin (rotation) of the
waves from the planet that emits the waves, the positive flow rotates anti-clockwise,
while the negative flow rotates clockwise. We also investigated the possible origin
of gravitational waves, and concluded that the negative flow can occur when the
positive flow appears, leaving holes behind, in the gravitational field, which is trig-
gered by the movements of a large mass of the planet.

Keywords: Gravitational waves, antimatter, rectilinear coordinates, negative energy
flow, spin of gravitational waves.

INTRODUCTION

In our previous research [1], we calculated the energy density of gravitational
waves from Moon, assuming that it influences Earth’s global temperature. How-
ever, the result of the analysis showed that the energy density of Moon’s gravita-
tional waves toward Earth’s global temperature was negative in comparison with
that of Moon’s gravitational field.

After this result of the analysis, we held a question: Don’t gravitational
waves really exist? For answering to this question, we continued the research by
setting new tasks: (a) to compare the characteristic of gravitational waves with
that of electron and positron, where positron is the antimatter of electron, and (b)
to find the mechanism that creates negative flow (antimatter) of the gravitational
waves. Here, we set the task (b), because all the particles (waves) must have their
antimatters. So, we thought that the existence of antimatters is a prerequisite for
confirming the existence of gravitational waves.

In order to implement these two tasks, we took the following steps: (1) to in-
vestigate the findings from the observation of electron and positron in the cosmic
rays, (2) to review the theory of electron and positron in quantum mechanics, (3)
to investigate the mechanism that produces gravitational waves, (4) to make the
mathematical formula of negative flow of gravitational waves, and (5) to compare

© Y. Matsuki, P.I. Bidyuk, 2019
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the spin momentum of negative energy flow with the spin momentum of positive
energy flow. We selected the spin momentum as an indicator that is to illustrate
the characteristic of gravitational waves, which we made in our previous research
for positive flow of the waves [1].

Above (4) and (5) are our original, while we analyzed the ratio of posi-
tron/electron for the task (1) from the information that we took from [2]; and, we
took the necessary equations from Dirac [3, 4] for the tasks (2) and (3).

ANALYSIS

Observed electron and positron in cosmic rays

Fig. 1 shows the observed ratio of positron to electron in cosmic rays, with the
intensity of electromagnetic energy that was related to the creation of the posi-
tron [2]. It shows that more positrons were observed when the related electromag-
netic energy was stronger. And, then, in order to further investigate Fig. 1, we
analyzed this data with the method of the Least Squares Estimates of Classical
Regression Model.

We show the result of the analysis in Table 1 and the descriptive statistics of
the data in Table 2. The regression model is ¥ =a+bX , where Y is the ratio
of positron versus electron, X is observed energy of the electromagnetic
field, and a and b are coefficients. The calculated coefficient is

b=5,572-10*+9,455-10" with 95% confidence interval, +1,560-10*with
90 % confidence interval, and +1,763 - 10~* with 85% confidence interval, where
we assumed the standard normal distribution of the coefficients. This calculated

result indicates that positron (antimatter of electron) is more observed in the
higher energy of the electromagnetic field.

012

01 r

=
-
L=

=
=]
[4=)

positronfelectron ratio

=
[}
[55)

0.07 +

0.06

2.424 3636 5714 8.000 17.183 27778 50.000
2941 4242 6.048 10.185 19.155 38621 80.000
Energy (GeV)

Fig. 1. Observed ratio of positron to electron and energy of the electromagnetic field*
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*Note: Remake from [2]. This source article explains that the lower rate of posi-
tron/electron observation below 10 GeV is due to the new solar magnetic field polarity
after the year 2001.

Table 1. Summary of the least squares estimates

a 6,964-1072
; Coefficient 5572-107
Standard error of Coefficient 4.824. 107°
R* (coefficient of determination) 0,9175
Durbin-Watson Statistic 2,341
Sum of Squared Residuals 1,857 - 1074

Table 2. Descriptive statistics

. . . Electro-magnetic energy

Variable Ratio of positron/electron of electron and positron (GeV)
Mean 8,065-1072 19,77
Standard deviation 1,316-1072 22.61
Minimum 6,820-1072 2,424
Maximum 0,1147 80,00
Skewness 1,453 1,408
Kurtosis 3,934 3,965

Valid number 14 14
of observations

Mathematical formulas of electron and positron

Paul Dirac [4] predicted that both positron and electron are balanced, therefore
they are not usually observed; but the positron appears with presence of the elec-
tromagnetic field. The equation of motion for an electron in the electromagnetic
field of hydrogen atom is:

e e e
{(Po +—Aoj—0°1(171 +—A1J—0ﬂ2[192 +—Azj—
C C C
—0L3(p3+£A3j—ocmmc}‘P=0. (1)
C

Here, p; (i=0,1,2,3) are momentum of electron, o, are coefficients that

. e .
give angular momentum of electron, and — 4; are electromagnetic field of hydro-
c

gen atom, e is electric charge of electron, c is a constant, and W is the wave func-
tion of electron (1).
The equation of motion for positron is:

e e e
{[—Po +—Aoj—0‘1(—P1 +—Alj—0‘2[—l72 +—Azj—
C C C

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2019, Ne 4 9
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e p—
- a{— D3 +—A3)+ ocmmc‘I’} =0.
C
Here, V¥ is a wave function of positron.
Equations of motion for gravitational waves and anti-gravitational waves

From the implication of the equations of motions for electron and positron, we
formulated the solutions of the equations of motions for positive flow and nega-
tive flow of gravitational waves.
For positive flow of the waves For negative flow of the waves
(from [1]) (Our new idea)

At first, we have the solution of the equation
of motion, which is energy density of gravi-
tational waves, which move in one direction

of x° with the speed of light: 16nt) = %{_“11 (cup) = (-up)? )

We think that the negative flow of energy is:

1
167“8 = Z(”u —”22)2 —”122 2

Below, we show how the equations (2) and (3) are derived from the equation (8), which
will be explained in the latter part of this article:

According to Dirac [3], the necessary condition for solving the equation of motion of]
2
0" 8po
oxMox
contravariant vectors that are described in the 4-dimentional curvilinear coordinates, and

the gravitational waves is g""g .5\, =0, while g5\, = , where x° are the

g"¥and 8po are fundamental tensors. Now we take rectilinear coordinates system as
approximation of curvilinear coordinates system, then the second derivatives of

e 8pouv = O are considered to be resolved (integrated) already; and, then, and we de-

fine g, o =u,yl;, Where u,, is the derivative of the function g, of /;x®, where

pv
02,y o . .
8o = o andp, v, o are the suffixes that indicate those coordinates; while, we
’ ox

assume that the waves move in only one direction of the space, L, v, =0, or 3, where

0 is for time, and 3 is the selected one direction. Also, we put uwuv” =u, " =u , where

n

ut

are contravariant two-vector tensors and u,,,, are covariant two-vector tensors, and
— . : . po _ _
Upy =Uyy s and, [; are constants, which satisfy g lplcy =0. Therefore, 8uv,o =

I is regarded as the first integral of g"" 8pouv = 0, then the equation (6), which

= uuv,cs G

‘ . N 1
is shown later in the latter part of this article, becomes g" Vuwl\, = 3 g

1 1
then (uy,, —Eg”Vu)ZV =0, and T}, =§(uﬁlc +ubl, —u,;I"). Meanwhile, the gen-

eral formula of the action integral is [ = JR, [—det 8uv dx’dx'dx?dx® , where R will be
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explained later with the equation (4). R=g" VRHV =g""(T :G’V -TI :V’G) — L, where
L=g" (T8, —T/5Iy,). Then, L for the waves moving in one direction becomes:

1
L= —g“vfﬁc \j’p = —Zg“V (uﬁlc +l/lglu —uuclp)(ufflp + uglV —uvplc) .

With the constraint, 0L =0, the solution of the above action integral is expressed by the

pseudo-tensors tuv that lead to the spin momentum densities of the gravitational waves:
\ 1 of 1 2 \ . . . . .
lom ¢, =5(uaﬁu —Eu Myl where [ is one direction, in which the waves are

moving in. Here, we consider the gravitational waves moving only in the direction of x ,
therefore lo =1, Il le =0 , and 13 =-1.

Below, we calculate the spin momentum den-(Below we calculate the spin momentum
sities of the positive flow of gravitational|density of the negative flow of gravita-
waves in rectilinear coordinates, as approxi-|tional waves in rectilinear coordinates, as

mation of curvilinear coordinates approximation of curvilinear coordinates
168, = (1/2) (1™ — (1 2P0+ | 16783 = (1/2) mugu™ = (1 2}, 1
3 A% 3 v
u;lv = Zu;lv uplv = ZupIV'
v=0 v=0
For p=0: For p=0:

3
uFV,lV = Zuglv = uglo + u(l)ll +u312 + u813 =
v=0

=u8 +O+O+u8 =g00u00 —g33u03 =
:uOO +M03 = (1/2)1/{[0 = (1/2)1/{ .

1 0 0 O
Here, |0 =10 0 , therefore 3
g = 0 0 -1 0 uply, = Y ujl, = —ugy —ugy =—~(1/2)u .
v=0
0 0 0 -1

gOO =1, and g33 =-1.
Also, for contra-variant vector 4" and

covariant vector A,, A" =g"™ 4, ., and

H’
00

4, =g, A" therefore, for example, u" =
_ googoouOO’ 410 :gngooum’ and
”8 =g33u03~

For p=1: For p=1:
u1010+u1111+u1212+u1313=u10+0+0+u13= v 3.,

00 13 uplv = Zuplv :—MOI —U13 :0 .

=g ug —g uzy =ug +uz =1/2)ul; =0. v=0

For p=2: For p=2:

ully +ully +1u3ly +u3ly =ud +0+0+u3 = v o 3 v 0
upv_zupv__u()Z_uB_ :
v=0
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=g"ug, — g uzy =ug, +uys =(1/2)ul, =0.
For p=3:

uglo +u§ll +u3212 +u3313 =u§) 4—04—0—u33 =
= 8%ug; — g7 uyy =ugy +uzy =(1/2)uly =
=—(1/2)u.

Thus, gy =—-ug; +(1/2)u and
usz =—ugy —(1/2)u .

Therefore, ugy —uz3 =(1/2)u -
—(—1/2u)=u, and wuyy +u33 =—2uy;3,
where uy; =u5. Also, uy, =g u'l, =0,
and uy, = gpusl, =0,
therefore u;| +u,, =0.

00 11 22 33
:1’ :g = :—1’

Here, g g

and g% =gP=g®=gll=gP=g"=
20 _ 21,23 _ ;30 _ 31,32

=g =g =g =g =g =g =0.
Then, 167, = (1/2)(uogu*® —

—(1/2)u*)1,I" becomes

16m-1] =(1/2){ i(uaﬁu“ﬁ —(1/2)u2}.

o,pB=0

Here,

3

Zuaﬁuaﬁ —(1/2)u® = ugou®® +uy ' +
o,B=0
+ u22u22 + u33u33 + 2u01u01 + 2u02u02 +
+ 2u03u03 + 2u12u12 + 2u23u23 + 2u31u31 -
—(1/ 2 =upog™g®ugo +u g g Muyy +
+1uyg 7 g Uy, + u33g33g33u33 +
+2ug,8 Wg! 17/’01 +2upg Yg 22“02 +
+ 2u03g00g33u03 + 2u12g1 1g22“12 +
+ 2u23g22g33u23 + 2ug 1g33g1 1M31 -
- (1/2)u2 = u§0 + ulzl + u%z +u323 +
+(=1)2ud, + (=D2udy + (=1)2ul; +
+2udy + 2udy + 2ud — (1/2)(ugy —u33)* =
= ufy +udy + 2uiy = (1/2)(ug — us3)” =
=(1/2)(uy, —u22)2 - 2”122 .

Because: uy; +uyy =0, uj; =—uy,

2 2 2 2 52 2 _
ujy =y, ujy +uy =2y, (U —Uy)” =

Then,
16nt: =(1/2){

becomes
l6mt] = (1/2){

Here,

a,B=0

2
+2ug,” + 2ug

2
- 21/{23 - 21/13

—2(-upy)’.

For p=3:

3
v=0

Thus,  —wugy =uy; —(1/2)u  and
—uyy =upy +(1/2)u.

Therefore, —ugyy +u33 =—u and
—ugy —Uz3 =2uUg3, where Uy =uzg.
Also, uj = gllullll =0, and uy =

= g22u2212 =0, therefore —u;; —u5, =0.

~togt ™ = (~(1/ 2}, 1

23:(—%,3140‘B —(1/2)(-u?)
o,B=0

i(—uaﬁu‘*ﬁ —(~(1/2)u*) =

= ()’ — (uy)* = (uzy)” = (uz3)* +

2 2 2
o+ 2uyT = 2uyy —

ZH /2’ =

= —u112 —u222 - 214122 + (1/2)”2 =

=2u3, +2upy” = (1/ 2)(~uy; +up)” —

Because: —u;; —uy =0, —uj =y,

}.
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=(—uy — ”22)2 = (_2”22)2 = 4“%2 5
(1/2)(uy; —upy)* =2u3, .
So, 167ty = (1/4) (g, —ry)* —uds .

And then, we assume an infinitesimal ro-
tation operator, R , in the plane of contravari-

ant vectors x'x>. If it is applied to any vec-
tor, A;, A,, it has the effect: R4, =4,,
RA, =—A;, and R*4 =RA,=—-4,, s0
iR must have the eigenvalues =1 when ap-
Here, iR =*1. So, the
operator R makes anti-symmetric change of]

the vectors.

4
o

plied to a vector [3].

X2

- 4,

When we apply this infinitesimal rotation

operator, R, to u,, =4,4,, the rotations

will occur as follows:

Ruyy = R(A44) = (R4) 4 + 4 (R(4) =
= Ay A+ A Ay =y, +upp =2uy,,

where Uy =y, .

Ruyy = R(A414,) = (R4 A, + A4 (RA4,) =
= Ay Ay + A (—A4) =up —uyy .

Ruy, = R(4,4,) = (RAy) A, + 4, (RA,) =
=—A Ay + Ay (—A4) = —uy —uy; =—2uy, .
R(uyy +up) = R(A4 4 + A, 4,) =
=(RA) 4 + A4 (RA) + (RAy) A, + 4, (R4, ) =
=4 + A4, — A4, — A4, =

=2u, —2u;, =0.

R(uyy —uy) = R(A4 4, — Ay 4y) = A, Ay +
+ A4, + A Ay + Ay A =444, = 4uy, .
R*(uyy —up) = R(R(uy, — 1)) =

= R(Ruy) — Ruy,) =

=RQuyy —(—2uy,) =2Ruy, + 2R, =

=2(uyy —uyy) + 2(uy —uyy) =

2 2 2 2 2
upp =uyy , Uy +uyy =2uy,
2 2 2
—ujp —uy =—2uy,
2 2
{muyy — (Fup)}” = {—(-up) — (~up)}
2 2 2
=(upy +uyy)” ={—("2uy)}” =4uy”,

(1/2)(uy; +1uz)? = 2uy”.

So,

0 2 2
1oty = (1/4){—uy — (-un)}” —(-up)”.

Then, we assume an infinitesimal rota-
tion operator, R, in the plane of con-

travariant vectors x x~. If it is applied to

any vector, A4;, A,, it has the effect:

R(_Al) = —Aza R(—Az) = Al >
R*(—~4)=R(-4,) = 4,
X2
-A, Ay
. -
—A>

and

When we apply this infinitesimal rotation
operator, R, to —u,, =-4,4,, the rota-

tions will occur as follows:
= R(_AIAI) = (R(_Al ))Al - Al (R(A1) =
=—dy Ay — A4y =—uy —upy =—2uy,,

=(—R4,)A; — 4, (RA,) = A4, + 4,4, =
=upp iy =—(-upy —uy) =
=—("2uyp) = 2uy,;

R(—uyy —uy) = R(—=4,4, — A, 4;) =
=—(RA)) A — A (RA) — (R4, ) 4, -
—Ay(RAy) = —Ay Ay — 4 Ay + A 4, —
—Ay (—A4)) = —2uy, +2uy, =0;
R(=uyy +uy) = R(=44, + 4,4,) =
=—A — A4, +(—A4) A, + A (-4) =
=—4A4,4, =—4u;, .

R*(—uyy +1up) = R(R(=ty; +1t5,)) =
=R(—Ruy; + Ruyy) = R(=2uyy —2uyy) =
=—2Ruyy —2Ruyy = =2(up —uyy) -

R(-uyy)

where u2] = u12 . R(—ulz) = R(_A1A2) =
=—do Ay — A (—4) = —uy +uyy =
=—(uyy —uyy). R(-up)=R(-4,4y) =
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=4(uyy —uyy) = =4y —uy) . = 2(uyy —uyy) = —4(uyy —uyy)

Uy +uy is invariant because| = —4(—uy; +uyy) . — Uy — Uy, is invariant
R(uy; +15,) =0 as shown above, and iR has|because R(—uj; —u,,) =0 as shown above,
and iR has the eigenvalues +2 when
applied to —(uy| —uy,) or —uy,.
Therefore, (1/4){~ut;; —(=tt2)}* +(~uy,)>

. corresponds to spin — 2.

ponents of Uap that contribute to the mo-|we add minus-sign to 2, in order the show
the direction of negative flow, as shown in
Fig. 2.

(Also see note* bellow to compare this
result with electron’s spin momentum.)

the eigenvalues +2 when applied to
Uy —Upyy Or Uy .

Therefore, (1/4)(u;, —u5,)> —ujy (the com-

mentum density of gravitational waves) cor-
responds to spin 2 [3].
(See note* bellow.)

The geometric relation between the positive flow and negative flow of gravi-
tational waves is shown in Fig. 2.
2 2

=
=

Negative
flow

Positive
3 flow

Fig. 2. Calculated directions of spins

Note*: In the equation of motion (1) for electron in the electromagnetic field of
hydrogen atom, the infinitesimal operator iR for the rotation of the electron in the plane

of x*x* is —a,p,; and it has the eigenvalue of +(1/2); because, the necessary
condition for solving the equation (1) is : 7y +ikS| =ificp,(cyp3 —O3py) +
+2icp (03 p; —0,p3) =0, and 2icp,(c3p, — G, p;) is invariant with ik, . So, i =2i,
then i=(1/2)h. Therefore, the spin momentum of electron is (1/2)Ac,. Here m is the
orbital angular momentum of electron in hydrogen atom, m is its time-differential of m
and &, is the time-differential of G, and the suffix 1, 2, 3 represent matrices of tensors

0010
in 3 space coordinates, ¢ is a constant, and P = 0001 ; his Planck’s constant and
1 000
0100
0001
O is a matrix 0010 , which makes o; by ¢p;o; =0, .
0100
1 000
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Here, it is noted that, in quantum mechanics [4], rectilinear coordinates are
used, but not curvilinear coordinates; while, the rectilinear coordinates system
holds 4 x 4 combinations of vectors, the curvilinear coordinates has 4 x 0> combi-
nations of vectors.

For positron, instead of electron, i# is replaced by —i% in the above equa-
tions.

Mechanism to create gravitational waves

The next research question is “how are both positive and negative flows of gravi-
tational waves made?” We think that the answer for positive flow of gravitational
waves is described in Einstein’s General Theory of Relativity [3]. In this theory,
Einstein used Riemann’s geometry to describe his idea of gravitational field of a

planet. The gravitational field is a tide of vectors éi ,wherei=0,1, 2, 3, and the
Qi

tide is to be made as the effect of differential, a;’ % = RE', in the curvature of the
t

. . . 1 . .
4-dimensional coordinates, where R ==, and a 1is a radius of the curved sur-
a

face [5].
In order to further generalize the curvature of the 4-dimensional coordinates,

Einstein used Riemann tensor for setting the condition to solve the equation of
2

motion, V,V, &+ Riemann(...,u,§,u)=0, where V, V, = uis the vector

_,
ds?

dx*
u=——-ce
dv "

ey, €, €, ezare basis vectors that lie in the directions of their increasing order

= u“eu, which are tangent vectors to the center of the curvature, and

of the coordinates of xo, xl, x2, and x3; also, AL =Ax%¢,, where

o

d¢-d¢ = ds? = g(wabco‘abcB , and ds is the length of the travel of particles along the
geodesics, and Riemann tensor is Riemann, (w*,x",e,,x"), where a =0, 1,2, 3,

and w® is the gradient (deviation) of the coordinates, which means w® =dx®.
And then, the condition for solving the equation of motion becomes
2¢0 B 8
d-¢ L RE dx £ dx” _ 0
2 prd )
ds dt dt
Then, in case of w"=¢,, Ricci tensors become Ricci(u,v)=

U

. o y L o . ..
= Riemann, (w",x",e,,x ), which is Ruv = RHOW. Then, in case of p=v, Ricci

tensors become the curvature scalar, R, where R = Ricci(w®,e,)=R; . Mean-

while, Einstein defined the differential symmetries of Riemann tensors to describe

1

the gravitational field with the curvature: G, =R, ——g,,, R ; then, he assumed
2

uv
R, =0 “4)
in the empty space where only gravitational field of a planet exists.
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Then,
Ry, =T% T F%+FBFB =0,

poL,v uv,o

1
where T, =E(guv,0 + 8oy ~8vou) -

In rectilinear coordinates as an approximation of curvilinear coordinates,
~T Dy + 0, =0, then R, =T}, , —T%,, =0.

pvs o poL,v pv,o

On the other hand,
Rivps =% (guc vp ~ &voup ~ &upvo T &vp o) F rﬁucrvo rﬁuprﬁ

By interchanging p and p, and neglecting Fﬁwl“f‘p —Fﬁppl“f‘g to replace

curvilinear coordinates by rectilinear coordinates we have:

R, =g"R

— oPS —
pv uvps — 8 (gpc,uv ~ 8vo,up ~ 8up,vo + gp.v,p(s) =0.

Then,
8" (8v.p0 ~ upvo ~8powp + Epoy) =0- )
On the other hand, the moving particle in a scalar field of potential energy V'
follows d’Alambert equation VV =g"'(V,, ~T{3,V,)=0. In order to describe

the gravitational waves moving in the 4-dimensional space, we replace V' by vec-

tors x* by a certain coordinate system in which xz = gé , then d’Alambert equa-

tion becomes g™’ gé,v - g goL =0 then g“"l“,ﬁ”V =0. Meanwhile,

o 1)
ruvzg prpp,w:zg p(gpp,v+gpv,p_gpv,p)’

SO

1
__gpv,p)z()’

uv)»_l AP v . _ _Ap_uv
g rpv_ g8 (gpp,v+gpv,p, gp,v,p)_g 8 (gpp,v 2

2

where g, = Vo oy + Vavudp = Vupv¥ i T VnuwYp = oy » Where pand v are
in symmetrical relation in the equation, therefore they are exchangeable; and,

oy" (x"
V= yo(x7)
oxH

spaceof y", n=1,2,....,N.

, u=0, 1, 2, 3, while x" are located in N-dimensional physical

Therefore,

1
guv[gpp,v _Eguv,pj:()' (6)

Then, in order to describe the waves moving in the gravitational field, it is differ-

entiated by x° once again,

d 1 1 1
JxC® gpv(gpp,v _Egpv,pj = g,ucv(gpp,v _Egpv,pj+gpv(gpp,vc _Egpv,pcj =
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1
:guv(gup,vc _Egpv,pcj:()' (7

) 1
In the equation (7), g'¢' (g oy T

58 u.p) =0, because g, is constant in rec-

tilinear coordinates system, therefore Spuy = 0.

By interchanging p and o,

1 1
gHV (gpcy,vp - Eguv,cyp) = gHV (gp,c,vp - Egpv,pcy) =0. (8)

By adding (5), (7) and (8),
g% gpo v =0. ©)

It satisfies d’Alambert equation, so it describes the waves that travel in emp-
ty space.

Note: The equation (2) is the first integral of equation (9) in rectilinear coor-
dinate system (flat space); however, here is a paradox: the gravitational waves are
predicted in the curvilinear coordinate system (curved space) where the waves
move on the curved surface of the coordinates. However, if it is in the curvilinear

coordinates, —T'% TP, + SBFE‘G #0 for the equation (4), Fﬁml“ﬁ P =0

uv: ap vp Fﬁup
for the equation (5), and g'Y(g,,..y —% guvp) # 0 for the equation (7); then, we

are not able to get the equation (9), which enables us to calculate the spin momen-
tum densities with the equation (2). It means that the equation (9) is only an ap-
proximation, which is given by the condition that the waves move only in one

direction of /,x° as if the waves move in the rectilinear coordinates system.

Mechanism to create negative flow of gravitational waves

On the other hand, we think that the negative flow of gravitational waves must be
described by:

- guvgpc,uv =0.

This means that the negative waves move backward from the direction of the
positive flow of the waves. When the positive flow moves forward, it creates vacuum
or hole in the geometric structure of the gravitational field of the equation (4).
This explanation corresponds to Dirac’s explanation about the creation of
positron [4]. And, then, we have made the following explanation: Usually, the
positive flow and the negative flow should be balanced; therefore, neither of the
positive flow nor negative flow of gravitational waves is observable. However,
when planet moves, the movement of the mass of the planet breaks the balance;
then gravitational waves of both positive flow and negative flow appear.

CONCLUSIONS AND RECOMMENDATION

In this research, we investigated a question: “Do gravitational waves really ex-
ist?” As the result of our investigation, we didn’t find the straight answer, but we
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found that the gravitational waves must have both positive and negative flows if
they exist. So, we also investigated one more question: “How are both positive
and negative flows of gravitational waves created?”

To find the answer for this second question, we made the negative image of
the energy flow of gravitational waves, and calculated its spin momentum, and we
compared it with the spin of the positive flow. As the result, we found that the
negative flow of gravitational waves moves in one direction, spinning clockwise,
while the positive flow of gravitational waves moves in opposite direction to that
of negative flow, spinning anti-clockwise, when looking at both flows of the
waves from the producer (planet) of the waves.

Then, we found a possible explanation about the process that creates the
negative flow of gravitational waves. In the process that creates positron (antimat-
ter of electron), electron and positron are usually not observable because they are
balanced in the space. However, getting magnetic radiations, electron appears and
also positron appears as the hole from where electron goes out. Similarly, positive
flow and negative flow of gravitational waves are usually not observable, but
when the planet moves, the gravitational waves appear from the gravitational
field; and then, when positive flow appears, negative flow also appears as the
vacuum of the gravitational field, which is made by the positive flow.

A paradox still remains. The mathematical explanation of gravitational
waves is made by the curvature of the gravitational field; however, our approach,
shown in this report, used the system of rectilinear coordinates, and it is only an
approximation for very small range of the curvilinear coordinate system. There-
fore, we still need further investigation in curvature coordinate system, to find
more general explanation.
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MOJAEJIOBAHHS PEXKUMIB POBOTHU IBOMAIINHHOI'O
ACHHXPOHHOI'O AI'PET'ATA
Y TPUPA3HINA CUCTEMI KOOPJIUHAT

B.B. JIYIIbO, A.M. CUIbBECTPOB, JL.IO. CIIIHY JI

AHoTamisi. Po3po0ieHHsT eKCIIepUMEHTANBHUX 3pa3KiB HOBHUX BHIB €JICKTPUYHHX
MalIlIMH, a TAKOXK IMOIIYK HaHOUIBLI MepCHeKTHBHUX HAIPSMIB X BUKOPUCTAHHS I10-
TpeOyIoTh IPYHTOBHUX TEOPETUYHMX NOCHiIKeHb. HasBHICTH ajexBaTHOI MaTeMa-
TUYHOT MOZEINI JT03BOJISIE MEpeI0AYNTH MOXKIIMBI HEAOMIKH B poOOTI MalOyTHIX 3pa3-
KiB Ta YHHKHYTH 1X Ha eTali IPOCKTYBaHHS. 3alpOIIOHOBAHO MAaTEMaTH4YHy MOJEIb
JIBOMALIMHHOTO aCHHXPOHHOro arperata [1] 3 pyxomMuMm iHAyKTOpoM y TpudasHiii
cucteMi KoopauHAT. Mojieni IepBUHHOI i BTOPHHHOI aCHHXPOHHUX MaIIMH PO3Mi-
JICHO Ha JBi OKpeMi CTPYKTYpHi OfuHHUII. Y MOJEN BTOPUHHOI MallMHH BizoOpa-
JKEHO BIUIMB PYXOMOTO iIHAYKTOpa Ha pyX poTopa i 3a0e3nedeHo 3B’ 30K 3 IEPBUH-
HOI0 MAaIIMHOK 33 IUBHJIKICTIO Ta EJIEKTPOMAarHiTHUM MoMeHTOM. OTpHMaHO
rpadiku nepexiHUX MPOIECiB U POOOTH TBOMAIIMHHOTO aCHHXPOHHOTO JIBUTYHA
Y peKMMax XO0JIOCTOTO X0y 1 ITiJ] HABAHTAXXECHHSIM, a TAKOX ITi/l 4ac poOOTH OKPEMO
BTOpMHHOI MammnHu. Ha ocHOBI rpa¢ikiB mpoaHanizoBaHO BapiaHTH MYCKy BY3IiB
neuryHa. [ToOynoBana y cepemoBumi MatLab cTpykTypHa cxema MoJielli Ha0IHO
BiZoOpa)kae 3B’ 130K MEPBUHHOI i BTOPHHHOT MAIIIKH.

Kiro4oBi cjioBa: acHHXpOHHHI BUTYH, JBOMAIIMHHUI arperar, MaTeMaTu4Ha Mo-
IIeTIb, PyXOMUii iIHIyKTOp, Tprdas3Ha cucteMa koopauHat, MatLab.

BCTYII

Y mpoMHCIOBOCTI HaTeNep MHUPOKO 3aCTOCOBYIOTH TpU(a3HI aCHHXPOHHI JBUTY-
HH (A/]) B mmpokoMy Aiana3oHi MOTYKHOCTEH, MepeayciM 3aBIsuyloun iHKeHe-
py-nociigauky Muxaiiny Mocunosuay Jloniso-Jlo6poBonscskoMy. BecHoro
1889 p. BiH 30yayBaB nepmuii A/l motyxuictio 100 BT, po3pobusmiu i BripoBa-
JUBILIH TIepell UM SIK HalOUIbII JOUITbHY TpU(a3Hy MEPEKY CIEKTPOKUBICHHS.
BinToai npuHumn po6oTH i kKoHCTpyKUis Al maibke He 3MiHIOBanucs. [Ipocrora
KOHCTPYKIIii 1 HaAiiHICTh poboTH AJl 3 KOPOTKO3aMKHEHHUM POTOPOM € iICTOTHH-
MH HOrO mnepeBaraM BiIHOCHO €NEKTPOABUTYHIB IHIIMX KOHCTPYKLii. OmHak
IIBUJIKICTH 00epTaHHA Basa AJl oOMeXeHa 4acTOTOI HANPYTH >KUBIICHHS, L0
Ut ipomMuciioBoi yactotu f = 50 ['m ctanoBuTh MeHtie 3a 3000 06/xB. s 30i-
JBIIEHHS MBUIKOCTI HeoOXimHO A0 AJl momaBaTh HOpOTOBapTicHI i HEHAIIHHO
MPAIIOYi B YMOBaX 30BHIIIHIX €IEKTPOMATHITHHUX, TEIUIOBUX, paialifHAX Ta
iHmMX 30ypeHb HaiBIPOBIIHUKOBI TiepeTBopioBadi. OTke, aKTyallbHUM TOCTAJIO
3aBIaHHs CTBOPEHHS HOBOi KOHCTPYKLIT A/l, sika © 0e3 IiABUIYyBaIbHOTO PeIyK-
TOpa MOIJIa JOCSATAaTH LIBHAKOCTI oOepTraHHs Basma AJl i3 4acTOTOIO IMOHAJ
3000 o6/xB. Mopgens Takoro AJl Oymo cTBopeHo i 3amaTeHToBaHo [1].

© B.B. Jhyvo, A.M. Cinveecmpos, JLIO. Cninyn, 2019
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ITOCTAHOBKA 3ABJIAHHSA

HasBricTs Moneni [1] HoBOI kKoHCTpYKIii AJ] Ha erami ii moompaIioBaHHs i po3-
POOJICHHS TOCIIHOTO 3pa3ka JI03BOJISE, a MPAKTUKA, BIJIOBITHO, MOTPeOyE neTa-
JHHOTO MaTEeMAaTUYHOTO MOJIEITIOBaHHSA Po00oTH Takoro AJl y pisHuX pexxumax. Le
JTIaCTh 3MOTY III€ Ha eTamli MPOCKTYBaHHS IEIIO TOONTHMIi3yBaTH KOHCTPYKIIIIO i
pexxumu pobotu A/l K ABOMAITMHHOTO aCHHXPOHHOTO arperarta. TakuM 4HHOM,
y cuctemi MatLab Simulink HeoOXiZHO BHKOHATHM MOJIENIOBAaHHS 1 3°siCyBaTu
ONTUMAJIbHI PEXUMH HOTO poOOTH.

OcHoBHuME YacTrHaMu aBoMmammHHOTO A/l (prc. 1) € cratop / i3 Tpudas-
HOI 00MOTKOM0, pyxomuit inaykTop (PI) 2, skuit Bkitouae B cebe KOPOTKO3aMK-
HeHy 0OMOTKy nepBuHHOI MamuHu (IIM), a Takox Tpuda3zHy 0OMOTKY BTOPHH-
Ho1 MamuHU (BM), poTop 3, 10 MiCTUTh KOPOTKO3aMKHEHY 00MOTKY BM [1; 6].
Kusnennst Ha BM mojaeTscst uepe3 By30J KOHTAaKTHHX Kijielb 4, a MEXaHiYHe
HaBaHTKEHHS MOKE ITOJIaBaTUCh K Ha MopoxHUcTU Ban Pl 5, Tak i Ha Ban po-
Topa 6.

1

3
E e e . e s

(= ==
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R NN,
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Puc. 1. KoHCTpyKLisl TBOMAIIMHHOT'O aCHHXPOHHOTO arperata i3 PI

PoGora [IM HiuuM He BiIpi3HAETHCSA Bix poOOTH 3BHYANHOI aCHHXPOHHOI
MmamuHu. [Tonava TpudazHoi cuHycoinanbHOT Hanpyru Ha OOMOTKY cTaTropa MpHu-
BOJUTH y pyx iHAykrop BM. OOepToBe MarHiTHe moje, CTBOpeHe Tph(a3HOIO
00MoTKOI0 BM, IpHIIBHIITY€ETHCS Ha BEWMYMHY KyTOBOI mBuakocTi PI. OTxke,
Ha BaJly pOTOpa MaeEMO B pe3yJIbTaTi MOJIBOEHY KyTOBY IIBUAKICTB.

Jnst criporieHHs MoOyIOBH MaTeMaTHYHOT MOJET JBOMAIIMHHOTO acHHX-
POHHOTI'0 arperaTta Cno4aTky po3riIsIHEMO OKpeMo poooTy BM.

3a BincytHocTi xkuBieHHs [IM BM sBisie co6oto A/l 3 BilbHUM (HE 3aKpill-
neHnM) ctaropoM. OOepToBe MarHiTHe MoJie, CTBOpeHe TPU(PA3HO OOMOTKOIO
PI, HaBOUTh y KOPOTKO3aMKHEHIM OOMOTIII POTOpa €ICKTPOPYIIiHHY CHITY, IO
3YMOBJIIOE€ NIPOTIKaHHS B Hill cTpyMy. EneKkTpoMarHiTHMi MOMEHT, 110 BUHHUKHE
BHACIIIOK B3aeMOJii MoToKo3uerieHb Pl Ta poropa, mpuBene B pyX HE TUIBKA
porop, a i cam PI. 3a Tperim 3akoHOM HpIOoTOHA, OCKiNbKH HeMmae mpotuaii, BM
HE MPOTHUI€ BIUTUBY €JEKTPOMArHiTHOro MoMeHTy Ha Pl (kpim TepTs y mimmmr-
aukax ). Tomy Pl oGepraTnMeTbes y IPOTHIICKHOMY BiJI pOTOpa HAMPSMKY.

PosrisHemMoO enekTpoMarHiTHI MPOIecH, SKi mepediraroTh B o0MoTkax Pl ta
poTtopa y pyxomux Tpuaznux cucremax koopaunHat (CK).

Cucrema koopaunat Pl (ABC) obepTaeThcs 3a TOMUHHUKOBOIO CTPUIKOIO 31
MIBUIKICTIO ®,; BimHOCHO Hepyxomoi CK ( 4yB,C, ) cratopa, a CK poropa (abc)
— IPOTU TOJUHHUKOBOI CTPIKHM 31 MBHUIKICTIO ®, (pHc. 2). B3aeMHe monoxeH-

Hs Tpudasnux CK PI ta potopa B KO’KEH MOMEHT Yacy MOKHA OIMHUCATH 3a JA0IO-
MOTO0 TaKHX BEJINYMH:
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Y, (t) — KyT Mixx ogHoliMenHUME ocsimu CK portopa i Hepyxomoro CK;
Y, () — Kyt Mix onHolimenHuMH ocsiMmu CK PI ta Hepyxomoro CK.
Tomi kyT Mixk ogHoliMmeHHuMHE ocsimu CK PI ta potopa ctaHOBUTHME
Vrir () =7,.(0) =7, (1) . )

3B’s30K MK KyTamu TToBopoTy i1 kyroBumu mBuakoctsMu CK PI ta poropa
MOJKHA OIUCATH Yepe3 MOXIAHY:

0,0 =20,

0,0 =0,

38’130k Mixk KyroBumu mBuakoctssMu CK PI ta potopa i BignoBimHumu im
MEXaHIYHMMH KyTOBHMH IIBHIKOCTSIMH OIMUCYETHCS TAKUMH PIBHSIHHSIMHU:

O, (t) = Z'p(’)4(t);
o, (t) = Z;J(DZ (),

ne Z ;, — KiIBKicTh map nomocis BM; o, (¢); ®4(f) — MexaHi4HI KyTOBi IIBUA-

kocTi PI Ta poropa BiAmoBiIHO.
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Puc. 2. Tpudasni cucremu koopauHar cratopa, Pl Ta poTtopa JBOMAIIMHHOTO ACHHXPOHHOTO

arperara

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2019, Ne 4

21



B.B. Jlyyvo, A.M. Cinveecmpos, JI.IO. Cninyn

VY marpuuniii popmi cucteMy AudepeHIiaTbHUX PiBHAHD €IEKTPUYHOI piB-
HoBaru ki PI ta poropa BM moxHna 3anucatu y Burisiai [2—4]:

Uy =Ryl + 293
dt ()
dy,
0=R [, +—,
44 4 dt
UA IA,a \VA,a
ne Uy =|Up [ I34=|1p, |y W34 =|Wp, | — BEKTOPU HANpYT, CTPYMiB i MOTO-
UC IC’C \VC,C

kozueruieHb TpudazHoi ooMoTku Pl (4BC) i KOpOTKO3aMKHEHOT 0OMOTKH POTOpa
(abc) BignoBigHO; R;, R, — aKTHBHI onopH ¢a3 cTaTopa i poTopa BiAMOBIAHO 32
YMOBH 1X CHMETPHUIHOCTI.

AKTUBHI ONOpH Ta Hampyra xuBjieHHI BM He 3ayiexath Bia B3aEMHOTO po3-
tairyBanHs Pl ta poropa, a ToMy iX MOXKHa BHU3HA4aTH SIK 1 y BUNIAJAKY MAllHHU 13
3aKPIMJIEHUM CTaTOPOM [4].

B3aemo3B’s130k moToko3ueruieHs i ctpymiB PI ta poropa BM BuzHavaroThes
MaTPUYHUM PiBHSAHHIM

_Ws} _ {LB Ly, }{13} ’ 3)
R Lys Ly | 14
Ly Lyg Lyc] Ly Ly Ly Loy Lap Lo
ne Ly =|Lpy Lp Lpc|s Laa=|Lpa Ly Ly [5La3=|Los Lpp Lyc |
Ley Leg L | Ly Loy L Ly Lp Lec
Lyo Lap Lyc
Lyy=|Lp, Lp, Lp.|— matpuni ingyxrusHoctert (L4, ..., L.) Ta B3aeMOiH-
Leq Loy Lee
ayktuBHocTed (L, , ..., L,.) da3 Tpudasnoi oomorku PI Ta kopoTko3aMKHEHOT

00MOTKH poTopa.

Brachi innyxtuBHOCTI (a3 PI ta poropa, a Takox B3a€MOIHAYKTUBHOCTI (a3
PI abo poTopa ogHa BiTHOCHO OAHOI € CTAIMMH BEIMYMHAMH, K1 HE 3aJIeXKaTh Bil
KyTa moBopoty PI Ta poropa, a Tomy iX po3paxyHok mist BM He Biapi3HseThCS
BiJl MAIlIMHY 13 3aKpimieHuM ctaTtopoM [4] 1 MOoke OyTH BUKOHAaHWH 3a JTOBIAKO-
BUMHU JAHUMU aCUHXPOHHOI MalluHU [5].

BzaemoinaykruBHocti a3 pudasznoi oomotku Pl BinHocHO a3z K3 oOmor-
KU poTopa OyayTh TAKUMHU:

Ly =Ly =Le =L, cos(y,,);
L, =Ly =Le, =L, cos(y,, +2n/3);
L,=L, =L, =L,cos(y,, +4n/3),
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ne L, —ingyxtuBHicTh ofHiel (a3u Pl BiTHOCHO OCHOBHOI'O MarHiTHOTO IOTOKY
3a BIACYTHOCTI CTpyMiB y iHmmx ¢asax; v,, — KyT Mbk CK craropa i poropa,
po3paxoBanuii 3a popmyJioro (1).

3a yMOBH BiJJOMHX ITapaMETPiB MATPUIlh IHIYKTUBHOCTEH B KOXKEH MOMEHT

4yacy i3 CHCTeMH MaTPUYHUX PiBHSAHB (3) MOXXHA BU3HAYUTH BEKTOPU CTPYMiB
st BM:

-1
I _ Lyy Ly V3
Iy Lyz Ly Y4

Takum 4mMHOM, 13 cucTeMu (4) 3 ypaxyBaHHSAM CHCTEMH (2) Ui KOXKHOTO
MOMEHTY 4acy MOXXHAa BU3HAUUTH 3HA4€HHs cTpyMiB (/5,/,) 1 HOTOKO34EIIEHDb

“4)

(y3,y4) BM. Ockinbku At po3paxyHKy €JIeKTPOMAarHiTHOrO MOMEHTY He00-

XiZmHO MaTH OyIb-SKy Mapy 3 YOTHPHhOX, TO MAaEMO 6 BapiaHTiB piBHAHHS [2—4].
s npuknany HaBeAeMO PiBHSHHS pO3paxyHKYy MOMEHTY 4Yepe3 CTPYM i MOTOKO-
3YeIUIeHHS POTOpa:

z
M, =T”L{D\p4, )

0 1 -1
ne D=|-1 0 1
1 -1 0
PiBusiaust pyxy PI ta potopa 3 ypaxyBanHsM piBHsiHHS (5) HaOyBarOTh BU-
TIsAY:

d
M3 _Mc4 :Jr ;)4’
' (©)
_M3+M62:Jri 2’
dt

ne J,;, J, — moment inepuii PI ta potopa Binnosiano; M,,, M, ., — cratuuHi

ri o
MOMEHTH HaBaHTa)XEHHS, IPUKIIA/ICHI 0 CTaTopa i poTopa BiJIOBIIHO.
Y wmogeni B cepemoBumi MatLab Simulink (puc. 3) maBanTaxkenns Pl

BigcyTHE (M, =0). Odynkuis F,,; bopMye MaTpulli iHIyKTUBHOCTEH, a TaKOXK

PO3B’s3y€ cucTeMy piBHSHB (3) A BeKTOpa cTpyMiB 3a popmynoro (4). dyHKuis

F,,, BUKOHY€ PO3paxyHOK €JIeKTPOMarHiTHOro MoMeHTy BM 3a piBHSIHH:M (5).

Hns monemoBanns BuOpano AJl 4A100L2Y3 [5] 3 KINIBKICTIO map MOJIOCIB
Z;7 =1(ny=3000 06/xB). Ilepexinui npouecu (puc. 4) B MOzeNl OTPUMAHO IS

HaOJIMKEHOTro CIiBBiAHOWIEHHS J,; =8/, , pO3paxoBaHOrO 32 KOHCTPYKTUBHUMU

napameTrpaMu IBUTyHa [5]. Buxoasuu 3 piBHsIHB (6), y PEKHMi XOJIOCTOTO XOAY
YUM MEHIMUHA MOMEHT iHepiii Matume PI, TuM OUThITy KyTOBY IIBHUIKICTH BiH
po3BuHe. UnMm Oinbmry mBuakicTs HaOepe PI, Tum Oinbinoro Oype pisHHLS Mix
KyTOBOIO IIBUIKICTIO poTopa BM i KyTOBOIO IIBUIKICTIO aHAJIOT1YHOI MAIIMHH 13
3aKpIMJICHUM cTaTOpoM. JIJisi MOPIBHSAHHSA Ha puc. 4 300paKeHO MepexiaHi mpore-
CH KYTOBOI IIIBUIKOCTI Ta €JIEKTPOMArHiTHOTO MoMeHTy AJl Tiel x Momedi, aie i3
3aKPITUICHAM CTaTOPOM (KpHBi @ 12 ).
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Y momenT ¢ =0,2¢ y Mozeni Ha Bax poTopa A/l 3 BIIbHUM CTaTOPOM ITOIa-

€TbCSl CTATUYHE HaBaHTaXeHHAM .. =M, , HOMiHaIbHE sl oOpaHOi Mozeni

Ho
ACHHXPOHHOI MarmuHu (puc. 4). OCKUTBKA BIICYTHIM KPYTHUH MOMEHT, SIKMH 3a-
Oe3nedyBaB OM KOMIICHCALiIO BIUIMBY €JIEKTPOMArHiTHOIO MOMEHTY JBUTYHa Ha
PI Ta sxwit y Bunanky A/l i3 3aKpiluIeHUM CTaTOPOM BHKOHY€E pEaKilis ONOpH, 0
AKOI KpIIUThCS CTAaHWHA [IBUTYHA, TO KyTOBa WBHIKICTH PI 3pocTatume B HampsiM-
Ky, IPOTHJIEKHOMY 110 obepraHHs poropa. Po3srin Pl mpusBoguts 0o 3HMKEHHS
yacToTu o0epTaHHs o0epToBOro MarHitHoro nons Pl BimHOCHO poropa, a oTxe,
JI0 TaJbMyBaHHSA POTOpA. 3arajaoM IoAady CTaTUYHOI'O HaBAHTA)KEHHSI HA POTOP
A/l 3 BiJIbBHUM CTaTOPOM MO>KHa BBa)KAaTH aBapiiHUM BHITIQJKOM.

n, 00/xB
3500

3000 | R NUT— - a : .
2500
2000 |
1500 |
1000 |
500|
0
-500|
-1000

M
[T

100 T T . T T .

80

20 + 2 ]

_20 [l 1 1 1 1 1
0 0,05 0,1 0,15 0,2 0,25 03 0,35

t, C
Puc. 4. TlepexinHi XapaKTepUCTHKH: ¢ — KyTOBa IIBUAKICTH poTopa A/l i3 3aKkpirieHnmM
CTaToOpoM; 6 — KyTOBa IIBHIKICTH poropa BM; ¢ — kyroBa mBuakicts PI; 2 — enexr-
poMarHiTHUI MOMeHT Al i3 3aKpilUIEHM CTaTOPOM; O — eJIEKTPOMArHiTHIuit MoMeHT BM

PosrissnyBmm monemroBaras BM okpemo Bin IIM, moxkemo 300pa3uti Mo-
JIeJIb TBOMAIIMHHOTO aCHHXpOHHOTO arperara 3 PI (puc. 5) sk crioiy4deHHs Moje-
neit AJl i3 3akpimenum poropom (IIM) i mogens A/l 3 BitbHUM potopom (BM).
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Y HOMiIHATBHOMY PEXUMI )KUBJICHHS NOJa€ThCs ogHouacHo Ha [IM 1 na BM. Py-
XOMHH THIYKTOp 00E€pTAETHCS y TOMY CaMOMY HAIPSAMKY, IO 1 POTOP I Ti€l0
EJIEKTPOMArHiTHOr0o MoMeHTy [1IM, NpUIIBUIIIYIOYH THM CaMUM IIBHIKICTH 00ep-
TOBOTO MarHiTHoOro noist BM.

s noOyaoBu Moesni poOMMO NPHUITYIIEHHS PO Te, 0 BIUTUB MarHiTHOTO
noiist [IM Ha marHiTHE mosie BM Hackiabkyu Maauii, 0 HAM MOYXKHA 3HEXTYBATH.

KommeHcanito BIumBy enekrpomarHitHoro MomeHTy BM Ha PI 3ab6e3neuye
[IM, a ToMy eleKTpOMarHiTHUi MOMeHT BM € MOMEHTOM HaBaHTa)KEHHS IS
[IM. OTxe, piBasHHS pyxy PI Ta poTopa MaroTh BUTIISAL:

do
M3_Mc4: 7 dt4,
(7)
do,
MI_M3_M62_JVi dt

HIBuakocTi ®, i ®4 y piBHAHHAX (7) MaIOTh OJHAKOBHUH HANpPSIMOK, a TOMY

MPHUIIBUANITYIOTE 3MiHY KyTa Mix ocssmu Tpudasaux CK portopa Ta PI, po3paxo-
BaHOTO 32 (hopmyioro (1). TakuM YHHOM, Y MOZEII peati3yeThCs MPSIMHIA 3B 130K
IIM 1 BM 3a mIBHAKICTIO 1 3BOPOTHHH 3B'SI30K 3a €IEKTPOMArHiTHUIM MOMEHTOM.
Y mopeni apomarmaHoro AJl (puc. 5) ta [IM i BM nokazano AJl 4A100L2Y3.

Crarnunuii MOMeHT HaBaHTaxeHHs [IM BincyTHill (M, =0), a Ha Ban poTopa

MOJIAEThCS HOMIHAJIbHE MEXaHIYHE HABAHTAXXCHHS Yy MOMEHT uacy ¢ =0,8c.

E U M,

Usi i
» U\ @2 —u o D
U Gamma_ri S
Cl
pMs2 M, \—peamma_ri M; H
[ nj.4
Primery Secoondary M,
machine machine :

Puc. 5. CtpykTypHa cxema Mojeii JBOMaMHHOTO AJ]

3a paxyHok pi3HHII MoMeHTiB iHepiii PI Ta poropa [IM posransieTscst 3HaU-
HO ToBiNBHIIIE Hixk BM (puc. 6). Y pexxuMi X0JIO0CTOr0 XOAy KyTOBa IIBUIKICTh
poropa 6mu3pka g0 6000 06/xB. Ilix BIUIMBOM HOMIHAIEHOTO HABAHTAKEHHS KY-
TOBa MIBHAKICTH Pl 3HMKYy€EThCSA HAa BEMMYMHY HOMIHAIBHOTO KOB3aHHS [IM:

_ Oy (1 — SHHM) ]
0)2}1 - Z/ > ( )
P
ae o, =27 f, — KyToBa 4acTOTa MEpPeKi JKUBIEHHS; S, — HOMiHaJIbHE KOB-

3aHHs [IM.
KyToBa mBuakicts 06epToOBOro MarHiTHoro nojist BM cTaHOBUTB:
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®
O34 = Oy +Z—1,V,I ; 9)
P

e Zj, — KUIbKicTb nap nomocis BM.
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Puc. 6. TlepexinHi XapaKTepUCTHKH KyTOBOI IIBUJIKOCTI Ta €JIEKTPOMArHITHOTO
MomeHTy BM (a, 6) i [IM (6, 2)

HowminanpHa KyToBa MIBHAKICTh pOTOpA TOMI MOKe OyTH 3HalineHa 3a (hopMyItor0
W4y :0)3H(1_SHBM)’ (10)

Ie S,pv — HOMiHaJbHE KOB3aHHS BM.
[NepetBopuBum hopmyay (10) 3 ypaxysanusam dopmyn (8) Ta (9), mictaemo:

ZI ZII

Oy = (DM[I_SHHM —SuM * SurvSuBMm n l_sHBMJ‘ (11)
p p

OCKiNbKH OfIHI€I0 3 HAWBaXJIUBIIIUX 1 KOPUCHHUX XapaKTEPUCTHK IBOMa-
muHHOTO0 A/l 3 PI € mocsarHeHHS MBUIKUX 00EpTiB Ha BUXIAHOMY Baldy poTopa,
to [IM 1 BM moBuHHI MaTu ogHY mapy MOJIOCIB (Z;j =Z;’j =Z,=1),sxueie

y po3risHyTii Mozeni. Tomi dopmyna (11) HaOyBae BUTTISAAY
gy = Oy (2= Syv — 2SuBM + SuvSupm) -

Buxonsuu i3 rpadikiB nepexigHux mpouecis (puc. 6), MOXXHa CTBEPAXKY-
BaTH, Mo ogHovacHui myck [IM i BM mpu3Boauth 10 mepeBaHTaxkeHHs [IM
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O/JIHOYACHO JBOMa IyCKOBHMH MOMEHTaMH. lloueproBe BMHKaHHS CIOYATKY
BM, a motim [IM mokIHBe TiTBKH y BUIAIKY BiJICYTHOCTI CTATHYHOTO HaBaH-
Ta)XE€HHS Ha Bally, 10 TOTO X XapakTepuU3yBaTUMeEThcA pesepcoM Pl, Tomy He €
JOILIIBHUM.

Ha rpadikax mepeximaux mporieciB (puc. 7) y TOYaTKOBHA MOMEHT 4acy TI0-
JnaeTbesl kuBieHHS Tineku Ha IIM. Ban Pl posranserbcst i B MOMEHT Hacy
t =0,8c BimOyBaeThcs myck BM mig HOMiHaIBHUM HaBaHTaKEHHSIM 1 Bal poTopa
po3raHsieThCsl 10 CBO€I HOMiHanmbHOI MmBHAKOCTI. [lepeximnuii mpouec KyToBOi
MIBUIKOCTI pOTOpa 3a TaKWX YMOB BiIOYBAa€ThCsS 3HAYHO INBHIIIE, aHDK y pasi
BBIMKHEHHS JIBOX MAalllMH OJHOYACHO, OCKIJIBKH TPHBANICTh IMYCKY 3aa€ThCs
(hakTHIHO TINBKU iHepHiiHICTIO BM, sika 3HaYyHO MeHIA 3a iHepmiiHicTh [IM.
ITyck IIM BinOyBa€eThCsl B HOpMaIbHUX YMOBAX.

n, 00/xB
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Puc. 7. TlepexifHi XapaKTEPUCTHKH KyTOBOI IIBUAKOCTI Ta €IEKTPOMATrHITHOTO MOMEHTY
BM (a, 6) Ta IIM (6, 2) 32 TOYeproBOToO MyCKy

[MoOynoBaHa sl ONMMCAHOTO PEXHMY MeEXaHiuyHa XapakTepucTuka BM
(puc. 8) mano Bimpi3HAETHCA 3a (GOpMOIO Bl MeXaHIUYHMX XapakTepucTuk A/l
Ilepen TOYKOIO HOMIHAJIBHOTO pexuMmy (B) BimOyBaeThCsS HE3HAYHHU CTPHOOK,
3YMOBJICHHH pi3HOI0 TpUBANICTIO mepexignux mpouecis [IM i BM. V pexumi
XO0JIOCTOTO X0y (TOouka A) 31 3HATTSAM HABaHTAXKEHHS BaJI pOTOpa T0CSTAE MIBU/I-
kocTi 6mm3pKo 6000 06/xB.
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BUCHOBKMH

Po3pobrena mMonens JBOMAIIMHHOTO aCHHXPOHHOTO arperara 3 Pl y TpudaszHii
cucTeMi KoopawHAT BimoOpakae poboty IIM i BM 1 mo3Boisie cioctepiratu 3a
nmepebiroM y HUX HeoOXimHMX (i3MdHHUX mporieciB. Ha ocHOBI Mopenmi 3’sicoBaHO
ONTUMAIBHUHA PEXUM ToueproBoro mycky IIM i BM, ycTaHOBIEHO 3aJI€KHICT
(11) xyroBoi mBHAKOCTI poTopa Bix koB3anHs [IM i BM, mobynoBano rpadiku
MEePEXiTHUX MPOIIECiB KYTOBOI MIBUIKOCTI Ta €IEKTpOMardHiTHoro MomMeHTy I11IM i
BM, a Takox MexaHiuHy XapakTeprucTuky BM.

OTrpuMmaHa MoOAeNb MOXXKe OyTH BUKOPHICTaHA IS YTOYHEHHS ITapaMeTpiB
JAHOTO KJIACy ENEeKTPUYHHMX MAIIWH MiJ Jac iX MPOEKTYBaHHS Ta MPOEKTYBaHHS
€JICKTPOIIPUBO/IIB Ha X OCHOBI.
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FORECASTING SO, EMISSION OF KILAUEA VOLCANO USING
INTELLIGENT METHOD OF DATA ANALYSIS
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Abstract. Kilauea is one of the most active and well-known volcanoes in the world
and most of our knowledge of volcanism originates from its research. During a long
study of volcanoes, many different methods of forecasting their activity were pro-
posed, from the seismological analysis to the statistical analysis of their emissions.
However, a comprehensive analysis of data arrays with the help of intelligent meth-
ods of data analysis has not been carried out before. Using fuzzy data processing
methods, a neural network, volcanic and atmospheric indicators, we forecast emis-
sions SO, for a period of one to three months.

Keywords: neural network, volcanology, fuzzy logic, LSTM.

INTRODUCTION

Kilauea is a shield volcano on the island of Hawaii on the southeastern tip of the
Hawaiian Archipelago. It is one of the most active and well-known volcanoes in
the world and most of our knowledge of volcanism originates from his research.
Kilauea often erupted and expanded over a long period of time.

Kilauea is one of the most studied volcanoes in the world. Since the arrival
in its neighborhood of the first Christian missionaries in 1823, detailed descrip-
tions of the eruption of the volcano were conducted. In 1912, after the construc-
tion of the Hawaiian Observatory of Volcanoes on the caldera Kilauea, ongoing
scientific research was carried out [1]. Today, this observatory has become one of
the world's leading centers of volcanological research.

During a long study of volcanoes, many different methods of forecasting
their activity were proposed, from seismological analysis to statistical analysis of
their emissions. However, a comprehensive analysis of data arrays with the help
of intelligent methods of data analysis has not been carried out before.

MODEL FOR VOLCANIC ERUPTIONS

Many different methods of volcanology try to predict the behavior of volcanoes
using temperature data or seismic models [2], lava motion models, or gas motion
models. The proposed model used to predict volcanic activity consists of three
components: volcanological, atmospheric, and seismic models (Fig. 1).

During volcanic eruptions, a hot mixture of particles and volcanic gases is
typically released into the air. The main parameters of the volcanological model
include indicators of carbon dioxide (tons per month), sulfur dioxide (tons per
month) and a discrete volcanic explosivity index from 0 to 8, where 0 to

© S.I. Zabielin, 2019
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10,000 meters of cubic ejected materials, 8 — more than 1,000 cubic kilometers of
ejected materials [3].

Atmospheric indicatorss

Seismic activity

Fig. 1. Volcanic Eruption Model

Emissions of gases and hot particles affect the atmospheric performance of
the metrological stations closest to the volcano. The main parameters of the at-
mospheric model include temperature anomaly (°C/ month), precipitation (mm
per month), air pressure, wind speed. Thus, an increase in the temperature anom-
aly precedes the eruption of a volcano and can provide the necessary data for
forecasting [4].

The eruption can also be preceded by seismic activity several hours or days
before the eruption. The main parameters of the seismic model is the relative
magnitude of soil vibrations [5].

STATEMENT OF THE PROBLEM

Task is to predict the behavior of the volcano using the volcanic eruption model
described above and various data collected from volcanic studies over a long pe-
riod.

Data

The first component is the data. It was taken from a different number of sources
and reports [6—9]. Data can be divided into several categories.

Volcanological indicators include:

1. Carbon dioxide CO,. The gas that is released during the volcanic activity
of a volcano.

2. Sulfur dioxide SO,. A colorless gas with a pungent odor that irritates the
skin and mucous membranes of the eyes, nose and throat.
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3. Indicator of volcanic activity. An indicator of the strength of a volcanic
eruption based on an estimate of the volume of erupted products and the height of
the ash column.

These indicators directly show the activity of the volcano. With a sharp in-
crease in emissions, it can be concluded about the onset of volcanic activity.

Atmospheric indicators include:

4. Temperature anomaly (°C /month). Deviation from the reference value or
long-term average.

5. Precipitation (mm per month).

6. Air pressure.

7. Wind speed. Allows you to determine the speed of gas propagation from
the bowels of the volcano and make the appropriate correction for volcanological
indicators.

Seismic indicators include.

Relative magnitude of soil vibrations, calculated by the following formula:

M

Mr Z?,

where M is the magnitude of the earthquake at the epicenter and d is the dis-
tance from the epicenter to the volcano.

METHODS USED
To analyze data, fuzzy logic and neural networks were used.

Echo time series

For higher accuracy of the neural network, the echo time series have been devel-
oped. This method is used for time series with high sparseness. Instead of fading
immediately, a surge in the value in the time series generates an echo that propa-
gates further along the time series. Each echo term in a time series is described by
the following formula:

E[ = X[ +kxl_1 +k2X[_2 + ...+knxl'_n 5

where E; is the echo value of the time series, x; is the value of the input time
series at time i, k£ is the attenuation coefficient (k <1), n is the attenuation limit,

which determines the limit of the influence of previous values on the current
value.

This method was used in the current problem for the relative soil vibration
magnitudes, since earthquakes are rare and sporadic.

Fuzzification

To use fuzzy data it was fuzzified. Fuzzification is the process of changing a real
scalar value into a fuzzy value. This is achieved with the different types of fuzzi-
fiers (membership functions) [10].
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Fuzzy data were presented in the form of triangular fuzzy numbers, de-
scribed using three numbers — {a,b,c}, where b is the mode of the fuzzy num-
ber, a and ¢ are the degrees of fuzziness of the fuzzy number. They were calcu-
lated from initial data using the following formulas:

N-1 N +1
by=x;, a; =x; N , C;=X; N )

where x; is the initial clear data at time i, N is the number of input variables, for
this problem N =8.
Thus, using the above-described method of fuzzification, we can obtain

fuzzy numbers, which, with an increase in the number of input parameters, tend to
real scalar data. This consideration is justified by the assumption that the forecast
will be less fuzzy using all the indicators of the data. In other words if we had the
opportunity to obtain the location and velocity vector of all molecules within a
radius of 10 km from the volcano, then the forecast could be given with undeni-
able accuracy.

Neural networks

To solve this problem, it was decided to use recurrent neural networks, namely
long-term short-term memory (LSTM). Like most recurrent neural networks, an
LSTM network is universal in the sense that, with a sufficient number of network
elements, it can perform any calculation that a regular computer is capable of,
which requires an appropriate weight matrix that can be considered as a program.
Unlike traditional recurrent neural networks, the LSTM network is well suited for
training on the problems of classification, processing and forecasting time series
in cases where important events are separated by time lags with an indefinite du-
ration and boundaries. The relative immunity to the duration of time gaps gives
LSTM an advantage over alternative recurrent neural networks, hidden Markov
models, and other training methods for sequences in various fields of application [11].

RESULTS AGGREGATION PROCESS

To predict volcanic activity, we used the process of aggregation of results, pre-
sented in Fig. 2.

ECHO TIME
SERIES

FUZZIFICATION DE-FUZZIFICATION

Fig. 2. Schematic process of aggregating results
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The input data that was described earlier goes through several stages of data
conversion, fuzzification, forecasting and de-fuzzification. Each part of the proc-
ess receives input from the previous stage and, after appropriate transformations,
transfers it to the next stage.

Below in Fig. 3, 4 and Table, you can see an example of the aggregation
process with intermediate values obtained at various stages of its operation.

TRANSFORMED
DATA

Echo Time
Series

:

BB AR AR ORNERRNBERE
RRadfATIRAanR AT RRAanNds
Year

Fig. 3. Example of an aggregation process for SO, emissions

FUZZY RESULT SCALAR RESULT

W

LEEEREE

Fig. 4. Example SO, Emissions Aggregation Process
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An example of forecasting

Fuzzy | Fuzzy | Forecasted | Forecasted | Scalar
Low High Low High Result

1983,00 | 1670,20 | 835,10 | 2505,30 1632,10 1765,20 1698,65 | 0,04
1983,08 | 187233 936,17 | 2808,50 | 1193,17 2347,33 1770,25 | 0,25
1983,17 | 1944,51 972,26 | 2916,77 1415,26 2753,51 |2084,38 | 0,24
1983,25 | 1864,81 932,40 | 2797,21 1091,40 2090,81 1591,11 | 0,24

Date | Input SO, MPE

1983,33 | 1233,60 | 616,80 | 1850,41 816,80 1422,60 | 1119,70 | 0,21
1983,42 | 1560,11 780,05 | 2340,16 | 1189,05 2202,11 1695,58 | 0,23
1983,50 | 1552,24 | 776,12 | 2328,35 444,12 1856,24 | 1150,18 | 0,38
1983,58 | 122947 | 614,74 | 1844,21 966,74 1140,47 | 1053,60 | 0,08

1983,67 | 1740,36 | 870,18 |2610,53 1026,18 2327,36 | 1676,77 | 0,28
1983,75| 1680,17 | 840,08 |2520,25 1015,08 2161,17 | 1588,13 | 0,27
1983,83 | 2066,06 |1033,03|3099,09 | 1411,03 1964,06 | 1687,55| 0,14
1983,92 | 2157,86 |1078,93 | 3236,79 | 1065,93 2583,86 | 1824,90 | 0,29

FORECASTING RESULTS

Prediction was carried out for emissions of SO, for a period of one to three
months.

The predicted indicators are a triangular fuzzy number, where each of the pa-
rameters is calculated by a separate neural network. Each of the three neural net-
works receives real scalar data, the first is the lower boundary of the triangular
number, the second is the mode, and the third is the upper boundary.

The result of the work of these networks and their various training became
predicted fuzzy number. Cross-validation of data was performed when dividing
the data into a training and verification sample. Data was taken from 1980 to
1997. The results are given below.

As can be seen when forecasting at 1 month (fig. 5-6), good forecasting re-
sults were obtained with an original SO, level that stayed in the boundaries of the
predicted values.

CONCLUSIONS

In this paper, we presented a method for predicting SO, emissions using a large
number of diverse input data, phasing methods, recurrent neural networks, and
time series echoes. High accuracy indicators were obtained when forecasting from
one to three months in advance.

This method can be used to detect volcanic activity at an early stage of its
initiation and to prevent the catastrophic consequences that volcanic activity can
bring with it.
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SO, 1 Month
Forecast
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Fig. 5. Forecasting emissions for 1 month: / — SO, (Original); 2 — SO, (Low); 3 — SO, (Med); 4 — SO, (High)
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SO, 3 Month
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CONCLUSIONS

In

this paper, we presented a method for predicting SO, emissions using a large

number of diverse input data, phasing methods, recurrent neural networks, and
time series echoes. High accuracy indicators were obtained when forecasting from
one to three months in advance.

This method can be used to detect volcanic activity at an early stage of its

initiation and to prevent the catastrophic consequences that volcanic activity can

bring with it.
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CT IMAGE DENOISING BASED
ON LOCALLY ADAPTIVE THRESHOLDING

M.D. PETROV

Abstract. The noise in reconstructed X-ray Computed Tomography (CT) slices is
complex, non-stationary and indefinitely distributed. Subsequent image processing
is needed in order to achieve a good-quality medical diagnosis. It requires a suffi-
ciently great ratio between the detailed contrasts and the noise component ampli-
tude. This paper presents an adaptive method for noise reduction in CT images,
based on the local statistical evaluation of the noise component in the domain of Re-
pagular Wavelet Transformation (RWT). Considering the spatial dependence of the
noise strength, the threshold constant for processing the high frequency coefficients
in the proposed shrinkage method is a function of the local standard deviation of the
noise for each pixel of the image. Experimental studies have been conducted using
different images in order to evaluate the effectiveness of the proposed algorithm.

Keywords: repagular wavelet transform, statistical noise reduction, X-ray computed
tomography.

INTRODUCTION

Because of its high productivity in obtaining images having very good spatial res-
olution, X-ray CT plays a central role in clinical diagnostics. The improvement of
this resolution is directly related to the radiation dose. However, its increase poses
a certain risk to the patient's health. On the other hand, lowering this dose can sig-
nificantly reduce the diagnostic value of the tomographic image obtained. The
protocol optimization for the corresponding clinical study is based on the balance
between preserving the fine details of the image, the noise level and the radiation
dose for the patient. Therefore, the development of algorithms for noise reduction
in CT images obtained at a reduced radiation dose, while maintaining the detailed
information, is a topical task. The statistical fluctuations of the X-ray quantas
reaching the corresponding detector are a source of quantum noise in the projec-
tion data. This noise, combined with the noise generated by the electronics of
workstations, is propagated by means of the reconstruction algorithms in the CT
slices. The methods for noise reduction in CT images obtained at a low radiation
dose are mainly divided into three groups [1]: methods in the projection data
domain; methods in the image domain; image and iterative-reconstructive
methods.

The algorithms developed in the Radon space most often use iterative, opti-
mization and filtering methods before the application of the Filtered Backprojec-

© M.D. Petrov, 2019
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tion. The low values of the signal-to-noise ratio in the sonogram lead to the loss
of structural information.

The methods for reducing the noise in the reconstructed CT slices can be di-
vided into two subgroups: spatial-domain denoising techniques and transform-
domain denoising techniques. The linear filters used in the spatial domain are not
very effective for the preservation of the small details in the image, because its
diagnostic value is reduced. Significantly better results are obtained with methods
based on anisotropic diffusion. Its iterative character allows for improved compu-
tational efficiency, but speckled or mosaic effects appear in the denoised CT
images [6—7]. Noise reduction algorithms in the transformation domain are based
on different multiscale transformations, with the possible use of noise assess-
ment [8—11].CT image is decomposed in the low and high frequency sub-bands
of the scale space. Usually, the high-frequency wavelet coefficients are subjected
to threshold processing because the noise components are located mainly in these
subbands. The denoised image is obtained by means of inverse multiscale trans-
formation.

The third group of CT noise reduction methods refers to iterative
reconstruction using iterative and optimization algorithms that are implemented
within the two spaces for obtaining CT images. The advantage is the direct use of
the statistics of the noise component in the projection data during the
implementation of the algorithm, but the problem is the increased computational
value [12—14].With the improvement of workstations, the iterative reconstruction
is a preferred alternative to the Filtered Backprojection. This helps to solve the
problem of reduced radiation dose while preserving the diagnostic properties of
the image [15-16].

The goal of this paper is to present a locally adaptive, shrinkage algorithm
for noise reduction in CT images, based on the individual reconstruction of a pair
of intersecting subsets of projection data and threshold processing in the RWT
field. The rest of the report is organized as follows: section 2 provides a brief de-
scription of the motivation for the proposed method. The multiscale RWT used in
this paper is presented in Section 3, and the following section provides a detailed
description of the implementation of the announced noise reduction algorithm in
CT images. Section 5 presents the outcome of the experimental studies carried
out, as well as some comparative assessments. The last section summarizes the
results obtained and the conclusions drawn.

MOTIVATION AND JUSTIFICATION

Generally, a certain statistical model of the distribution of the noise component in
the image is used in post-processing methods for noise reduction in CT slices and
it may lead to inaccurate reflection of the actual situation. The approximate de-
scription of the physical process of obtaining the projection data can be achieved
with Poisson statistics. However, the analytical description of the noise in CT
images is complicated by the fact that reconstruction methods generate a correla-
tion in the noisy data [17]. Therefore, [18,19] propose noise reduction by means
of a wavelet threshold method based on the correlation between two CT images
that are equivalent in terms of the information they contain.

The method this paper proposes is motivated by the announced in [19]
Adaptive Wavelet Shrinkage (AW Shrink) algorithm of noise reduction by means
of several CT reconstructions. The authors use the fact that the noise in two KT
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images, equivalent in terms of information content, is uncorrelated, unlike their
structural information. The threshold processing in the method is based on the
local evaluation of the noise in the two images, obtained through their high fre-
quency wavelet coefficients. The noise-estimated image is obtained from the cor-
responding averaged low-frequency coefficients, as well from the modified high-
frequency coefficients by means of the inverse wavelet transformation.

REPAGULAR WAVELETTRANSFORM

The wavelet transformation used in this paper is the RWT, introduced by Poli-
akova and Krylov [20] in order to increase the accuracy when separating image
contours. A family of functions that are localized at one point is used as a basic
wavelet. Its scale change occurs not by a dilation operator, as in the usual wavelet
transformation, but by using functions of different regularity.

If s(¢) is a signal with limited energy and wy(¢,a) is the base wavelet (with a

regularity parametera, its continuous RWT can be set with the convolution
W/ (a,b)= S(t)\y_a(b) , Where \V_a(t) =wy(—t,a). In the applications of the RWT

for basic wavelet, the function y(¢,a) =27 is often used and the corresponding
convolution is realized using the filter

(GY ()} Ge ™V = fmprWabe | p72e pma 11,074 072, o~ (NamDey
where 2N, is the number of filter coefficients. The values of the parameter a of

the RWT can be set by the formula a =277 o, where o, is any fixed number
from the interval (0,1), and j=0,1,2,... The change of ; results in modifying

the regularity parameter, i.e. the transition from one scale level to another in RWT
is done by changing the parameter a .

THE PROPOSED METHOD
A Brief Overview of the Method

The overview of the proposed method can be seen in the block diagram in Fig. 1.

inputimage
odd I
PROJECTION | s | INVERSERADON | so—) RWT
DATA —) TRASFORM —)
even inputimage
15 l
' NOISE
de.iwlsed IRWT ESTIMATION
image &
TRESHOLDING

Fig. 1. A block diagram of the proposed method for reducing noise in CT images

The first step consists in obtaining the couple of input images that differ only
in terms of their noise components. Their generation is realized by separate
reconstructions of two projection sets, equivalent in terms of information. One of
the possibilities of obtaining these projections is the double scan of the object

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2019, Ne 4 41



M.D. Petrov

under identical conditions and using half of the total radiation dose. Another
option is the use of two non-intersecting subsets of projection data, whose
overlapping represents the entire set of projections. An example of such subsets
are respectively the sets of odd and even projections obtained at a single scan. In
this case, it is assumed that the noise between the adjacent parallel projections is
uncorrelated, since the cross disturbances of the detector are negligible. The
averaged image obtained from the pair of reconstructed images corresponds to the
reconstruction from the full set of projections. These methods are CT variants
with a single source and it is necessary to take into account certain factors, such
as the reconstruction method, the sufficient number of projections, etc. [21].

In case there is a dual-source CT scanner, obtaining the input images is not a
problem, if the pair of tubular detector systems uses the same protocol for scan-
ning and reconstruction [22].

The statistical evaluation of the noise in the reconstituted pair of images, and
hence in their averaged image, is obtained by means of their RWT coefficients.
The denoised image is obtained through the inverse RWT applied to the low-
frequency and the corrected high-frequency coefficients of the averaged image,
respectively. The resulting image corresponds to the reconstruction of the com-
plete set of projections but with an improved signal-to-noise ratio.

Noise Assessment

Let us denote with /; and /, the pair of images obtained by separate reconstruc-
tion of the even and odd numbered projections of a given scan, and the total num-
ber of the received projections is an even number. The noise in the pair of projec-
tion sets is uncorrelated and, through the reconstruction methods, it appears as
such in the CT slices. In addition, the noise components of the images are as-
sumed to have zero averages and approximately equal standard deviations (at a
given position of the pixel), as the number of the quantas that produces them is
approximately equal. Let us note that the noise level in each of the images in-

creases by a factor V2 compared to the noise level in the reconstructed image
corresponding to the full set of projections [23].

Because the structural information is common to both images, their
difference D =1, +1, can be used to estimate the noise in each of them, and

therefore in their averaged image / =0,5(/; +/,) . Taking into account the zero
covariance between the pair of random variables, then o(/;) =c(/;) = 2705 ao(D)
and o(1)=2""°6(1))=2"o(D).

Let w

j(j >0, meR), obtained through RWT. Since the transformation is linear, the
equality w; , (D) =w; ,,(I;)—w, ,(I,) is valid. As it has been noted above, the

im() be the coefficient of the m—th pixel, at a scale of

noise in CT images is non-stationary, i.e. its power is spatially dependent, which
implies a local evaluation of its standard deviation. Therefore, for each pixel m, a
neighbourhood Q,, is selected that contains # pixels. Since the noise has a zero

average, then o, (D) = / n! Zw ;,m(D) and, finally, for the standard deviation
neQ,,
of the noise in the averaged image 7, we obtain: ¢, (D) = {nfl ZW im(D) .
neQ),,
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Determining the Threshold Mask

There are different methodologies for selecting threshold values in shrinkage
methods. The nonlinear functions of the “hard” and “soft” thresholds proposed in
[24] are most often used. The noise-estimation algorithm includes: wavelet de-
composition of the signal; estimation of the coefficients from the high frequency
bands, by means of a certain threshold value; obtaining the estimated signal
through the inverse transform. A basic idea in noise reduction shrinkage methods
is the use of the rarity of the multiscale transformations. The carriers of the struc-
tural information of the image are a small number of coefficients, and noise re-
duction is based on the shrinkage of the rest to zero.

A problem for hard threshold processing are the small changes in the image
due to the discontinuity of the function used. The proposed method uses a
continuous function of the soft threshold, and the estimated coefficients of the

averaged image are w?-’m (I)=sgn(w; , (I))max(|w; ,(I)|-n; ,(r),0), where

Njm(7) =2_1r0j,m(r), and »>0 is a threshold parameter that regulates the

amount of the suppressed noise.

RESULTS ANDCOMPARATIVE ANALYSIS

Two types of measures are used to evaluate the quality of the denoised CT im-
ages. They are based on:

a) Pixel Difference Measurement — Mean Absolute Error (MAE) and Peak
Signal-to-Noise Ratio (PSNR);

b) Human Visual Measurement — Structural Similarity Index (SSIM) and
Universal Image Quality Index (UIQI).

The algorithms for calculating the listed measures are implemented in Matlab.

Two experiments are conducted in order to evaluate the effectiveness of the
proposed method for reducing noise in CT images.

Test CT Image

A medical Matlab 16-bit monochrome 3-D CT image (ankle) with 512x512 reso-
lution is used as a test image. Wavelet filtering of image CT-MONO2-16-
ankle.dcm is performed, to which Gaussian noise has been added. Each of the
images obtained is subjected to the Radon transform in order to obtain and sepa-
rate the projection data, numbered by odd and even numbers respectively. At the
next stage, the corresponding reconstructed CT slices are decomposed by RWT,
at a pre-selected level ofdecomposition.

MAE, PSNR and SIMM for the CT-MONOZ2-16-ankle.dcm image, at the
respective noise levels

5. % AWShrink Proposed

MAE PSNR,dB | SIMM MAE PSNR,dB | SIMM
c=10 1,574 30,43 0,7 0,778 39,56 0,83
c=15 1,585 28,82 0,59 0,966 36,39 0,72
6=20 1,696 27,86 0,48 1,33 33,49 0,66
6=25 1,732 27,43 0,43 1,594 30,77 0,59
c=30 1,781 26,44 0,32 1,67 28,89 0,54
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AWShrink is used for the comparative analysis of the proposed method.
Table provides the corresponding values for three of the four of those quality
measures obtained when using the two methods.

Figures 2 and 3 show the results obtained when using the wavelet noise
reduction methods, whose standard deviation is 6 =10 and o =20 respectively.

b &4 £l s . \ L d
Fig. 2. Denoised results of CT-MONQO2-16-ankle.dcm. (noise level ¢ =10 ) obtained by
the two wavelet-shrinkage methods: @ — Original image; b — Noisy image, 6 =10 ;
¢ — Denoised image and the corresponding residual information, obtained through

A-Shrink; d — Denoised image and the corresponding residual information, obtained
through the proposed method

b c d
Fig. 3. Denoised results of CT-MONO2-16-ankle.decm. (noise level 6 =20) obtained by
the two wavelet-shrinkage methods: a — Original image; b — Noisy image, ¢ =20;
¢ — Denoised image and the corresponding residual information, obtained through AW-
Shrink; d — Denoised image and the corresponding residual information, obtained
through the proposed method
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Real CT Data

The purpose of the next experiment is to evaluate visually the effectiveness of the
proposed method, as well as to confirm it by means of the quantitative measure
UIQI. The comparative analysis is again conducted by means of the AWShrink,
using real CT images of the three groups of studied organs: pancreas, colon and
thorax. These images are obtained from publicly available medical databases
(https://www.cancerimagingarchive.net/) and are in DICOM format.

Figures 4-6 present the respective base CT slices and their denoised images,
accompanied by the values obtained for UIQI. In addition, the corresponding im-
ages containing the residual information, which has been removed from the image
when applying these two algorithms, are presented for each pair.

Fig. 4. Results from the reduction of noise in the “Pancreas” image, obtained by the two
wavelet-shrinkage methods: ¢ — Input test CT image; b — Denoised image
(UIQI =0,632) and the corresponding residual information, obtained through AW Shrink;

¢ — Denoised image (UIQI =0,918) and the corresponding residual information, ob-
tained through the proposed method

Fig. 5. Results from the reduction of noise in the “Colon” image, obtained by the two
wavelet-shrinkage methods: ¢ — Input test CT image; b — Denoised image
(UIQI =0,742) and the corresponding residual information, obtained through AWShrink;

¢ — Denoised image (UIQI =0,862) and the corresponding residual information, ob-
tained through the proposed method
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c

Fig. 6. Results from the reduction of noise in the “Chest” image, obtained by the two
wavelet-shrinkage methods: ¢ — Input test CT image; b — Denoised image
(UIQI = 0,646) and the corresponding residual information, obtained through AWShrink;
¢ — Denoised image (UIQI =0,967) and the corresponding residual information, ob-

tained through the proposed method

Summarized Results

The results obtained from the two experiments, connected with the comparative
analysis and shown in Table and Figures 1-6, lead to the following conclusions:

e For each of the test images obtained at different values of o the proposed
method achieves lower values for MAE as well as higher values for PSNR and
SSIM.

o In percentage terms, this advantage over AWShrink (in respect of the in-
dividual measures) is as follows: MAE (32%), PSNR (20%) and SSIM (33%)).

e Compared to AWShrink, the proposed method retains more textural de-
tails, not only in the images used in the two experiments, but also in other tested
images.

e For each of the test CT images, the proposed method achieves better re-
sults for the quality measure UIQI(in percentage — 36%).

CONCLUSION

Based on indirect statistical estimation in the frequency domain, an adaptive
threshold algorithm for noise reduction in CT images is proposed. The proposed
method is implemented in the RWT domain and is based on the correlation be-
tween two CT images, which are equivalent in terms of information content. The
continuous function of the soft threshold is used for threshold processing of the
high frequency wavelet coefficients of the averaged image.

For the comparative analysis, two experiments are performed, in which the
proposed method shows better results in terms of the measures evaluating the
qualities of the noise-estimated image.
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The assessment of the noise in the projection data and in the corresponding

reconstructed slice, as well as its reduction, is among the important tasks in the
area of diagnostic X-ray CT. Its solution can be included in the strategy of mini-
mizing the radiation risk to the patient and improving the quality of the diagnostic
image. The proposed adaptive wavelet shrinkage method is applicable when post-
processing the reconstructed projection data.
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SYSTEM DESIGN OF VIDEO SURVEILLANCE

MOHANAD ABDULHAMID, MWONGEERA MURUNGI

Abstract. This paper describes the steps involved in designing of a video surveil-
lance system. It discusses the theory of video surveillance types, components in-
volved, selection of the best equipment, and also a detailed virtual design. An intro-
duction of the concept of video surveillance systems is followed by the detailed
discussion of design considerations and the design verification. The system is de-
signed to monitor a bank floor where the monitor displays the desired output from a
simulated implementation of the system.

Keywords: system design, video surveillance, CCTV.

INTRODUCTION

There are many different types of Closed Circuit Television (CCTV) systems
available, analogue and digital, wired and wireless and their modes of operation
vary; however, the basic components are more or less the same: a camera, a lens,
a monitor, and (for wired systems) cables that carry the signal from one place to
another. Many systems also use video recorders to record the video footage [1].

The camera picks up the signal from the area being monitored via the lens
(which determines how far and how much the camera can see, and which is often
bought separately) and can be either wired or wireless. In a wired system, the
camera sends the signals through a cable to the monitor; in wireless systems, no
cable is needed, and the camera broadcasts the signal straight to the monitor [2].

The monitor can be either a simple television set (without tuning capacity) or
a PC or laptop. Most wired analogue systems use television monitors, while digi-
tal and wireless systems tend to use computers as monitors for which remote
viewing is possible, often via the internet.

For recording purposes, the monitor is accompanied by a video recorder, a
Video Cassette Recorder (VCR) for analogue systems, or a Digital Video Re-
corder (DVR), or Network Video Recorder (NVR) for digital systems. A DVR
can actually replace the monitor as the receiving device, since many DVRs are
stand-alone units that do everything a computer would do: receive, record, and
store the information for later viewing [3].

Closed Circuit Television refers to a system of surveillance cameras that
sends signals to a specific location, a monitor, or PC. CCTV systems are com-
monly used to monitor banks, shopping malls, and government facilities, and
these days, as CCTV technology becomes more affordable and easier to use, more
and more people are installing CCTV cameras in their homes and businesses.

Closed Circuit Television system is an integral component of the security
measures that may need to be adopted by an institution. The institution’s premises
may need to be monitored on a regular basis to ensure safety. The need and extent
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of safety required helps in deciding the investment required for the CCTV system;
for example, deciding whether procuring a single camera and monitor will suffice
or a complex video surveillance system with multiple cameras, multiple operators
and digital recorders are required [4].

DESIGN AND METHODOLOGY

Before any installation of video surveillance system, an in-depth study of the site
must be carried out with the following aims:

1. Identifying need of the system.

2. Identification of the objective of the security concern, whether it is out-
side or inside, near or far.

3. Identification of area needing surveillance.

4. Where the cameras will be installed.

5. Identification of the prevailing light conditions.

6. How the images will be captured, viewed, recorded and stored for obser-
vation and reference.

7. The system design.

8. Purchasing the right products and making installation decisions that help
save time, effort and money.

Site study and analysis

Field view

It is important to work with the end user to understand what field of view
is required to be seen on the monitor. The field of view is the width and height of
the scene as viewed by the lens. It depends upon the focal length and distance of
the object.

Any field of view has some critical area which is the target area. For exam-
ple, when the camera is viewing a gate, the space the car is coming through is the
critical viewing area or if one is watching the door, the space occupied by a per-
son walking through the door is a critical viewing area. In the same way, every
scene has a critical viewing area. This critical viewing area is usually ignored
while selecting a lens for an application. After the installation is complete, it is
not uncommon to hear comments that the end user wants to positively identify the
person, but is not able to do so with the lens installed. The following steps outline
the procedure for performing the site analysis.

Step 1

Identification of the scene area which needs to be covered by the lens and es-
timation of the width or vertical height of the scene is done.

Step 2

Estimation of the distance from the camera to the scene.

Step 3

To calculate the focal length of the lens, standard formula method, and lens
wheel calculator method are used. In standard formula method, the focal length
can be calculated using either the scene width or height formulas. In lens wheel
calculator method, many lens manufacturers provide this lens calculator. It is
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quite simple to use and the focal length of the lens can easily be calculated de-
pending upon the object distance and scene dimensions. The limitation is that it
does not tell how large the critical viewing area will be on the monitor.

Step 4

In any scene, there are areas or moving objects, which are critical. It is im-
portant to understand what is required, for a detection or positive identification.

Step 5

Calculating of the viewing area of the scene and also of the critical viewing
area by multiplying the horizontal and vertical dimensions, and dividing the criti-
cal viewing area with the total viewing area to get the size of the critical viewing
area in the monitor.

Step 6

If the proportion of the critical viewing area is as expected, then the calcu-
lated focal length is used; if not, then the focal length is changed till the correct
proportion is found or the distance of the camera is changed until the correct pro-
portion is found. If this fails, one may have to choose a lens which is the nearest
to the requirement.

Prevailing light conditions

Several measurements need to be undertaken to ensure that the correct camera is
chosen for the prevailing lighting conditions on the scene. Finally, a comparison
of the actual light at the scene with the minimum scene illumination is made. If
the light available is more than the minimum scene illumination indicated, then
the current camera can be used. If the actual light at the scene is lower than the
adjusted minimum scene illumination of the camera, then the camera setting may
require adjustment or an alternative solution is necessary.

Choice of camera and data transmission modes
Choice of camera

There are many different camera and data relaying modes to choose from how-
ever an informed choice should be derived from the best value for money, robust-
ness, future proofing, ease of installation and maintenance and fast deplorability.

For these reasons, fixed wired cameras are chosen over wireless ones be-
cause although wireless cameras can be moved to other locations requiring obser-
vation, they require dedicated frequencies, for data transmission to and from cam-
eras, that are prone to interruptions and which may end up distorting the picture.
The picture quality is also seriously compromised which means that if the signal
to be retransmitted over the internet for remote viewing for example, any further
degradation of the picture quality would result in an unusable image.

Calculations of minimum scene illumination. Various losses dramatically
reduce the level of illumination reaching the faceplate. Hence, in general CCTV
rules of thumb are often used to approximate a calculation. For example if the
faceplate illumination is quoted as 1 lux, the actual average illumination falling
onto the horizontal should be 200 x lux or more to receive good pictures (e.g. 0,1
lux at faceplate = 20 lux average horizontal requirement).
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If the camera illumination level is quoted then it will need 10 X lux average
horizontal for a good picture and 50 x lux, for full video recording quality pic-
tures.

Choice of video system

There is also the choice between using analogue or digital data transmission.
DVRs have the advantages of superior search capabilities, remote access and eas-
ier integration with other security systems over traditional analogue and VCR sys-
tems. This informs the choice of digital video over the analogue type.

Choice of data transmission mode

Here, the choice of using an IP based wiring system is already dictated by
the decision to use DVRs instead of VCRs for storage and retrieval of the surveil-
lance data. The use of fibre-optics is not considered because the cost is too expen-
sive to the end user.

Operational and equipment specifications

Equipment

The following equipment are used.

1. Stand-alone DVR(Model NVR1004+).

2. Cameras (There are many choices from CMOS to Charge Couple De-
vice(CCD) and even IR-cameras which take images in the dark. CCD cameras are
recommended over CMOS ones, as for IR-cameras, they are only good for close
distances).

3. Cables (point-to-point unshielded twisted pair wire, 24—16 American
Wire Gauge (AWG) (0, 5-1,5mm), stranded or solid, category 2 or better).

4. Router(s).

5. Power supply cables.

6. Electrical sockets.

7. Mounting brackets (for mounting the cameras).

The video signal may co-exist in the same wire bundle as other video, tele-
phone, data, control signals, or low-voltage power. Shielded twisted pair wire is
not recommended; however multi-pair wire (6 pair or more) with an overall shield
is recommended. Un-twisted wire should also not be used. For safety, video sig-
nals should never be placed in same conduit as high voltage wiring.

After the equipment has been acquired, some other specifications that may to
be identified are: operation of system, system to be installed or connected, and
future expansion.

Installation of the system

After identifying the sites where the cameras are to be installed, cables are laid
down from the cameras to the DVR. After the DVR is configured, it can be set to
record only when there is movement in the area. This will reduce the hard disk
requirements tremendously.

The system can be set up as shown in Fig. 1. The DVR is connected to the
router (192.168.0.1) using LAN cables.

The following should be noted about the connection:
1. The IP addresses are arbitrarily assigned.
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2. The PC computer (192.168.0.3) is there to set up the DVR via a user in-
terface that is accessible via the LAN connection.

3. The ADSL modem provides internet access to the system.

4. Only 2 cameras are indicated to be connected here however this is deter-
mined by the number of ports available at the DVR.

@ 192.168.0.3
Lo
.y .

T
192.168.0.199 (DMLY

P 192.168.0.1 l ADSL modem
o

Fig. 1. DVR camera setup

Design using videoCAD

Due to various constraints pertaining physical design of the system, a more com-
puter based approach is favored since such modeling would not only make the
eventual installation more manageable but also practical results could be simu-
lated with an aim of perfecting the proposed system way before implementation.
Additionally no one company approached is willing to share their architectural
plans with this designer citing, various reasons including fear of industrial espio-
nage and the risk that such non contractual disclosure could lead to security
breaches within their premises. For these reasons, this designer is inclined to
model a system using CCTV system simulation software known as videoCAD
which is freely available on the internet (as a Demo version) and which is ade-
quate to accomplish the objectives of this particular paper.

The following steps are carried out in order to implement the system as a
computer simulated video surveillance system:

1. Identification of the area under surveillance.

2. 3D mapping of the area.

3. Introduction of different camera types into the area under surveillance.

4. Placement of “objects” that may be construed as intrusions or otherwise,
at strategic locations with a view of testing the relevance of camera placement
areas.

5. Viewing of the surveyed area on a simulated monitor.

6. Calculations of illumination to ascertain that night-time surveillance is
possible using the same cameras with luminaries’ where necessary.
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7. Conclusion as to the success or failures of the system and what it would
take to make it a reality.

Identification of the area under surveillance

For the purposes of this particular paper, a bank floor area is chosen as a
good example to demonstrate the proposed system. The bank floor plan includes
two floors, an upper ground floor and a lower ground floor both of which would
be equipped with cameras to survey activities in the key area in an around them.

Two exterior areas are also identified; the ATM area and the car park area
which also need dedicated cameras capable of night-time surveillance.

The following areas are identified as key areas requiring constant camera
monitoring: lower ground floor level: front door and desk, ATM lobby and en-
trance, banking hall, teller booths, back office, back office-banking hall adjoining
doorway and room and counting room. Upper ground floor level: open work plan
area, parking area.

All cameras with the exception of the ATM entrance and front entrance
cameras are Pan-Tilt-Zoom (PTZ) cameras. The use of fixed cameras is to avoid
tampering with the person identification setting on those cameras surveying key
areas.

All cameras installed are dome type overhead at a height of 3m (approxi-
mately) from normal floor level.

3D mapping of the area

Construction of the area in need of surveillance is done using AUTOCAD
and videoCAD computer software both running on a Windows Vista operating
system.

Introduction of cameras to the areas under surveillance

Cameras are placed at strategic positions in the identified areas. Care is taken
not to unnecessarily place too many cameras surveying one scene leading to re-
dundancy and unnecessary expense. For example one camera with a pan feature is
installed to survey the back office and washrooms area, however the ATM area
being a critical security area has dedicated cameras monitoring the entrance (to
ATM booths) and another to view the ATMs.

Calculations of illumination to ascertain that night-time surveillance is
possible using the same camera setup

At this stage, the following assumptions have to be made:

1. Specification of camera sensitivity would be supplied by the manufac-
turer.

2. A luminaire would be used also whose specifications would also be
known.

RESULTS

Calculation of minimum scene illumination

Data from Field survey

The following data are considered:

1. Area to be viewed: Building wall.

2. Distance from subject to camera: 10 m.
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. Average horizontal illumination: 100 lux average (50% minimum).

. Plane of subject to be viewed: vertical.

. Reflectivity of subject: wall, average 30% (minimum).

. Intensity of lighting off wall: 312,5 candelas.

. Reflectivity of ground in front of the wall: average 37% (minimum).
. Assume f-stop value lens and iris: F1.4.

Camera data

The following data are considered:

e Minimum faceplate illumination of the chosen camera: 0,1 lux for good
pictures.

e Minimum scene illumination of chosen camera: 0,6 lux.

o Fl.4.

o 50% reflection.

Available illumination at the camera lens

e Light falling in front of the wall: 100 lux average.

e Minimum light falling in front of the wall: 50% of average = 50 lux.

e Minimum light reflected from ground onto the wall: 37% of minimum at
ground = 18,5 lux.

e Minimum light from the wall toward the camera: 30% of that arriving on
wall from ground = 18,5 - 0,3= 5,55 lux. Intensity at this point is 312,5 can-
delas(given).

e Loss of light due to distance to camera (assuming light reflected directly
towards camera):

0 NN L AW

E=1/d*,
where E= lux level at the camera; / = intensity in candelas at the wall; d = dis-

tance from wall to camera;

E=312/10% =3,124 [ux .

Theoretical illumination
At the faceplate of camera with an F1.4, ¢ is given by

C=1/4f12,

where C =illumination level at faceplate with 100% transmittance and f = f -
stop value used on iris;

C=1/(4-1,4%*)=0,127 (Or 12,7% of that arriving at the camera).

Thus, faceplate illumination available = 3,125 lux - 0,127 = 0,39 lux.

Camera minimum faceplate illumination = 0,1 lux. Rule of thumb: required
faceplate illumination x 200 = average horizontal illumination required at scene =
0,1 - 200 = 20 lux. Actual horizontal average (100 lux) and minimum (50 lux) are
both well above 20 lux required by the rule of thumb calculation.

Camera scene illumination level

Rule of thumb: 10 x camera illumination level required for good picture =
0,6 -10 = 6 lux, (Both 100 lux average and 50 lux minimum are well over this).
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Camera distances and faceplate illuminations
Table shows faceplate illumination at different distances where faceplate il-
lumination = ExC'.

Faceplate illumination at different distances

Distance from scene 10 8 6 4 2 2
to camera
Fgcep_late 0.39 0,619 1,102 2,48 9,92 39,68
Hlumination (lux)

From Table, the selected camera is suitable for use within the distances
shown since the calculated faceplate illumination exceeds the minimum value
indicated on the camera (0,1 lux). At very large distances (see Fig. 2) however the
illumination approaches 0,1 and the camera becomes unusable. Hence the se-
lected camera is capable of effectively being used in the CCTV system.

45
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5 I

o - : I e —
1 2 4

Distance from scene to camera (m)

Faceplate illumination (lux)

Fig. 2. Faceplate illuminations at different distances

Lighting level calculations are required to be provided by the system de-
signer to show how a chosen camera would be suitable, many manufacturers
make it difficult for the true camera needs or performance to be established by
publishing either partial information, introducing unseen assumptions, which en-
hance apparent performance, or deliberately inflating the claims.

Viewing the surveyed area on a monitor

A total of 15 cameras in total are used to survey both the lower and upper ground
floors as shown in Fig. 3.

It is possible to select a particular camera and pan to a desired angle, indicat-
ing that the user could effectively alter the view angle to a point of particular
interest.

The ATM camera is installed such that it could only be used for person de-
tection. This is done as a security measure to prevent misuse of the system to read
confidential data from the ATM while a customer is using the ATM machine.

56 ISSN 1681-6048 System Research & Information Technologies, 2019, Ne 4



System design of video surveillance

Fig. 3. View of the area under monitor

Night-time surveillance

Night-time surveillance results are obtained which proves that the system can be
used (together with the appropriate luminaires) to survey a specific area at night
as can be seen in Fig. 4.

Fig. 4. Parking area under night time surveillance with illuminators

Satisfactory scene surveillance is obtained after incorporating illuminators
into the system. It is possible that the luminaire(s) could double as security lamps
and in so doing deter potential security threats.
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A disadvantage here would be that the system would largely remain insecure
if the illuminators are to be switched off during night-time surveillance hours. A
possible counter to this would be to incorporate an alarm system which would be
triggered by a switch off of the lighting.

CONCLUSION

The system design parameters were used to model a video surveillance system
using videoCAD software, which was able to produce a useful security monitor-
ing tool. The importance of such a model was also demonstrated by the fact that
tedious camera mounting and removal exercises to ascertain optimum camera
placement positions would be eliminated. This would be beneficial to fast de-
ployment of such a system by cutting down on design time and cost of implemen-
tation. Further the design also looked at night-time surveillance and demonstrated
that this could be accomplished using the software.
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IHTEJIEKTYAJIbHA CUCTEMA OBPOBJEHHS IHOOPMAIIII
BJIOKA KEPYBAHHA
BE3IIIVIOTHOTI'O ITOBITPAHOI'O CYJIHA

M.C. T'PA®, B.Il. KBACHIKOB

Amnoramnisi. [Toka3zaHo CTBOPEHHsI €KCIEPTHOI CHCTeMH 1Isi 00poOieHHs iHdopmartii
B CHCTEMi KepyBaHHs; O€3MiIOTHOTO MOBITPSHOTO CyaHa abo AMCTAHIIHHO MiToTO-
BaHMX aBiallilHUX cUcTeMax, i 3aBJaHHs Ta BUKOHAHHS. PO3IJISHYTO aJIrOPHTM I10-
Oyl0OBM HaBUYaJbHOTO MOJIYJIsl €KCHEepTHOI cucteMH. HaBeneHO CKiaa Ta OCHOBHI
KOMITOHEHTH €KCIICPTHUX CHCTEM, Ha OCHOBI SIKHX MOOY/IOBaHO CTPYKTYPY Ta CXeMy
B3aeMoJIii I KOMIOHEHTIB 3 ypaxyBaHHSIM yd4acTi JIOJWHH y CTPYKTYpi HiJ 9ac Ha-
BYaHHS. [loJjaHO B3a€EMOII0 CHCTEMH 3 JDKepelIaMH BXiTHUX JAaHHX Ta (OpPMyBaH-
HSIM pillleHb. 3alpONOHOBAHO ITOJAHHS Y BHUIJISII MHOXKHH, KOXKHA 3 SKHUX BiJIIOBI-
JIa€ TICBHOMY OJIOKY, HABEJICHO BiJHOIIICHHS, 1110 BIAMOBIIAIOTH B3a€MOIIi CIICMCHTIB
EKCIIEPTHOI CHCTEMH B Haci.

KurouoBi cioBa: o6poGnennst inpopmarii, 6e3minoTHE MOBITPSIHE CyIHO, IHCTaH-
LiHO MUTOTOBaHA aBiamiifHa cucTeMa, eKCIEPTHA cucTeMa, iHpopMaIiiiHi Tex-
HOJIOT1I.

BCTYII

InTenexTyanpHi cucteMu OOpoOJeHHA Ta aHawizy iH(OpMaIii MpU3HAYEHI It
ICTOTHOTO 3MEHILCHHS 4acy, 10 BUTPAYaE€ThCsl HA POBEJCHHS BUIIPOOYBaHb, Ta,
SIK HAaCJIiJIOK, CKOPOUYCHHS 4acy MPOEKTYBaHHsI 1 BBEICHHS B €KCILTyaTalito HOBUX
amapariB, 30kpema OesminoTHuX MmoBiTpsHuX cyaeH (BIIC) abo mucraHIiiiHO 1mi-
JIOTOBAaHUX aBialliHUX cHCTeM. Taki CHCTEMH MOKHA BUKOPHCTOBYBATH Y CiJlb-
ChKOTOCTIOZIAPChKI aBiallii Ta aBiallii CreIiaibHOr0 MPU3HAYCHHS JJIsi BUKOHAH-
HSl TAKUX OTIEpPAIliif, K MMOKEKOTACIHHS, 30HlyBaHHS MiCIIEBOCTI Ta 1H.

3rigHo i3 mpanero [1] cucTteMa Ha3WBAETHCA IHTEICKTYaJIbHOIO, SKIO BOHA
JTa€ 3MOTY pealli30BYBaTH TakKi (GyHKIIIT, IK HAarpOMaJKEHHS 3HaHb, 1X OIlIHIOBAH-
HS Ta KIacHQikaimis MI0A0 MpParMaTH4HOi KOPUCHOCTI, TIONOBHIOBATH OTPHMAaHi
3HaHHsS 3a JOMOMOTOI0 JIOTIYHOTO BHMBEICHHS, YMiHHS (DOpMYBaTH MOSCHEHHS
BJIACHO{ AiSUIBHOCTI, HaJJaBaTH KOPUCTYBady AONOMOTY 3a PaXyHOK THUX 3HaHb,
10 30epiralThCs B IMaM’ATi, 1 TUX JOTTYHHUX CYIKEHb, [0 MPUTAMaHHI CUCTE-
Mi, TOIIO.

Osnaueni ¢yHkuii MokHa Ha3BaTH (YHKLISIMU MOAAHHS Ta OOpOOJICHHS
3HaHb, MipKyBaHb Ta y3arajdbHEHHS. 3aJIe)KHO Bij 3aBIaHb Ta raiay3i 3acTOCyBaH-
HSl B KOHKpETHIN crucTeMi i QyHKIIT MOXYTh OyTH peani3oBaHi pi3HOIO MipoIo,
10 1 OyAe BUSBIATH iHAMBITYalIbHICTh apXiTEKTypH.

OpHHM 13 KJTAaciB iHTENEKTYalIbHHX CHCTEM € eKCHepTHI cucteMu. J[ms Hux
XapakTepHAa aKyMyJIIlisi B CHCTEMi 3HAHb Ta MPABWI MipKyBaHb JOCBITUCHUX
CTELIANICTIB y JaHii MpeJMeTHiH rany3i, a TAKOK HasBHICTh CIIEIialibHOT CUCTe-
MHU TOSICHEHbD.

© M.C. I'pagh, B.Il. Ksacuixos, 2019
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Meta po6oTH — CTBOPEHHS AITOPUTMY MOOYIOBU MOMAYJsI HABYAHHS €KC-
MIEPTHOI cUCTEeMU 111 00pobieHHs iHdopmartii B cuctemi kepyauusa bIIC.

AHAJII3 OCTAHHIX JJOCJIJKEHD TA ITYBJIKAIIA

Hatenep Oarato HaykoBHX Tpalb NPUCBSIUCHO IHTENEKTYaIbHUM CHCTEMaM 00-
poOiieHHs iHpopMaIlii, o0 BUKOPHUCTOBYIOThCA y Ouorli kepyBaHHs BIIC.

Y HayKOBO-TEXHIUHIH JHiTepaTypi [2—5] MpomOHyIOThECS MOHATIHHIN amapar,
KOHIIEMIII CTBOPEHHS Ta KOHKPETHI peaji3alii iHTelIeKTyalbHUX aBTOMAaTH30Ba-
HHUX cHcTeM o0poOneHHs iHpopmanii i kepyBanHs. CTaHOBJIEHHS 1 pO3BUTOK TEO-
pii Ta IPaKTHKH TAKUX CUCTEM 3HAYHOIO MipOI0 CTHMYJIIOIOTHCSI TEOPI€I0 CUCTEM
Ta CHCTEMHUM aHaJII30M.

Amnani3 niteparypu [2, 6, 7] oka3sye, o HEMa€e €IUHOTO MiIX0Ay 10 0Opo0-
neHHs iHpopmaii 6moka kepyBanHs BIIC ans po3B’si3aHHs pi3HHUX 3aBAaHb. Tak,
y mpari [2] po3rasaaeTbes HOPAIoK (HOPMYBaHHS MapIIpyTy MOJIBOTY 3 BUKOPHC-
TaHHAM IHTENEKTYaILHOTO KepPYBaHHS JUHAMIYHUMH CHCTEMaMH TiTBKH LIS 3a-
BIaHb PO3BiAKU. Ha po3B’s3aHHS MOCTaBIEHOTO 3aBAAaHHS HETaTUBHO BIUIMBAE
HEMO>KJIMBICTh BUPOOJICHHSI CUTHANIB KEpyBaHHS 4depe3 HETOUHY IOYaTKOBY iH-
dhopwmariito, He 3BaKAIOYHM Ha JOCTATHIN piBEeHb PO3B’SA3aHHS PO3PaXyHKOBHX 3a-
nad. Y mpani [6] po3rIIsiHyTO BUKOPUCTAHHS TEXHOJIOTIi «MAIIUHHOTO 30pYy» VIS
ABTOMATUYHOTO BHM3HAYEHHS 3HAYCHb MOTOYHMX KOOPAMHAT 00’€KTiB, HEOOXin-
HUX 111 GopMyBaHHS cHTHATIB KepyBaHHs pyxoM BIIC. ¥V mpargx [8, 9] HaBene-
HO JIaHi, [0 MOXYTh CTAHOBUTH OCHOBHY 1H(OpMaIito uis ekcnepTiB st Gop-
MYBaHHS [IPaBUII 31 CTBOPEHHS KOMaH[ mix yac kepyBaHHs BIIC.

ITOCTAHOBKA ITPOBJIEMH

I3 pO3BUTKOM KOMILIEKCIB anapaTypH 3 pi3HUMH iH(OopMaliiHIMHU KaHaIamu 30i-
JBIIYEThCSA 3aBaHTaXKEHICTH JIiHIM 3B’53Ky iH(opMalieto, TOTpiOHOIO AT poO3i-
3HAaBaHHS Ta MPHUHHATTS pimeHb. 3i 30UTblIeHHsAM 00csary iH(opmarii 3pocTae
HEOOXiHICTh i CKOPOUYCHHS 3 OTIAAY Ha BaXKIIUBICTH Ta TOCTOBIPHICTE. 11 3MeH-
HICHHS CIIOTBOPEHHS BUXITHOTO CUTHAITY Ha 3ITKHEHHI BHOIPOK MOYKHA BHKOPHC-
TOBYBATH AWCKPETHI JiHIWHI JUHAMIYHI CHCTEMU 3 KiHIIEBOIO iIMITYJILCHOIO Xapak-
tepuctukoro [10]. Haitbimpm BXMBaHUMH MeTOdaMHu 0OpoOJIeHHs iHdopMmariii,
110 3aCTOCOBYIOThHCS JUIst 00poOieHHs nanux kepyBanHs BIIC, € HelfipoHHi Mepe-
XK1, TEHeTHYHI aJITOPUTMU Ta HeviTKa jorika [11].

Hnsa edexruBHOTO iHQOPMAIIHHOTO MiITPUMAaHHS PIllleHh y CHCTEMI Kepy-
BaHHa BIIC HeoOXimHO aHami3yBaTH TEXHOJIOTIUHI 3aBAaHHS. 30KpeMa, ITiJl Jac
kepyBanus BI1C onepatopoM MOXyTh BHHUKATH MOMWJIKH y BHIIAJKY HEIITATHHX
CUTyamliid, KOJIM MOTPiOHO 3a OOMEKEHHH Yac OLIHUTH CHUTYalil0 Ta NPUHHATH
npaBuibHe pimeHHS [12]. EQexTuBHICTD NPUHHATOTO pIMICHHS Ma€ IIBHIKO
OLIIHIOBATHCS, IO MOXKIIMBO TiJTBKHM 3 BUKOPHCTAHHSM Cy4acHHX iH(pOpMaLiiHIX
CHCTEM NMPUHHATTA pimieHb. O0’eKTHBHA HEOOXiMHICTH (POPMYBaHHS Ta peaizamii
TaKWX PIlIeHb € OCHOBHOIO OCOOJMBICTIO IHTEIEKTYaIbHOI CHCTEMHU.

Huni ogariMu 3 Haitgacrime BUKOPUCTOBYBAHMX KOMITOHEHTIB TakKol CHCTE-
MU € TIPOEKTYBaHHS Ta PO3POOJICHHS CTICIIAIBHIX EKCIEPTHUX cucTeM. s pos-
pOOJIEHHSI TaKUX CHCTEM 3aCTOCOBYIOTH MaTeMaTH4HI MOAENi, MaTeMaTH4HI Me-
TOAM Ta YUCIIOBI MeToau [13].
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BUKJIAJI OCHOBHOI'O MATEPIAJIY

ExcniepTHa cucrema — 1ie mporpaMHAi KOMIUIEKC, 1[0 BUKOHYE (YHKIIII eKcrep-
Ta JUI PO3B’S3aHHA 3a]1a4 3 TICBHOI MIPEIMETHOI ray3i. 3aCTOCYBaHHS TaKUX CHC-
TEM J03BOJISIE MiIBUIIATH e(heKTUBHICTh POOOTH cremiaricTiB. ['omoBHa mepeBara
eKCIIEpTHUX CHUCTEM — MOXMUIMBICTh HarpoMakKyBaTd 3HaHHS Ta 30epiratm iX
MPOTATOM TeBHOTro 4acy. JlaHi Takoi cuctemMu BHOYIOBYIOThCS Ha 00’ €KTMBHHX
3aKOHOMIPHOCTSIX poOoTH 3 iH(popManiero. Bonu npusHayeHi i MOAETIOBaHHS
abo iMiTarlii TOBETIHKH MOCBITICHUX EKCIIEPTIB 3 METOIO PO3B’SA3aHHS MEBHOTO
TUIY 3a/1a4, TOOTO II€ CBOEpigHA TpaHC(OpMaIlis TOCBiLY EKCHEPTIB y (Gopmy
MIPABHJI Ta TIOJIAHHS MPABUII y BUIJISIII KOMI  FOTEPHHUX TPOTPaM.

BinmogigHo no ommcy B mxepenax [14—17] ekcriepTHa cucTeMa CKIaaeThCs
3 0a3u 3HaAHb, MIJICHCTEMHU BUBEICHHS, MIJCUCTEMH ITOSCHEHHS, MIACUCTEMH Ha-
rpOMaJPKEHHsI 3HaHb Ta J11aJIOrOBOTO MPOIecopa.

3a HANOBHEHHS HOBUMHM JaHUMU Ta iX Moauikalliro BiiroBigae 60a3a 3HaHb
SIK OCHOBHH KOMIIOHEHT €KCTepTHOi cuctemu. TyT iHpopmarris 300pakyeTbes 3a
JTOTIOMOT'OF0 CUMBOJTIB, a TIpoItec il poOOTH — TOCIIOBHICTIO MIEPETBOPESHHS ITUX
CHUMBOIB.

Jonaranus Ta Moaudikalliss HOBUX MpaBuiI 0 0a3u 3HAHb 3AIMCHIOIOTHCS Y
mificucTeMi HarpoMa/KeHHs 3HaHb. TyT ycCi MpaBuiia 3BOIATHCS 10 BHIIIALY, IO
MO>KHA BUKOPHUCTOBYBATH B TIPOIIECi pOOOTH.

Buxonanns aHamizy ¢akTopis 3 po6090i MHOKHHH Ta TIPaBWII 3 0a3u 3HAHD,
JI0JTaBaHHS HOBHX (DaKTOPIB Ta BH3HAUEHHS TOPSJAKY iX BUKOPHCTaHHS peaii3o-
BYIOThCS Y TiJcHCcTeMi BuBeAeHHs. Criparodynch Ha mpari [15, 16] ta BpaxyBas-
M y9aCTh JIIOJWHA Y CTPYKTYPi CUCTEMH, B3aEMOJIiI0 KOMIIOHEHTIB TaKO1 eKCIIe-
PTHOI CUCTEMH MOJKHA MOATH Y BUIJISAI, IOKa3aHOMY Ha puc. 1.

Cxosuiue Bxinna
3HaHb indopmaris Oneparop
A A
v A 4
Baza < > Croci6 Inrepdeiic
3HAaHb BUBCJICHHA KOpI/ICTyBa‘Ia
A A
v
[Ipuiinste
pilIeHHS

Puc. 1. Cxema B3a€MO/Ii1 KOMIIOHEHTIB €KCIIEPTHOI CUCTEMH

VY Takiii cucteMi iHTepdeiic KoprcTyBa4a — KOMIUIEKC MPOTpaM, 3a JOII0-
MOTOIO SIKOTO BiTOYBA€ETHCS M1aJIOT Mi’K KOPUCTYBAYEM Ta €KCIIEPTHOIO CHCTEMOIO
Ha CTaJii sSIK yBeIEHHS, TaK 1 oTpuMaHHs pe3ynbTariB. Kommonent «Crnocid BuBe-
JeHHsI iHdopMaIli» MOXKHa PO3IUIHTH HA TPABUIIA THITY «SIKII0—TO» Ta OJIOK JIO-
TiYHOr0 BUBEIEHHS, 1110 B3aEMOJIIOTH MK COOO0IO0.

S HemOJKM eKCIEPTHUX CHUCTEM MOXHA BiA3HAYUTH HEMOMUIMBICTEH IX BH-
KOPUCTaHHS y BUIAIKY, KO iH(QOpMAIlif0 MOAaHO B HESKICHOMY BHUITIAII abo
YMOBH BHUKOHYIOTBCS HETIOBHICTIO, 800 BOHM HE TOBHICTIO JOCTOBipHi. Amapar
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HEUiTKO1 JIOTiKK Ja€ 3Mory (opmanizyBaru sKicHy iHpOpMaIilo, BHKOPUCTOBYIO-
9y i B TIpOIIeCi MPUAHATTS PIlICHb JUISl CTBOPEHHS CHCTEMH IPABWII, IO JT03BO-
JSIFOTH aHaJi3yBaTH pe3ybTaTH podoTH cuctemu [18-20].

VY mpani [21] onucano moOyIOBY JOTIKO-TIHTBICTUYHOT MOJIENI €KCIIEPTHOI
CHCTEMH JIJIsl BUPIIICHHS 3aBJaHb aBTOMaTHYHOI (piyIbTparii mapaMeTpiB CUTHAITY
B OopToBoMy KoMt toTepi BIIC, po3rnsHyTO MOXIIMBI KepyBallbHI Orepariii 1
3BEJICHHS TOYHOCTI Ta IIBHAKOCTI NepenaBaHoi iH(opmalii 10 BCTaHOBJICHOI'O
ONTUMaJbHOTO piBHA. HaBenmeHa mozens m03BoJsie MPUHAMATH YHPABIIHCBKI pi-
HICHHS 32 YMOBH BIIXWJICHHS 33/IaHMX XapaKTEPUCTUK BiJl YCTAHOBJIECHOTO ONTHU-
MaJIbHOTO 3HaueHHA. [Ipuyomy onTHMaibHE 3HAUYEHHS MOXKE BapiloBaTHUCS 3ale-
YKHO BiJ IHIIMX XapaKTEPUCTHK Ta 3a]a4d aHajii3y iHpopmarii.

Crmpatounch Ha MOOYIOBaHY JIOTIKO-TIHTBICTHUHY Moneib [21], po3risHe-
MO QJITOPUTM MOOYJOBU HaBYAJILHOTO MOJXYJISl €KCIIEPTHOI CHCTEMH 00pOOIeHHS
indopmMmarii B cuctemi kepyBanHsa bIIC, a came Takux XapaKTEpHCTHK, SIK TOY-
HICTh, MBUAKICT Ta TOCTOBIPHICTD.

Bynemo BBaxartu, 110 eKCIiepTHa CUCTEMa CKJIAJA€Thcd 3 MHOXKWHH E ere-
MEHTIB 1 MiCTUTb OJIOKH:

e; — 0a3u JaHUX Ta 3HaHb;

e, — OJI0oK aHanmi3y Ta BUOOpY pillIeHb;

e3; — 010K opMyBaHHS pillICHb;

e4 — OJOK popMyBaHHS PillIeHb 10 BUKOHAHHS;
es — 0a3a (akTiB.

Koxen 3 ykazaHuX OJIOKIB peasli3ye€TbCsl Y BHTJIAI BiMITOBITHUX MPOTPaM-
HUX KOMILUICKCIB.

[TouaTkoBi maHi Ay 00pobnIeHHs iHGOpPMAIlil HAAXOIATH IO €KCIEPTHOI CH-
cremu 3 MHoxuHu P={R,P,.,P,} nparuukiB BIIC Ta Bigx MHOXHHU
I ={i,iy,...,i,,} IHIINX €KCOEPTHUX CUCTEM.

3a momomoroto 6yioka (GOopMyBaHHS pillIeHb O BUKOHAHHS MPHHHATI CHUCTe-
MOIO DIIIeHHS MEepPeJaoThCs 10 MHOXKMHU J| BHKOHYBAaHUX MEXaHI3MIB CHCTEM
kepyBanHs BIIC.

BukopuctoBytoun Teopiro OiHAPHHUX BiJHOMIIEHb TUCKPETHHX MHOXHH [19],
OIUIIIEMO CTPYKTYpPY Ta (PyHKLIOHYBaHHS TAaKOi €KCIIEPTHOI CUCTEMH Ha iHTepBa-
miyacy [t,4;].

B3aemoniro eIeMEeHTIB €KCIIEPTHOI CHCTEMH Ta €IEMEHTIB IHITHX MHOXKHH,
300pakeHHUX Ha puC. ], OMUIIEMO TAKUMH AWHAMIYHHMH BiIHOIIEHHAMHU [22]:

O () ExXE, Q()S PXE, OQ5()cIXE, O4(t) SiestxVy, telty,t;].

L1i BiZHOLICHHS OMKCYIOTH B3a€MOJII0 Y Yaci eJIEMEHTIB eKCIIePTHOI cUcTe-
mu. Hanpuknan, y aeskuii MOMEHT yacy 3 IPOMIKKY f € [t,,t;,] 0610k popmyBaH-

HS PIICHb O BUKOHAHHS 3aIUTY€E JaHi y BIOMOBIAHUX IATYMKIB IPO TOTOYHE
3HA4YEeHHS KYTiB BiAXWJIeHHs BiA 3afgaHux. Toxi y BigHomeHHS (J,(f) BXOIOHUTH

OJHOCJIICMCHTHA MHOKHMHA, 10 CKJIaJa€ThCA 3 O10Ka q)OpMYBaHHﬂ piH_ICHL J0 BHU-
KOHaHHA.

AHaJIITHYHUM TIOJJAaHHSIM TAKHX BiJHOIIEHb € MaTtpuis (O =lg;] po3Mipom

axb 3 eneMeHTaMH:
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I, AKImO mapa 3HAYCHb BXOMUTH y BigHOIICHHS Q;
g = (1)
ij

0, B immomy Bumanky, i=(1,x), j=(,y).

BiamosinHo 1o mpaii [22] K0KHE 3 HaBEICHUX BiTHOIIEHL OIMMCYETHCS Bil-
MOBITHAMH MATPUYHUMHU (DYHKIISIMH, €IEMEHTH SKUX € (QYHKLISIMH 4Yacy, 1o B
KO’KEH MOMEHT 4acy 3aJI0BOJIbHSIOTH yMOBH (1).

PosrnssHeMo onmc (yHKIIOHYBaHHS €EeMEHTIB €KCHepTHOI cuctemu. Ilpu-
MYCKa€eMO, 0 CHCTEMa OTepY€ 3 IBOMa BUIaMH LIJICH:

e OCHOBHMMHY, 1110 3yMOBJICHI 3aBJJaHHSAM Ha IHTepBali yacy f €[y, ],

® JIONTOMIXKHHMH, [0 BAHUKAIOTh B YMOBaX HEBH3HAYCHOCTI.

Bynemo BBaxkaTH, 110 HEBU3HAYCHICTh MOXKE BUHMKATH Y BUIAJIKOBI MOMEH-
TH 4yacy 3 IPOMDKKY f €[t,1;].

[To3naunmo yepe3 O MHOXKHHY Iijeld 1 uepe3 D MHOKHUHY IiJIed TOTEH-
MIHHO MOMJIMBUX CHUTYyalliii HEBU3HAYCHOCTI. YBEIEMO MHOXHHY 4Yacy
C={c,cy,...,C, } , Yy axkuii nependavaeTbcs oOpodaeHHs iHdopmanii st gocsr-
HEHHsI KOHKPETHOI 11111 3 MHOKUHU O .

3B’5130K eneMeHTiB MHOKUHU O Ta D BioOpa3uMo BiTHOIIEHHIM

0 cOxD. )

Puc. 2. I'padiune 300paskeHHs BiHOIIECHHS (2)

[To3naunMo nocsrHyTi wimi miaMHOXkuHOWO O, a Hemocsarnyti — O, .
OO0uABI TAMHOXHWHA € 9acTHHOIO MHOXHUHH O . CroYaTKy BHIIJTUMO B MOMEHT
dacy ¢, € C uesukoHaHi uit O, € 0,,; . BukopucraeMo MHOXHHY MPOIyKLIiii-

HUX mpaBun [23]:
AKI]O < ymosa >,TO < piwenns >, IHAKIIE < nepexio > .
IMogamo X y BUISI
R ={rf |x=(LN),y=(LM)]

1
Ta IpaBu: rx(y) :

ry) « AKIO {D},(p(c))i(c))) =1}, TO {0, € 04}, IHAKIIE {0, € 0,,}.

VY mpaBunax Jyis BUKOHAHHS aHAJi3y BU3HAYCHHS JOCATHCHHS KOXHOMO 3a-
IUTAHOBAHOIO B MOMEHT 4acy f =c; LIl BHKOPUCTOBYIOTHCS BIIAMOBIAHI IpeIUKa-

TH D}(,I), 3HA4YEHHS SIKUX OMUCYIOTh (PaKTH BUKOHAHHS YMOB fK «1» abo HEBHKO-

HaHHs ((0)), 3a AKX ]_[iJ'IL Oy BBAXA€THCA JOCATHYTOLO.
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ApryMeHTaMM TakKMX TpeJuKaTiB € 3HaueHHs BEKTOPIB  JaHHX
p®)=(p,(t), p5(0),..., p, (1)) , IIO HAAXOAATH B MOMEHT 4acy ¢ =c, BiJ JaTUUKiB
Ta iHIMX ekcriepTHux cucteM BIIC.

BUCHOBKHA

VY po0oTi po3nmUcaHo anropuT™M NOOYAOBH MOXYJISl HABYAHHS €KCHEPTHOI CHUCTe-
MHU. Po3rsHyTO i CTpyKTYpy Ta MoOyA0BaHO CXeMy B3a€EMOJi1 KOMITOHEHTIB €KC-
NEPTHOI CUCTEMH 3 ypaxXyBaHHSIM Y4YacTi JIOAWHH y CTPYKTYpi. 3alpOIIOHOBAHO
B3a€MOJII0 CHCTEMH 3 JPKEpelaMH BXIIHUX NaHHX Ta (GOpPMYBaHHSAM pillleHb 3a
JTOTIOMOT'O0 TIPaBWJI MUCKPETHOI MAaTeMAaTHKH Ta KOMIT IOTepPHOI JIOTiKH. 3armpo-
MMOHOBAHO CTBOPEHHS €KCIIEPTHOI CUCTEMH JJisi 00poOIieHHs iHdopMalii B cucte-
mi kepyBanHs BIIC, ii 3aBgaHHs Ta BUKOHAHHSI.

AHanizyoun JOCBil CTBOpEHHs eKclepTHHX cucteM [15, 16] Ta cmuparo-
YUCh Ha BUKOHAHY MOOYIOBY, MOKHA CTBEPIDKYBATH, IO HAHOUIBIII CKIIATHOCTI
BUHHKAIOTh MiJI Yac CTBOpPEHHsS 0a3u 3HaHb Ta MPaBHJI JAJs cloco0y BHBEICHHSI.
3acToCcOBYIOUM Taky 3amady Aias oOpoOieHHs iHpopmalii y cucTeMi KepyBaHHS
BIIC cTBOpeHHS Takux OJIOKIB YCKIAaIHAETHCA y 3B’S3KY 3 BHCOKHM CTYIICHEM
HEBU3HAYEHOCTI JAHUX, 1110 BUHUKAIOTh y pa3i BUHUKHEHHs HELITaTHUX CUTYallii
Ta MOCTYMOBOTO 30iJbIIEHHS KiNBKOCTI iHpopMaLii B yMOBax 4acoBHUX oOMe-
)KeHb [12].

Jns 3a0e3nedeHHs HAAIMHOTO TepeaaBaHHs iH(opMalii Mik OOpTOBHM
koMmir torepoM BIIC Ta omepaTopoMm IOIUIBHO OymyBaTH 0a3y 3HaAHb Ha OCHOBI
MITYyYHUX HEHPOHHHX Mepex [24] i 3acTOCOBYBaTH amapaTr HEeUYiTKOi JIOTIKH Ay
pearizanii yMOB THIYy «sSKI0—To». [ITy4Hi HEelpoHHI Mepexi MaroTh 3JaTHICTh
JI0 aJalTUBHOIO HaBYaHHA. Taka iX BIACTUBICTh Ma€ IepeBary Iepen Tpalullii-
HUMH €KCIIEPTHUMHU CUCTEMaMHU: CKJIQJHOCTI, [II0 BUHUKAIOTh Y Mipy HaOyTTs iH-
(hopmauii, 3SMEHIIYIOTHCS TIOPIBHSHO 3 MPOLIECOM, L0 3HAYHOIO MipOI0 3aJIEXKUTh
BiJT JTFOAMHHU-EKCIIEPTa, HOTO TOCBIMy Ta 3HAHD.

CtBOpeHHS Takoi HelpoMepexeBoi 0a3W 3HAHb JO3BOJUTH MIABUIINTH IO-
CTOBIPHICTbH iH(OpMaIlii Ta TPYIOMICTKICTb, 10 BUHUKAIOTH TP aJanTallii 6a3u.

JITEPATYPA

1. Ilocnenos I'.C. VIcKyCCTBEHHBIH WHTEIJIEKT — OCHOBa HOBOW HMH(OPMAIMOHHON
texHosioru / I'.C. IlocnenoB. — M.: Bercur. mk., 1988. — 278 c.

2. Bacunves C.H. VIHTENNEeKTHOE yHpaBIeHHE JUHAMHYECKHMH CHUCTEMaMu /
C.H. Bacunbes, A.K. Xepnos, E.A. ®enocos, b.E. ®exyno. — M.: Ou3mar-
aut, 2000. — 352 c.

3. 3axapoeé B.H. VIHTeNneKTyalbHBIE CHUCTEMBI YIIPABICHHSA: OCHOBHBIC IOHSTHS WU
ompenenenus / B.H. 3axapos // 13B. PAH. Teopus u cucTeMsl yrpaBieHHUs. —
1997. — Ne 3. — C. 138-145.

4. 3axapoe B.H. CoBpemeHHast HH)OpMAIIMOHHAS TEXHOJIOTHS B CHCTEMAaX YIIPABICHHS
/ B.H. 3axapoB // U3B. PAH. Teopust u cucremsr ympaeinenus. — 1997. —
Ne 3. — C. 70-78.

5. FOcynoe P.M. K 90-metmro akagmemuka E.JII. TlomoBa / P.M. IOcymom //
Wudpopmammonno-ynpasisromue cucteMsl. — 2005. — Ne 1. — C. 51-57.

6. VYnpaenenue m HaBeneHne OCCIMIIOTHBIX MaHEBPEHHBIX JICTATEIBHBIX allapaToB
HAa OCHOBE COBPEMEHHBIX HH(pOpMalMOHHBIX TexHomorumit / Ilom pen.
M.H. Kpacunsmmkosa, I'.I'. CebpsikoBa. — M.: DUSMATIINUT, 2003. — 280 c.

64 ISSN 1681-6048 System Research & Information Technologies, 2019, Ne 4



Inmenexmyanvna cucmema obpobaenHs iHghopmayii O10Ka Kepy8anusa 6e3niomHozO ...

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

Kysneyos A.I. Cuctema OpHEHTAIMd MOOWIBHOTO pOOOTa OTHOCHUTEIILHO BHEIIHUX
OPHEHTHPOB Ha OCHOBe 00paborku wu3o0paxenuit / A.I. Ky3sHeuos,
W.T". Kpbuios, A.B. Jle6enes // Tpyast 18 MHTC. — Anymira, 2009. — C. 69.

. Lennsesa T.Il. Anamm3 npumeHeHns: OecioTHBIX KominiekcoB / T.I1. Ilemmnsera,

E.M. ITo3gprmesa, A.I'. Ilomrapenko // OTKpeIThie HHOOPMAIIMOHHBIE M KOMITh-
I0TepHble UHTerpupoBaHHble TexHosorun. — X.: HAKY «XAM», 2008. —
Bem. 39. — C. 149-154.

. Cyuachuil ctaH 1 MEpCHEKTUBH PO3BUTKY PO3BLAYBaJbHUX OE3MUIOTHHUX JIITAIBHUAX

arnapariB TaKTHYHOI Ta ONepaTHBHO-TAKTHYHOI 1ii / BiCHMK BOEHHO-HAyKOBOI
inpopmarii. — Cymu: HLI B3 PBiA, 2013. — 31 c.

I'pagp M.C. OO6pobka curHamiB npu mnepenadi iHdopmarmii B Oe3MUIOTHOMY
MOBITPSIHOMY CyIHI 3a JONOMOIOK alIropuTMy IepeTBopeHHs Dyp’e /
M.C. I'pa¢ // XII mixxHap. Hayk.-nipakT. koH}. «[IPTK» / 36ipauk te3. — K.,
2019. — C.182-183.

I'pagp M.C. Anani3 icHyro4HX MeTOAIB 0OpoOku iH(popMamii B 601 KepyBaHHs
6e3ninotHoro mosiTpsinoro cynua / M.C. I'pad. — K.: BicHuk imxeHepHOi
akagemii Ykpaiau. — 2016. — Bum. 4. — C. 20-22.

I'pagp M.C. TlpuitHATTSA pilleHb B CHCTeMi KepyBaHHS OE3IIIOTHUM IOBITPSHUM
cyaaom / M.C. I'pad // XIII MixkHap. Hayk.-TexH. KoH}. «ABia-2017» / 36ipHuk
te3. — K.: HAY, 2017. — C. 4.36-4.38.

Moxwun B.B. TlapannenbHblii TeHETHYECKHH alrOpuTM OTOOpa 3HAYMMBIX
(hakTOpOB, BIUSIOMIMX Ha JBONIONHUIO CIOXHOHN cucrtemsl / B.B. Mokmun //
BectHuk KazaHCKOTO TOCYZapCTBEHHOTO TEXHMYECKOTO YHHBEPCHTETa HM.
A.H. Tynonesa. — 2009. — Ne 3. — C. 89-93.

JKepnaxos C.B. HeiipocereBas 6aza 3HaHMH NpELEIEHTOB AaKTHMBHOW JKCIIEPTHOM
CHUCTEMBI JI1 KOMITJICKCHOTO KOHTPOJIA U AUArHOCTHUKHU IMapaMEeTpOB aBUAllMOH-
noro asurateis / C.B. Xepuakos // Uapopmannontsie TexHogorum. — 2002, —
Ne 5. —C. 45-53.

Casywrun C.A. HetipocereBbie skcrieptHbie cucteMbl / C.A. CaBymkuH // Hefipo-
koMmnbroTep. — 1992, — Ne2. — C. 29-36.

Caghoroe B.O. DKCHIEPTHBIC CHCTEMbI — UHTEJUICKTYaIbHbIC TIOMOIHUKH CIICIHAITH-
croB / B.O. CadonoB. — CII6: Cankr-IlerepOyprckast opraHuzaiiust odiecTsa
«3nanus» Poccun, 1992, — 256 c.

Tysoeckuii A.@. CuCTeMBl yIpaBIeHUS 3HAHUAMH (METOABI W TEXHOJOTWUH) /
A.®. Tyzosckuii, C.B. Unupukos, B.3. Smnonbckuit. — Tomck: U3a-so HTIL,
2005. — 260 c.

Bergmann M. An Introduction to Many-Valued and Fuzzy-Logic. Semantics, Alge-
bras and Derivation Systems / M. Bergmann. — Cambridge University Press. —
2008. — P. 126-135.

Zadeh L.A. Fuzzy set / L.A. Zadeh // Information and control. — 1965. — N 8. —
P. 338.

Mamdani E.A. Application of fuzzy logic to approximate reasoning using linguistic
synthesis / E.A. Mamdani // IEEE Trans. Computers. — 1977. — Vol. C26. —
N 12. —P. 1182-1191.

I'pagp M.C. Meton aBTOMaTHYHOTO MimOOPY CIOCOOY KOPHTYBaHHS TOYHOCTI Ta
IIBUAKOCTI Trepenadi iHpopmarii B O€3MJIOTHOMY TIOBITPSIHOMY CyIHI /
M.C. I'pa¢ // VII Mixnap. Hayk.-TexH. koH}. «ITSEC» / 30ipauk te3. — K.
HAY, 2017. — C. 46-47.

Kpueuii C.JI. Tuckperna maremaruka / C.JI. Kpusunii // Bykpex. — 2014. — 568 c.

@eoynoe b.M. bazoBas anropurMudeckas oO0OJOYKa OOPTOBBIX OIIEPATHBHO
COBETYIOIIMX OKCIEPTHBIX CHUCTEM THUIIOBBIX CHTYalWil (YHKIMOHHPOBAHHS
oobekra / B.M. ®enynos // N3B. PAH. Teopust u cucremsl ynpaBiieHHS. —
2009. — Ne 5. — C. 82-93.

Graf M. The Construction of the Algorithm Study Based on the Mathematical Model
of Motion / M. Graf, V. Kvasnikov. — In: ICTERI 2018. — P. 235-242.

Haoiiwna 03.10.2019

Cucmemni docnioxcenna ma ingpopmayivini mexnonoeii, 2019, Ne 4 65



UDC 004.89
DOI: 10.20535/SRIT.2308-8893.2019.4.07

A LITERATURE REVIEW OF ABSTRACTIVE
SUMMARIZATION METHODS
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Abstract. The paper contains a literature review for automatic abstractive text sum-
marization. The classification of abstractive text summarization methods was con-
sidered. Since the emergence of text summarization in the 1950s, techniques for
summaries generation were constantly improving, but because the abstractive sum-
marization require extensive language processing, the greatest progress was
achieved only recently. Due to the current fast pace of development of both Natural
Language Processing in general and Text Summarization in particular, it is essential
to analyze the progress in these areas. The paper aims to give a general perspective
on both the state-of-the-art and older approaches, while explaining the methods and
approaches. Additionally, evaluation results of the research papers are presented.

Keywords: natural language processing, text summarization, abstractive text sum-
marization, sequence to sequence models.

INTRODUCTION

Today there is a problem of processing large amounts of text information caused
by a constantly growing volume of textual information. It is possible that this is-
sue can be addressed by using natural language processing approaches, in particu-
lar, text summarization.

The main goal of Text Summarization (TS) is to create a summary — “a re-
ductive transformation of source text to summary text through content reduction
by selection and/or generalization on what is important in the source.”

In the future, TS may be essential for users to efficiently manage informa-
tion, allowing saving time and resources, as well as to quickly find the specific
information they are looking for within documents.

TS has experienced great development in recent years, and a wide range of
techniques and paradigms have been proposed to tackle this research field.
However, to produce a summary automatically is very challenging [2].

Extraction methods reached some serious progress [3], but there is an em-
pirical limit intrinsic to pure extraction, as compared to abstraction [4]. Also,
Laura Hasler claims that the technique humans practice is to copy and paste the
same material present in the source documents [5]. However, some slight changes
are applied in most of the cases, and two types of operations, atomic and complex,
are identified, involving deletion, insertion, replacement, reordering or merging
(the first two are atomic operations while the last three are complex). From the
coherency evaluation standpoint, the results showed that 78% of the abstracts
were more coherent than extracts.
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GRAPH-BASED APPROACHES

The studies for abstractive sentence summarization used to be largely based on
sentence compression [6, 7] and sentence fusion [8, 9]. Graph-based approaches
also were very popular among older abstractive approaches, in particular, they
were shown to be very successful for producing multi-document summaries [10].

Ganesan, Zhai, and Han in their work [11] proposed Opinosis — graph-
based summarization framework, which generates abstractive summaries of opin-
ions. The system considers a high redundancy of opinions. Opinosis employs
shallow NLP. Firstly, the input text is represented as a textual directed graph. The
work introduces lexical links usage in graph building, which should help with dis-
covering new sentences or reinforcing existing ones. Then, candidate abstractive
summaries are generated by choosing various sub-paths in the graph. They are
analyzed and scored by using three unique properties of graphs (redundancy cap-
ture, gapped subsequence capture, collapsible structures), duplicated or extremely
similar paths are excluded by using similarity measure. Authors created a dataset,
consisting of reviews of various products. The evaluation of the created dataset
shows that the summaries generated by the system have a higher correlation with
human-made summaries than baseline extractive method. Evaluation conducted
on dataset created by authors, resulting in recall for ROUGE-1 — 28,3; ROUGE-2
— 8,53; ROUGE-SU4 — 8,51; F-score for ROUGE-1 — 32,7; ROUGE-2 — 9,98;
ROUGE-SU4 — 10,27. Unfortunately, as with all custom datasets, the results are
not directly comparable to other algorithms. The authors also point out that this
solution is more extractive than abstractive, as only the words from the original
text can occur in the summary. It is abstractive in the sense that generated sen-
tences are in general not from the original sentences set.

Lloret and Palomar [12] proposed to combine Graph-based abstractive ap-
proach with extractive approach (COMPENDIUM) in several ways. The graph-
based approach is used to create new sentences by computing the shortest ‘valid’
path on word graph. The validity of resulting sentences is checked using several
heuristics (sentence should have more than 3 words, one of the words is a verb,
the sentence doesn’t end in an article). The performance is tested on the DUC
2002 test set, resulting in F-Measure ROUGE-1 — 20,85; ROUGE-2 — 6,68;
ROUGE-SU4 — 7,04 for the best of proposed models. Authors state that even
though the results are not very high, the approach is promising for future research.

Banerjee and Sugiyama [13] described new multi-document abstractive
summarizer. Authors state that documents are not equal by information quantity
about the topic, so initially the system evaluates the most important document
from the set by using Lex Rank, Pairwise Cosine Similarity, and Overall Docu-
ment Collection Similarity. Then each sentence from the selected document is
used to generate separate clusters or appended to existing. Each cluster consists of
a word-graph structure. Clusters are further constructed by including sentences
from other documents that have high similarity with them. For each one,
K-shortest paths are selected, which are then used to construct the sentences by
using a proposed integer linear programming problem that maximizes information
content and linguistic quality and reduces redundancy in the final summary. The
system outperforms the best extractive summarizer by ROUGE scores on both
DUC 2004 and DUC 2005 datasets. For DUC-2004 best proposed system reached
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recall for ROUGE-2 — 11,99; ROUGE-SU4 — 14,76. Other metrics were used for
DUC-2005 — recall for ROUGE-L — 35,77; ROUGE-SU4 — 12,41. Also, the work
included manual evaluation of Informativeness and Language Quality by 10 eval-
uators — the proposed system reached 4,1 / 5 in Informativeness, 3,63 / 5 in Lan-
guage Quality on randomized set of summaries.

HEURISTIC BASED METHODS

Some researches s use heuristic methods for sentence generation, for example, the
article of Ganest and Lapalme [14]. The work introduces the concept of Infor-
mation Items (INIT). INIT is “the smallest element of coherent information in the
text or a sentence”. The framework consists of the following steps:

1) INIT retrieval. Proposed: As the definition of INIT is intentionally vague
and leaves out implementation details, authors proposed two candidates for this
step: Semantic Role Labeling (SRL) and predicate-logic analysis. Implemented:
extraction of subject—verb—object triples, with tags for date and location;

2) INIT selection. Proposed and implemented: frequency-based models (as
in extractive summarization);

3) Sentence generation. Proposed: text generation patterns or heuristic rules.
Implemented: heuristic engine (implementing linguistic rules) for sentence
generation (SimpleNLGQG) is used.

Evaluation results on the TAC 2010 dataset are — Pyramid Score — 0,315;
Linguistic Quality — 2,17 and overall responsiveness — 2,30.

It is also interesting to note, that in fact, part of the implementation of Khan,
Salim, and Kumar [15] were close to some of the proposed ideas of Ganest and
Lapalme [14] (former proposed SRL usage, sentence generation through using
heuristics on the last step).

The proposed framework of Khan, Salim, and Kumar [15] uses heuristics
for sentence generation, genetic algorithm for information selection.

Novelty:

1) The first work to implement semantic role labeling (SRL) in multi-
document abstractive summarization. Rather than simply selecting sentences from
source documents, semantic representation is used to represent source documents;

2) Proposed clustering of the semantically similar PASes (Predicate Argu-
ment Structures) by utilizing semantic similarity measure;

3) Ranking PAS based on the features weighted and optimized by genetic
algorithm; since text features are sensitive to the quality of the generated sum-
mary.

Algorithm:

1) the document is split into sentences;

2) PASes are selected from each sentence in the document collection using
semantic role labeler (SENNA);

3) semantic similarity matrix of PAS is computed;

4) semantically similar PASes are clustered using ‘Agglomerative hierarchi-
cal clustering’ (HAC) algorithm based on the average linkage method;

5) the PASs in each cluster are scored based on features, weighted and opti-
mized by genetic algorithm. Highest ranked PASes are selected from each cluster;
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6) heuristic engine for generation sentences in English (SimpleNLG) is used
to generate sentences from argument structures.

Content selection is conducted by ranking PASes based on optimized fea-
tures (step 4, 5). In step 6 language generation is used to generate sentences from
PASes.

On DUC 2002 dataset evaluation of Pyramid Score (0,5) and Average Preci-
sion (0,7) showed that authors’ approach outperforms comparison models. Hu-
man-written summaries reached 0,69 for Pyramid Score, 0,85 for Average
Precision.

HYBRID METHODS

TOPIARY, the system described by Zajic and Dorr [16], combines sentence
compression algorithm by means of linguistically-motivated heuristics (modified
Hedge Trimmer) and Unsupervised Topic Discovery (UTD) — statistical method,
which generates a set of topics from document corpus. Hedge Trimmer algorithm
is modified in order to take a list of topics with relevance scores as additional in-
put, dynamically change compression rate in order to include highest scoring top-
ic if it is missed. The algorithm won a prize on Document Understanding Confer-
ence 2004 Workshop as best performing by ROUGE-1, ROUGE-2 and ROUGE-
L measures, scoring 24,9; 6,45; 19,95 respectively.

Compress (Clarke and Lapata, 2008) [17] — uses integer linear programming
(ILP) to infer globally optimal compressions in the presence of linguistically mo-
tivated constraints. The authors introduced the usage of global constraints, de-
signed their system to use less local syntactic knowledge. Three models are pre-
sented and compared — unsupervised, semi-supervised, and fully supervised
approaches. The results have shown that semi-supervised model with the pro-
posed constraints performing the best in terms of human-evaluated Grammatical-
ity and Importance (information content of summary). Evaluation conducted on
data-set created by author. The best scores are 3,76 for Grammaticality, 3,53 for
Importance.

Woodsend and others proposed a novel model [18], which consists of three
components. Content selection was performed by an SVM, which gave a salience
score for each phrase. To generate compressions and paraphrases the model used
Quasi-Synchronous Grammar (QG) rules. The third component, an Integer Linear
Programming ILP model combined the output of previously mentioned compo-
nents into an output summary by optimizing content selection and surface realiza-
tion preferences jointly. Similar to Clarke and Lapata, the ILP model includes
global constraints relating to sentence length, overall summary length, grammati-
cality and topics inclusion. The work is evaluated by humans on DUC-2004 head-
lines dataset, by means of Grammaticality and Importance, reaching scores 5,36
and 4,94 respectively. In comparison conducted by authors, proposed model out-
performed TOPIARY by 2,33 points in Grammaticality, 1,49 points in Impor-
tance.

Bing and others [19] proposed an abstraction-based multi-document sum-
marization system that creates new sentences by employing the proposed integer
linear optimization model. The system operates syntactic units like a noun or verb
phrases instead of whole sentences. In the first step, a noun or verb phrases are
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extracted from the documents via constituency trees. Then, for each phrase, a sa-
lience score is calculated using concept-based weight incorporating position in-
formation. New sentences are created by selecting and merging phrases, insuring
their validity by solving a proposed linear optimization model. Performance eval-
uations are carried out on TAC 2011 dataset. The system reached recall for
ROUGE-2 - 11,7, ROUGE-SU4 — 14,7; F-score for ROUGE-2 — 11,7; ROUGE-
SU4 — 14,8. The average Linguistic Quality assessed for resulting summaries
was 3,43.

METHODS BASED ON SEQUENCE TO SEQUENCE MODELS

The task of abstractive sentence summarization i.e. generating a shorter sentence
version while trying to preserve its original meaning is increasingly intriguing for
researchers, especially with the development of sequence-to-sequence frame-
work [20].

Creation of Encoder-Decoder Recurrent Neural Networks and their utiliza-
tion for encoding variable sentence length with further decoding into variable sen-
tence length [21, 22] lead to significant progress in machine translation. Together
with previously proposed Bidirectional Neural [23], it led to the invention of At-
tentional Encoder-Decoder RNNs [24] and their usage in the field of abstractive
sentence summarization [25]. Also, creation of Gigaword dataset [26] had a huge
role in providing the previously inaccessible amount of training data.

Rush, Chopra, and Weston [25] proposed a fully data-driven approach to
abstractive sentence summarization (which authors call ABS — Attention-Based
Summarization). The method utilizes a local attention-based model that generates
each word of the summary conditioned on the input sentence. The work tries
several encoder architectures:

1. Bag-of-word encoder ignores properties of original order and
relationships between neighboring words. This model can capture the importance
of words, potentially can learn to combine words, but is inherently limited in
representing continuous phrases.

2. The convolutional encoder allows capturing local interactions between
words. Standard TDNN is used. Minuses: it produces a single representation
(vector) of the entire sentence, ignoring length and other differences.

3. Attention-based encoder based on the article of Bahdanau, Cho, and
Bengio [24], removes the need for single representation. The author proposes to
think of this as of “soft alignment” between input and output summary.

Generation model uses a feed-forward neural network — Neural Network
Language Model (NNLM). The encoder and the generation model are trained
jointly on the sentence summarization task. Expectedly, the Attention-based en-
coder significantly outperforms other proposed encoders and baseline.

Several other articles significantly influenced the further route of research:

1. Gated Recurring Unit (GRU) was proposed [27], as an alternative to Long
Short-Term Memory (LSTM) gated unit in RNN. The article of Chung and others
[28] has shown that proposed units are comparable or better than LSTM in the
task of sequence modeling. Also, the additive nature of both models has
advantages over classical tanh units:
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¢ the unit can remember existence of a specific feature in the input stream
for a long sequence of steps. Forget gate of the LSTM unit or the update gate of
the GRU should specifically decide when the feature is forgotten;

o the memory of these units effectively creates shortcut paths that bypass
multiple temporal steps. This property allows to back-propagate the error easily,
as it vanishes longer.

2. Large Vocabulary Trick (LVT) was proposed [29] for machine
translation. The approach is an approximate training algorithm based on (biased)
importance sampling that allows training neural models with a much larger target
vocabulary. The algorithm effectively keeps the computational complexity during
training at the level of using only a small subset of the full vocabulary. Authors
claim that the proposed approach allows us to efficiently use a fast computing
device with limited memory, such as a GPU, to train a neural machine translation
model with a much larger target vocabulary.

In “sequence-to-sequence RNNS for text summarization” Nallapati,
Xiang and Zhou [30] demonstrated that the sequence-to-sequence models are ex-
tremely promising for summarization. Full seq2seq model is used, as previously
proposed [24], with encoder Bidirectional GRU-RNN as and Unidirectional At-
tentional GRU-RNN as the decoder. Their experiments showed that LVT-trick
significantly improves training speed without sacrificing performance. Also, more
classic features, like PoS tags, named-entity tags, TF-, IDF that are encoded to-
gether with words provided an additional performance improvement. Results of
this works have shown that the proposed model outperforms the previous state-of-
art [25] on Gigaword, DUC 2003, DUC 2004 corpora.

During further research Nallapati and others in their work “Abstractive text
summarization using sequence-to-sequence RNNs and beyond” [31] proposed
Switching Pointer-Generator to avoid the generation of “UNK” token (a token
that is generated by most summarization systems, which try to generate a word
that is out of their training dictionary). Authors show, that even though the model
learns to use pointers very accurately not only for named entities but also for mul-
ti-word phrases, the performance improvement of the overall model is not signifi-
cant. It is proposed, that model impact may be clearer in other document sets,
where the tail distribution of rare words is heavier. Hierarchical attention model
is proposed (attention not only on the word level, but also on sentence level), but
it didn’t show a significant difference on all datasets. Also the work introduced a
new large scale dataset “CNN/Daily Mail”, which is very important due to the
lack of the former.

The next year, same authors published new work [32] which proposed new
extractive approach and compared the results with their previous model on the
CNN/Daily Mail dataset using ROUGE metric. The comparison showed that ex-
tractive model significantly outperformed abstractive on the longer texts.

See, Liu, and Manning pointed [33], that even though the system proposed
in “Abstractive text summarization using sequence-to-sequence RNNs and be-
yond” [31] reached a new level of accuracy, it still has typical drawbacks of se-
quence to sequence models — it inaccurately reproduces factual details, has high
level of repeating themselves and not always deals with out-of-vocabulary (OOV)
words. The work tries to address this issue through a proposed novel variant of
coverage vector and modified pointer-generator network. In contrast to the
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abovementioned work where pointer-generator network is activated only for OOV
words or named entities, the model is allowed to learn when to apply the network.
The proposed model is evaluated to have higher both ROUGE and METEOR
scores than the predecessor, was shown to reduce inaccuracies and repetition.

In “Selective encoding for abstractive sentence summarization” [34] it is
pointed, that unlike machine translation, where alignment between all parts of
input and output is required, there is no explicit alignment between input sen-
tences in sentence summarization. The challenge is not to infer the alignment, but
to select the highlights and filter secondary information. To solve this task, it is
proposed to extend seq2seq framework with additional selective encoding model.
The result consists of sentence encoder (bidirectional GRU), and attention
equipped decoder (attentional GRU). The selective gate network constructs a sec-
ond level sentence representation by controlling the information flow from the
encoder to the decoder. Also, the proposed layer was shown to perform as ex-
pected — it has highlighted the representation of important words from the input
sentence. The model is evaluated on the Gigaword, DUC 2004 and MSR abstrac-
tive sentence summarization datasets. The proposed selective encoding model
outperformed the state-of-art baseline models.

As it was shown, seq2seq framework performance quickly deteriorates with
a length of the generated sequence [27]. So, in “Retrieve, rerank and rewrite: Soft
template based neural summarization.” authors point that similar sentences should
hold similar summary patterns, so existing summaries can be used as “soft tem-
plates” to guide the seq2seq model [20]. As the name of the article hints, the
model has three steps:

1. Retrieve step: Popular IR platform (Lucene) is used to retrieve candidate
templates. The system finds out analogies of the given sentence in the corpus and
picks their summaries as candidate templates. Recurrent Neural Network (RNN)
encoder is applied to convert the input sentence and each candidate template into
hidden states, encoder output is shared by “rerank™ and “rewrite” steps.

2. Rerank: In Retrieve, the template candidates are ranked according to the
text similarity between the corresponding indexed sentences and the input
sentence. However, for the summarization task, the soft template is expected to
resemble the actual summary as much as possible. So, this step tries to choose the
“closest” template to the processed sentence.

3. Rewrite: summary generation. The summary is generated according to the
hidden states of both the sentence and template. Concatenation function is applied
to combine the hidden states of the sentence and template.

By comparison to other strategies of choosing soft templates, the authors
show that proposed “Rerank”™ step has a room for improvement. Also, the quality
of the summaries depends on the quality of the imported external summaries,
which shows that soft templates themselves, not other architecture changes have
great importance. In total, the proposed model significantly outperforms the state-
of-art seq2seq models, and even soft templates themselves demonstrate high
competitiveness.

Inspired by results of “Retrieve, rerank and rewrite” [20] with soft templates
Wang and others [35] proposed a new model called BiSET (Bi-directional Se-
lective Encoding with Template for Abstractive Summarization) to enhance soft
template usage in text summarization. The work introduces:
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1. A novel bi-directional selective mechanism with two gates to mutually
select important information from both article and template to assist with
summary generation. The mechanism is inspired by the research of “bidirectional
attention flow mechanism” in machine reading comprehension [36] and the
selective mechanism described earlier [34].

2. Fast Rerank method to automatically select high-quality templates from
the training corpus. The method is based on Convolutional Encoder, Similarity
Matrix, and Pooling layer.

F-1 scores for ROUGE-1, ROUGE-2, ROUGE-L were used as metrics. Re-
moval of template-to-article attention or article-to-template attention lead to re-
duction in all used metrics, showing that every part of proposed bi-directional se-
lective mechanism is improving performance. Comparison with simple
‘Concatenation’ approach to soft templates showed that proposed selective mech-
anism significantly outperformed in all metrics.

Results of the works, presented in this section are shown in Tables 1-4.

Table 1. Comparison of methods’ performance on Gigaworld dataset, full-length

ROUGE F1

Model ROUGE-1 ROUGE-2 | ROUGE-L
ABS (Rush 2015) [25] 29,55 11,32 26,42
ABS+ (Rush 2015) [25] 29,78 11,89 26,97
CA2s2 (Chopra 2016) 33,78 15,97 31,15
FeatSeq2Seq (Nallapati 2016) [30] 32,67 15,59 30,64
SEASS (Zhou 2017) [34] 36,15 17,54 33,63
R”3 Sum (Cao 2018) [20] 37,04 19,03 34,46
BiSET (Wang 2019) [35] 39,11 19,78 36,87

Table 2.Comparison of methods’ performance on Gigaworld dataset, ROUGE

Recall (output capped at 75 bytes)

Model ROUGE-1 | ROUGE-2 ROUGE-L
Compress (Clarke and Lapata, 2008) * [17] 19,63 5,13 18,28
ABS (Rush 2015) [25] 30,88 12,22 27,77
ABS+ (Rush 2015) [25] 31,00 12,65 28,34

* provided in the work of Rush and others [25], not in original work

Table 3. Comparison of methods’ performance on DUC-2004 dataset,
ROUGE Recall (output capped at 75 bytes)

Model ROUGE-1 ROUGE-2 ROUGE-L
Compress (Clarke and Lapata) * [17] 19,77 4,02 17,3
W&L (Woodsend) * [18] 22 6 17
TOPIARY (Zajic) * [19] 25,12 6,46 20,12
ABS (Rush) [25] 26,55 7,06 22,05
ABS+ (Rush) [25] 28,18 8,49 23,81
FeatSeq2Seq (Nallapati 2016) [30] 28,35 9,46 24,59
SEASS (Zhou 2017) [34] 29,21 9,56 25,51
* provided in the work of Rush and others [25], not in original work.
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Table 4. Comparison of methods’ performance on CNN/Daily Mail dataset,
ROUGE Recall (output capped at 75 bytes)

Model ROUGE-1 ROUGE-2 | ROUGE-L
Nallapati 2016 [30] 35,46 13,30 32,65
Nallapati 2017 (extractive) [32] 39,6 16,2 353
Nallapati 2017 (abstractive) [32] 37,5 14,5 334
See 2017 ** [33] 39,53 17,28 36,38

** uses non-anonymized dataset, so not directly comparable.

CONCLUSIONS

This paper introduces some important information concerning both state-of-art
and older approaches of abstractive text summarization. This review could serve
as a starting point for novice researchers to get familiar with the field. Modern
data-driven methods had more focus, as they are mostly left out from the topic
literature reviews, and also as they tend to give better results and have pretty sub-
stantial differences from the older approaches, that were more structure-based or
linguistic-focused. However, in contrary to more classical models, sequence to
sequence-based ones tend to “lose control” on the long text samples, and also they
require much bigger datasets. As we can see, Gigaword dataset is dominating in
training new models, as older ‘DUC’ and ‘TAC’ datasets do not provide the de-
sired sample quantity.

To summarize, further research seems to be aligned with improving the qual-
ity of the sequence to sequence models on the long texts or proposing an alterna-
tive machine learning method.
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MOPIBHSIHHS E®EKTUBHOCTI KJIACU®PIKATOPIB
MAIIMHHOI'O HABUAHHS
Y KOHTEKCTI I'OJIOCOBOI BIOMETPII

B.A1. TAHWIOB, 4.B. 'PYIHIKO

Amnoramnisi. [TopiBHsHO ciM momyssipHEX KiacudikaropiB Python-6i6morexn scikit-
learn y KOHTEKCTi e(hEeKTHBHOCTI POOOTH CHCTEMH TOJIOCOBOI Oiomerpii. st BHIi-
JICHHsI BEKTOPIiB O3HaK roJIOCY 0co0H, 10 BepHU(IKYETHCS, 3aCTOCOBAHO METOX
MFCCs (Mel Frequency Cepstral Coefficients). YV mociimkeHHI BUKOPHCTaHO TaKi
knacugikatopu: K-NN (K-Nearest neighbours classifier), MLP (Multilayer
perceptron), SVM (Support vector machine), DTC (Decision tree classifier), GNB
(Gaussian Naive Bayes classifier), ABC (AdaBoost classifier), RFC (Random forest
classifier). SIk aHanizoBaHy BHOIpKY B35TO ronocosi 3pasku 40 ocid TpUBamicTIO B
CepeHbOMY JIeB’SITh XBWIMH Ha ocoOy. Kputepii edekTuBHOCTI KiacudikaTopis
BHOpaHO BIAINOBIIHO 10 MOTPeO CHUCTEM royocoBoi OioMeTpii. Y Mexax poboTH
BHKOHAHO MOJICITIOBAaHH LIaXpaicTBa y npoiteci ayreHTudikanii. HaiepekTuBHIIHIM
y TOJIOCOBOMY po3mi3HaBaHHI BusiBUBCs kiacugikarop K-NN, skuit 3a Hyap0Bo1 Ki-
JBKOCTI HETIPaBUIIBHO AOIMYIIEHHUX 0ci0, 3abe3neunB Ha 3—85% BHIIy TOYHICTH Be-
pudikamii, HiX 1HII KIacupiKaTopu.

Kunrodosi caoBa: ronocoBa 6iomerpis, MFCC, mopiBHsSHHS Ki1acupikaTopis, Kia-
cudikatop K-NN, Mammunae HaBYaHHS, INTYYHUH IHTEIEKT.

BCTYII

Harerep crano monyJssipHAM MOHSATTS «IITYYHUH 1HTEIEKT» SIK Cepell HaAyKOBIIIB,
TaK 1 cepell MpOrpamMicTiB. 3a3BHYail Mifl UM IOHITTAM MarOTh Ha yBasi 37aT-
HICTh KOMIT'FIOTEPIB JI0 MIEBHOTO CIIPUWHATTS, MUCICHHS Ta A, MpUTaMaHHUX
nroauHi. Croau MOXHa BiTHECTH TaKi MOIYJSIPHI Tedii MITY4YHOTO IHTENEKTY, SIK
MarmuaHR# 3ip (CV — Computer Vision), o0po6menas nmpupoaHoi mou (NLP —
Natural-Language processing), ronocosa 6iometpist (VB — Voice Biometrics)
Ta iH. 3ayBaxxumo, mo NLP y moennansi 3 VB MOXyTh CIlyryBaTH AJis TiJBH-
meHHs] KoOMGOPTY KOMYHIKaIlii MiJK JIFOJbMH 3 00MEXEHUMHU MOKIIMBOCTSMH Ta
KOMIT FOTEPOM.

SlckpaBUM TNPHUKIAAOM aKTyalbHOCTI HociimxkeHb 3 VB € omuryBaHHS
500 xommaniit i3 CIIA ta €Bponu, mposenene Pindrop y 2018 p., 3rigHO 3 SKAM
57% 3 onuTaHUX IUIAHYIOTH YNPOBAAWTH HAHOIMKYMM 4acOM T'OJIOCOBI TeX-
HoJoTii JuIsi Oimbmioro kKoMmdopTy Kii€eHTiB, a 28% yke 3acTOCOBYIOTH Taki
TexHoJorii [1].

© B.A. [Janunos, A.B. I'pywxo, 2019
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V CBIiTI Bke iCHy€ AOCHTH 0araTto rOTOBHX PillIeHb IOJOCOBOI OioMeTpii, 3a-
MIPOIIOHOBAHUX PSIOM KOMEPIIHHUX KOMIIAHIH, cepell IKMX MOYKHA BHIUTATH TaKi
BeJIMKi kommanii, sk Nuance, Agnitio, VoiceVault. Ane, Ha kanb, TeOpETHYHA
0a3za 1ux po3po0OK y BIAKpUTUH JocTyn Maibke (a0o 30BciM) He HagxoauTh. Ca-
Me TOMY If0 pOOOTY CHPSIMOBAHO Ha MiJBHUINCHHS KOHKYPEHTOCIPOMOXKHOCTI
YKpaiHChKOi HAyKOBOI CIIUIBHOTH B Taiy3i INTYYHOTO IHTENIEKTy — Voice
Biometrics.

CTAH JOCJIKEHHS B YKPATHI TA 3A KOPJJOHOM

Oryisi] cy4acHOT JliTepaTypH CBIIYMTD, 1[0 TEMaTHKa CUCTEM I'OJI0COBOI OioMeTpil
He IyXe MomyJsipHa B YKpaiHOMOBHOMY HayKoBoMy cepenoBuili. Ilompu e,
Tpalli, MPUCBSIYCHI NaHii TemaTwili, € ikaBuMu. Tak, y mpami [3] B.I1. 3axaposa
ta O.l. 3ageka ommcaHo OCOOIMBOCTI 3aCTOCYBaHHS iMeHTH(IKAIli 32 TOJIOCOM
MOPIBHSHO 3 IHIIMMH MeToAamMu Oiomerpii (iAeHTHdIKAIi€0 332 BiIOUTKaAMU
MAJTBIIB, CITKIBKOIO OKa, KJIaBiaTypHUM MTOYEPKOM, BEHAMHU PYKH, TepMOTrpadiaHOrO
kaptuHoto obommyuda, JIHK Tomo). IlepeBarn MynbTHMOAaIBHOT 6ioMeTpii (3a To-
JIOCOM Ta OOJMYYSIM OCOOM) Ta OIJIAJ IHIIKX BUIIB O0i0METpii JOCHIHKEHO Y JH-
ceprauii [4] }0.0. Kymuenka. OpHak OCHOBHY yBary aBTOp MpPUAUIHB came 0io-
MeTpii 32 obmuausM. besnepedno 1ikaBoto € Takox mparisd [5] O.A. MscimieBa, e
OIMKCaHO MPOrpaMy Ha ormepalliiiHii cuctemi Android, 3a JOMOMOTOO SKOT MOXKHA
BiZaneHo KepyBaTH KoHTpojepoM Arduino depe3 Bluetooth, mogaroun Biamosin-
Hi rOJIOCOB1 KOMAaHIH.

Jemo Ommk4oro 3a mpoOeMaTHKO0 TPOMOHOBaHOI poboTh € cTarTs [6]
€.10. IllepbakoBa, ocHOBHa MeTa SIKOI MoJisAraja y BH3HAYCHHI ONTHUMAaJIbHOTO
METOJly Ta MapaMeTpiB T'OJIOCOBOrO po3mi3HaBaHHs ocoOu. HaitOinbina TOUHICTH
PO3ITi3HABaHHA, SIKOI, SIK MMOB1IOMIISIETHCS, BOAIOCS JOCSTHYTH, CTAHOBUTH 98,6%.
Opnak BUOIpKa rOJIOCOBUX 3pa3KiB TYT ckjiamanachk juiie 3 10 ocid i KiIbKICTh
KIacudikaTopiB JopiBHIOBaNa TphoM. KpiM TOro, aBTOp HE BpaxyBaB MOXHUOKHU
JIPYyroro poay — HaHiCTOTHILIOTO TapaMeTpa B POOOTi CUCTEMH Y PEKUMI 3aXHC-
Ty BiJ] HECAHKITIOHOBAHOTO JTOCTYITY.

Orysi 3apyOiKHOT JTiTepaTypH 3a TEMaTHKOI CHCTEM I'OJIOCOBOI OioMeTpii
TaK0X He BUSBUB BEJIHKOI KiJIBKOCTI Mpallb i3 BITbHUM JOCTYIIOM JI0 ITapaMeTpiB
inenTHdikamiii Ta Bepudikamii. YTiM Taxi npartii € i BoHU 1ikaBi. Tak, HanmpuKian,
y [7] H.N.M. Shah i M.Z. Ab Rashid noOynyBamm cuctemy romnocoBoi 6ioMeTpii,
B OCHOBY sKoi mokmaneHo Metom MFCCs oTpumaHHS TOJIOCOBOTO BiIOWTKa, a
TaKkoXX omucanu Taki Mmeroad, sk SVM (Support Vector Machine), GMM
(Gaussian Mixture Model), VQ (Vector Quantization) i DTW (Dynamic Time
Warping). Meronx MFCC onpo6oBano aBropamu Ha 10 roocoBux 3paskax.

V crarri [8] A. Shoup, T. Talkar npoanamnizyBainu HasiBHI CUCTEMH T'0JOCO-
BO1 ayTeHTH]IKAIll Ta po3poduny 1Bi BiacHi cucreMu. Cxema Iepiioi cucTeMu
BKUTIOYa€ aBa ocHOBHI Moxymi: MFCCs, mo OyB BUKOPHUCTaHUHN I BHUICHHS
BEKTOPIB O3HAK rojocy, 1 kiacudikatop GMM. [Ipyry cucteMy rojiocoBoi 6iomer-
pii BuKoHaHo Ha 0a3i Python-6i6miotexu Dejavu [9]. Ha xanb, aBTopu He Hajanu
MOPIBHSUTPHOTO aHANi3y €(heKTHBHOCTI 3aCTOCOBAaHUX KJIacH(]PiKaTOpiB.

OTxe, 3 OTJISAAY JITEPATYPH, IO € Y BIAKPUTOMY JOCTYII, MOXHa 3pOOUTH
BHUCHOBOK, IO MHUTaHHs BHOOpY HaiKpamioro kiacudikaropa Ta ONTUMaIbHHX
napaMeTpiB ifeHTu(ikamii € JOCUTh MTUCKYCIHHHM 1 MpHBEpTae yBary 0araThox
JTOCITITHUKIB, SIKI TIPAITIOIOTH y Tamy3i VB.
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ITOCTAHOBKA 3ABJIAHHSA

MeTta po06OoTH — TMOPIBHSHHS CEMHU IMOIMYJSIPHUX KiacudikaTtopiB 0i0moTekH 3
MalIMHHOTO HaBuaHHS scikit-learn [2] y KOHTEKCTI po3poOJieHHS KOHCOJBHOTO
momatka (MoBoro Python) posmisHaBamHs mrogmHM 3a  TosnocoMm  (Voice
Biometrics). OcHOBHUM (YHKITIOHAIIOM TaKOTO IOoJaTKa € Te, IO IIiJ Jac Ha-
BYAaHHSI CHCTEMH T'OJIOCOM TIEBHOI JIIOAMHU BUIUISETHCS HAOIp BEKTOPIB TOJIOCO-
BOTO BigOWTKa ocobu 3a gomomororo wmeronxy MFCCs (Mel-Frequency
Coefficients) [10-11], a Takok BUKOHY€ThLCSI HaBUaHHS KiacupikaTopa BEKTOpa-
MU 03HaK. Y Tporieci ayTeHTHdiKamii Habip BEKTOPIB 03HAK 3 T'OJIOCY, OTPUMAaHUH
3a nonomororo MFCCs, momaeThcs Ha HaBUCHY MOJEIH KiacudikaTopa Jjs icH-
tudikamii Ta Bepudikamii ocodu. O0csr BUOipkH rojociB ctaHOBUTH 80 3pa3KiB,
ski Hanmexkats 40 pizHUM gukTopaMm. CTaBUTHCS 3aBIaHHS BCTAHOBUTH Haikpa-
MUK KI1acuQikaTop Al po3Ii3HABaHHS.

CXEMA POBOTH CUCTEMU

CucreMa, 1110 BUKOPHUCTaHA B TOCTIKCHHI, CKIIATA€ThCS 3 IBOX OCHOBHHX MOJIY-
niB: moxyist MFCCs [12] otpuManHs Ha0OPY BEKTOPIB O3HAK 3 TOJIOCY (TEOpPETHY-
HYy CKJIaJIOBy MeToay mo0pe ommcas Jxetimc Jlionc [13]) Ta Momyms kinacudika-
Topa 0ibmoteku scikit-learn [2]. CnpomieHy cxemy poOOTH CHCTEMH B PEXHMI
HaBYaHHA 300pakeHo Ha puc. 1.

Ha6ip BekTopiB Asroput™ T'onoc
(TomocoBwmit

BiTOUTOK 0COOM)

Bigomol
ocobu

MFCCs

A

HaBuannsa
Mozel
knacugikaTopa

Puc. 1. Cnpomena cxema poOOTH CHCTEMH B PEKUMi HAaBYAHHS

Sk BumuBae 3 puc. 1, HaBYaHHS CUCTEMH TOJIOCY O0COOM BiOYBa€ThCsS 3a
pPaxyHOK HaBUaHHS Mojeli knacudikatopa. CrpoineHy cxemy poOOTH CHCTEMU B
PpEeXHMI TIPOXOHKCHHS ayTeHTU (KAl HEBITOMOIO 0c00010 300pa’keHO Ha pHC. 2.

Sk BuaHO 3 puc. 2, ineHTU}IKaLis 0cOOM BUKOHYETHCS O€3MOCEpEAHBO 3a
JIoTIOMOTOf0  Kitacuikaropa. [neHTHdIKOBaHY 0c00y BepH}iKyIOTh 3 BHUKOPHC-
TaHHSAM JESIKOTO BCTAHOBJIEHOT'O ITOpora JAjis IeBHOro mapaMetpa. Llei mapametp
HIMO iHIIE, SK BiXHOIICHHS IMOBIPHOCTI MpaBHIIBHOI imeHTH(DIKAIli HAHIMOBIp-
Himoi ocobu 1o MOBIpHOCTI Ipyroi HaiMOBipHiOI ocobu. s neTaabpHIIIOro
MOSICHEHHS TIPUITYCTiMO, IO CHCTeMa OyJia HaBYEHA TOJIOCAMHU IT'AThOX OCi0O
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(SIpocnaBa, Bomomumupa, Irops, Onekcanmpa, €srenis). Termep Hexail HeBigoMa
0co0a MPOXOJUTh ayTCHTU(DIKAIIIIO. [ ronoc momaeThest Ha BXiJ CHCTEMH po3ri-
3HaBauHsA, MeToq MFCCs Bumiisge 3 TOJI0CYy BEKTOPH O3HAK, SKi MOMAIOTHCS HA
kiacugikaTop, 3 MeTolo ineHTH(iKalii ocoOu. 3po3yMino, mI0 cHCTEMa 3MOXKE
imeHTH(IKYBaTH 0Cc00y, KA MPOXOINUTh ayTeHTU(IKAIIIO, TIIBKA SK OJHY 3 THX
I’SITH 0ci0, ToJIocaMy SIKMX BOHa Oyia HaB4eHa mornepeanbo. Hexail iMoBipHOCTI
mpaBuIbHOI imeHTHdIKaIii HEBimOMOi 0coOM, IO BiAMOBITAIOTH BIAOMHM Ha-
BYCHHM 0C00aM, HaBEICHO Y TaOJIHIII.

Hab6ip BekTopiB
p p Anroput™ Tonoc
(ronocoBuit

BiTOUTOK 0COOM)

HEBIIOMOT
ocobu

MFCCs

A

Mopeas kiaacugikaropa

[IZ[eHTI/Id)iKaLIiH] [ Bepudikarrist ]

Puc. 2. Cnpomena cxema poOOTH CHCTEMH B PeXHMi ayTeHTHQIKaIii HEBiTOMOIO
0c000r10

ImoBipHOCTI TIpaBHiIbHOI ineHTH]IKALiT HeBiOMOi ocodwu,
110 BIAIIOBIIAIOTHE 0co0aM, sIKi BIZIOMI CHCTEMI

. IMOBipHICTH IpaBIIIEHOL
InentudikoBana ocodba . R
inenTudikarii, %

Spocnas 70
Bonoxumup 12
Irop 8
Onexcanap 5
€BreHii 5

TakuM urHOM, MapaMeTp, Ha 0a3i sIKOro BiAOYyBaeThbesl BepUdikalis, po3pa-
xoByeTbes sk Ident varif = 70/12 = 5,83. Otxke, ynM OUThIIMIA 1ICH TTapamMeTp,
TUM OiblIa HMOBIPHICTB, IO iAeHTU(IKOBaHA 0c0o0a € Ti€0 caMOI0 0CO00I0, sKa
npoXoauTh ayTeHTH(dikamito. ToMy sl IBOr0 mapaMeTpa MOKHAa YCTaHOBHTH
neBHUH Nopir (y pOMY BHIIAJIKY He Oinblie sk 5,83). [ sKimo 3HaYeHHs mapamer-
pa Ident_varif Ginble Bij 3a1aHOTO IOPOTa, TO PUIAMAETBCS PILICHHS, 1[0 0C00a
Bepu(ikoBaHa MPaBUIBHO, TOOTO € Ti€l 0c00010, M0 MPOXOIUTH BepuQiKallio.
IHakire poOUTHCSI BUCHOBOK, 110 0co0a HE MpOoMIIia BepudiKkaIlio i He Moxe 0y-
TH JIOMYIIEHOIO JI0 OXOPOHHHX JIAHHX.

OIINC KPUTEPIIO TOYHOCTI KJTIACU®IKATOPA

BiamoBigHO 10 OCHOBHOT METH POOOTH MOPIBHIOETHCS TOUHICTH JCSIKUX Kiacui-
KaTopiB, HasABHUX y OiOmioTemi scikit-learn. Ockimbky KiacuQikaTopu po3risiaa-
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IOThCS SIK YaCTHHA CHCTEMH TOJIOCOBOi 010MeTpii, TO 1 KpuTepii TOUHOCTI MaloTh
OyTH aKTyaJbHUMH IJII CHCTEM TOJI0OCOBOI Oiometpii. JJIT Takux CHUCTEM 5K pi3-
HOBHIIB 010METPIi O€3MEPEYHO BAXKIIUBOIO € 3IATHICTh HEOMYCTUTH 3I0BMUCHH-
Ka JI0 JaHuX. BUMipsaTH Taky 3MaTHICTh MOXKHA KUTBKICTIO HEMTPABHIILHO JIOIYIIIE-
Hux (allow-false) no 3akpuTHX HaHWX OCi0, iHAKIIE KaXKydH, IS KUTBKICTh — TIe
KUTBKICTh TIOMHJIOK JPYTOTO POAY. 3p03yMiso, 110 YMM MEHIa KiTbKICTh Hempa-
BUJIBHO JIOMYIIEHUX OCIO JUIs MEBHOI BUOIPKH, TUM Kpalllui 3aCTOCOBAHHWM Kiia-
cudikarop.

IH1I010, HAMEBHO, HE MEHII BaXJIMBUBOIO 3JIaTHICTIO CHUCTEM OioMeTpii €
3IaTHICTh JOIyCTHTH BiJIOMUX CHUCTEMi 0Ci0, ajpke cUcTeMa He MaTHMeE CEHCY,
SKIO BOHA HE OyJie JOMYCKaTH aHi 3JIOBMHCHHMKIB, aHI BJIACHUKIB MPUBATHOTO
KOHTEHTY. KiNbKICHO IT10 3IaTHICTh MOXHA BHMIPSATH KiJIBKICTIO MPAaBHIBHO J0-
nymeHux (allow-true) ocib 10 3aKpUTHX TaHUX.

Marouu 1i ABa npoTtuiaexHi kputepii (allow-true Ta allow-false), moxxHa 10-
CUTh TOYHO BHUMIPATH ePeKTUBHICTH Kiacudikaropa mis Bepudikarii. Came 1mi
IIBa KpHUTepii 1 OyIM BUKOPUCTAHI T 3HAXOPKEHHS TOYHOCTI Kitacu(ikaTopis.

OCOBJIMBOCTI BUBIPKHA

Kiracudikaropu tectyBanucs Ha BHOIpIIi TOJOCIB, sSKi Hanexarh 40 pi3HUM JIHK-
TopaMm. Bubipky roziocis B3sTo 3 iHTepHET-pecypcy OpenSLR [14], ne BoHa me-
peOyBae y BiTbHOMY J0CTyTi. Sk BUOIpKY roJI0CiB BAKOPUCTAHO TOJIOCOBI 3pa3Ku
40 pi3HHX TUKTOPIB 3 TPUBAIICTIO B CEPEIHHLOMY JIEB’SATh XBHJIMH. TaKoi TpHUBa-
JIOCT1 BHSBUJIOCH LIJIKOM JOCTATHBO, MO0 pO30OUTH 1ii 3pa3KH Ha MEHIII QparMeH-
TH Ta yTBOpUTH 160 3pa3KiB i mojaTH iX Ha BXiJ CHCTEMH, 3MOJICIIOBABIIN THM
camuM 80 cripo0 3ammcy Ta ayteHTHdiKamii 40 pisHUME 0ocoOamu.

Oco0OnuBICTIO BOTO AOCTIIKEHHS € MOJACTIOBAHHS 3JIOBMHCHOI aTakd Ha
cucteMy. MoJemroBaHHS pealizoBaHO TakuM 9rHOM. ['oocoBi 3pa3ku 10 ocib He
NoJaBajiiics Ha HaBYaHHS CUCTEMH, X0Ua BOHU MOJABAINCS Ha MOJaJbIy ayTeH-
tadikaIito, a oTxe, OyJIu I CUCTEMH Uy>KHUMH. Take MOJIEIIOBaHHS OO 3JI0-
BMUCHHUKIB € I[IJIKOM BUIIPABIAHUM, OCKIIBKH, SIK BiZJOMO, JUIS Oy Ib-SIKOI CHCTEMU
OiomeTpii OmHIEI0 3 HAHBAXKIMBIIINX OCOOJHMBOCTECH € 3MaTHICTH HEIOIMYCTHTH
3JI0BMHCHHKA /10 KOH(EICHIITHNX TaHHX.

TakuMm 4MHOM, y pexXuMi MoaenoBaHHA MaeMo e 80 crpod BUKOHAHHS
ayteHtudikamii, 20 3 SKUX HaIlleBHE € 3JI0BMUCHUMU (OCKLIBKH cHcTeMa He Oyina
HaB4eHa 3pa3kaMu ronoci 10 3 40 TUKTOpIB), OMHAK CHCTEMa Hamepe. He 3Ha€,
SKi caMe 3 IUX CIpoO € 3JTOBMHCHUMHM 1 MMOBHHHA caMe 1X BH3HAYHTH TaKHUMH.
ToMy MakCHMaIbHO MOJIIMBA KUTBKICTh CIpOO MpaBUIBHOI ayTeHTU]IKaIi cTa-
HOBUTH 60 cripo0, MiHiManbHa — 0. MakciMaIbHO MOXKIIMBA KUIBKICTh HETIPaBHU-
THHOI ayTeHTH]IKaIil (KUTPKICTh IIOMUIIOK APYToro poay) nopiBHioe 80, MiHiMa-
apHa — 0.

3icTaBUBINM 1i KPUTUYHI KUTBKOCTI 3 KOHKPETHUMH TIOKa3HUKAMH Bi/IOBII-
HUX MPOTECTOBAHUX KiIacH(piKaTopiB, MOXKHA 3pOOUTH BHCHOBOK NP0 €HEKTHB-
HICTh ITUX KITaCH(IKaTOPiB BiAMOBIAHO 10 3aBAAHHS PO3ITi3HABAHHS.

ITOPIBHAHHSA CEMU KJIACUDIKTOPIB

VY poboti mpotecToBaHO ciM momyssipHUX KiacudikaropiB Python-6i0miorexkn
scikit-learn [2], a came:
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1) K-NN (K-Nearest neighbours classifier — K-Halionmk4ux cycinis);

2) MLP (Multilayer perceptron — GaraTomapoBuii mepIenTpoH);

3) SVM (Support vector machine — MeToJ1 OTOPHUX BEKTOPIB);

4) DTC (Decision tree classifier — kiracudikarop nepeB yXxBajieHHS PillleHb );

5) GNB (Gaussian Naive Bayes classifier — HaiBHuii OaiieciB kinacudika-
T0p);

6) ABC (AdaBoost classifier — agantuBHMiA OYCTiHT);

7) RFC (Random forest classifier — knacuikatop BHIIaAKOBOTO Jicy).

KinpkicHi xapaktepucTiku 3a kputepismu allow-true Ta allow-false mmx
KJacugikaTopiB 300paskeHO Ha puc. 3.

60

50 53

40
30
20

10
9
o 0 i i is 2 ;l 2

K-NN MLP SVM DTC Naive Bayes AdaBoost Random
Forest

m allow-true allow-false

Puc. 3. KinpkicHi xapakrepuctuku 3a kpurepiasmu allow-true Ta allow-false cemu
kiacudikatopis (Y KOHTEKCTI T0aTKa rOJI0COBOI OioMeTpil)

Sk BurmBae 3 puc. 3, HaliMeHII 3Ha4eHHs 3a KpuTepieM allow-false (kimb-
KiCTh TIOMUJIOK JPYTOTO pONy) Ta HalOinbmie 3HaueHHs allow-true mae xmacudi-
katop K-NN. Takum unnom, kmacudikarop K-NN BUSBHBCS HaWKpaIluM y 0-
cmimkerHi. Kpim toro, et kiacudikaTop BHSABHBCS TOYHUM 32 aOCONOTHUMHU
MOKa3HUKaMH, HAOpaBIIM MiHIMAJIBHO MOXJIMBE 3HAYCHHSI KUIBKOCTI MTOMIIIOK
apyroro poxy (0 {allow-false: 0%}) i nocuTh 6MU3bKE O MAKCHMAJIEHO MOXJIH-
BOTO 3HAYEHHS KUIBKOCTI MPaBHIBHO PO3Mi3HAHMX i BepudikoBaHUX 0ci0 (54 i3
60 makcumansHO MoxnuBuX {allow-true: 90%}). [pyre i Tpere micus mocinu
BignoBimHo GNB (allow-true: 32 { Ha 36,7% wmenme 3a K-NN}, allow-false: 2
{na 2,5% 6impme 3a K-NN}) ta RFC (allow-true: 26 {Ha 46,6% menme 3a K-NN
}, allow-false: 2 {na 2,5% Oinbmre 3a K-NN}). UeTBepre micre aimarb Mix coboro
onpasy tpu knacudikaropu: DTC, ABC i MLP (allow-true: na 83,3% Mmenme 3a
K-NN, allow-false: na 10% Oinpme 3a K-NN). Haifripme 3HaueHHS B IbOMY
JOCITIDKEHHI TIoKa3zaB Merox SVM, HaOpaBmM MakKCHMalbHE, ITOPIBHSIHO
3 iHmMME KinacugikatopaMu, 3Ha4eHHs 3a kputepieM allow-false (53, mo Ha 67%
oimpme 3a K-NN). 3nauenns allow-true mis xkincudikatropa SVM CTaHOBUTH
ycporo 3 (Tobto Ha 85% menme 3a K-NN).
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BHUCHOBKHA

[NopiBHSHO 3 HaBEACHUMH y BIIKPUTUX PKEpeNax Mpausx 3 aHalizy kiacudika-
TOPIB, SKi BUKOPHCTOBYIOThCS IS iAeHTHdIKAMII Ta Bepudikaiii ocodu y roio-
coBili OiomeTpii, BUKOHAHE JOCIIKCHHS BIAPI3HAETHCS TAKUMH XapaKTEPHUMHU
O3HaKaMU:

e BHUKOHAaHO Ha HAHOINBWIIK 3 BiAOMHUX mpalb BHOIpHi ToJIOCIB 0cib
(40 oci0);

® 33aCTOCOBAaHO MOJCITIOBAHHS IAXpaicTBa IiJ 4ac MPOXOPKEHHS ayTeH-
Tudikarii;

® PO3PaxOBaHO KUIBKICTh TOMHJIOK JIPyTOTO POAY;

® MpOaHaJi30BaHO HAMOLIBLIY 3 BIZOMHX Mpaub KiIbKiCTh KiIacu(pikaTopis
(cim).

OmrcaHo 3arajlbHy CXeMy CHCTEMH T'OJIOCOBOI OiOMeTpii, BUKOPUCTAHY IS
TECTyBaHHS KIacU(iKaTOpiB i3 NOCHIAHHSIM Ha BUKOpUcTaHi Python-6i0mioreku.

VY pesyibTaTi JOCHIIKEHHS BCTAHOBIICHO, IO CEPel CEMU IPOTECTOBAHUX
kimacudikatopiB python-6i6morekn scikit-learn HaiiBUIII 3HAYEHHS ITOKA3HHKIB
e()eKTUBHOCTI BiTHOCHO SIK MPABUIILHO AOMYIIEHUX OCi0, Tak 1 MOXUOKU JPyTroro
pony Mae knacudikatop K-NN. AGcomnroTHI 3HaYeHHs e()eKTUBHOCTI Kiacudika-
topa K-NN (3 BUKOpHCTaHHSAM MOJEIIOBAHHS 3JIOBMHUCHOTO BTOPIHEHHS B CHC-
TEMY) CTaHOBJIATB: KUIBKICTh CIPOO MPaBMIIBHO JOMYLICHUX 0ci6 — 54 i3 60 ma-
KCUMallbHO MOXIUBHX (TouHicTh Bepudikamii 90%) 1 KinbkicTe crnpoO
HEIPaBUIIBHO JOMyIIEHNX 0Ci0 — 0 (CTOBIICOTKOBHIA 3aXUCT Bij] 3JIOBMHICHHKIB).
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USING CONVOLUTIONAL NEURAL NETWORKS
FOR BREAST CANCER DIAGNOSING

M. NADERAN, Yu. ZAYCHENKO, A. NAPOLI

Abstract. During the last few years, Convolutional Neural Networks (CNN) have
been widely used in Computer-Aided Detection and the medical image analysis. The
main idea of this paper is to modify CNN’s architectures to achieve the better sensi-
tivity and the precision for detecting breast cancer at an early stage compared to ex-
isting methods. For this purpose, several factors were considered before CNN train-
ing such as the data processing, model, dataset, etc. In the proposed model the
following hyperparameters were the following: the dropout rate 0,2, epoch 38 and
batch size 33. Besides the hyperparameters, two fully connected layers in the modi-
fied model were used. An average recall (sensitivity) in the recent works was 74%.
The precision and recall of proposed model for breast cancer classification were
66,66% and 85,7%, respectively.

Keywords: convolutional neural networks, deep learning, computer-aided detection,
breast cancer diagnosis, classification.

INTRODUCTION

Breast cancer is one of the most invasive cancers between women. The number of
patients who have this type of cancer is increasing not only in poor countries but
also in developed countries. Based on World Health Organization (WHO) [1],
mammography is cost-effective for analyzing presence of breast cancer in pa-
tients. In other words, mammography is expensive but is the only method for
screening breast cancer that has proven effective. In [2], the authors indicated that
digital mammography (DM) produces the best medical image and is highly rec-
ommended for computer aided detection. In this paper, mammography scans were
used for experiments, since they are of high quality.

The object of this study is mammography screening and the subject of this
study is deep learning methods for diagnosing breast cancer.

In this paper, all methods for diagnosing breast cancer were implemented in
jupyter notebook using keras libraries [3]. We consider recall and precision as
evaluation metrics, since for detecting breast cancer, accuracy cannot be the only
indicator for making decision.

NOVELTY

In this work, we proposed modified Inception V3 model to gain better results
comparing to previous works. In order to that, the best values of hyperparameters
that are playing an important role in the model were chosen. Also, before fully
connected layer dropout with 0.2 rate was added for making model more inde-
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pendent to training data. Besides that, two fully connected layers were used in the
modified model to achieve the goal.

RELATED WORKS

Systematic review (SR) has been done in [2]. In this paper authors illustrated how
choosing the right medical images is important. Digital Mammography (DM) is
the most important technique in medicine screening. DM helps to detect tumor
before it develops further. Moreover, authors compare different methods that
were used from 2011-2017 and conclude that SVM has the best result based on
[4,5,6,7].

Currently, there are few works that are considering using convolutional neu-
ral networks for the task. In [8], authors compare machine learning methods, such
as Support Vector Machine (SVM), Decision Tree (C4.5), Naive Bayes (NB) and
k-Nearest Neighbors (k-NN) on white blood cell (WBC) datasets. Based on their
experiments, SVM has the best accuracy with 97,13%. However, for cancer diag-
nosis task precision and recall should be considered as evaluation metrics. In [9],
a modified CNN architecture with nine layers was proposed. From these layers,
six of them were convolution and pooling layers and three were fully connected
layers. The result of this work shows 69,99% and 81,44% accuracy for cancer
classification and necrosis detection respectively.

Authors in [10] consider factors, such as true positive, false positive, preci-
sion and recall for classification using HPBCR (hybrid predictor of breast cancer
recurrence). Sensitivity of the performance in [10] was 77% and the accuracy was
95%, and the same values for SVM and decision tree were 67%, 78% and 75%,
77% respectively.

Authors in [11] propose an [“end-to-end” approach in which a model to clas-
sify local image patches is pre-trained using a fully annotated dataset with region
of interest (ROI)information].The experiment results show ResNet 50 has better
accuracy (97%) comparing to VGG(84%).End-to-end learning process is a type of
Deep learning process when all the parameters are trained jointly, rather than step
by step. The weakness of [11] is that authors are using simple validation. Simple
validation means that the training dataset is split in training and validation sets
such as 70% of the data is used for training and 30% for validation. Instead
K-fold cross validation divides the data into K number of sections/folds where
each fold is used as a testing set at some point. Using K-fold cross validation
helps to prevent overfitting without losing any data [12, 13].

CONVOLUTIONAL NEURAL NETWORK

A Neural Network (NN) is a network of neurons that are used to process informa-
tion. A simple NN includes three layers: input, hidden and output. A Convolu-
tional Neural Network (CNN) is a Deep Learning network which can take in an
input image, assign importance (learnable weights and biases) to various as-
pects/objects in the image and be able to differentiate one from the other. Convo-
lutional neural network has three main layers: Convolutional layer, Pooling layer
and Fully Connected layer. Fig. 1 illustrates the architecture of CNN. The main
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difference between Convolutional Neural Network CNN and Neural Network
(NN), is a convolutional part. CNN has extra Convolutional and Pooling layers.
Basically, a fully connected (FC) layer is simple NN. The number of convolu-
tional and pooling layers depend on the model which is used. For example, in [9]
there is no pooling layer but six convolutional layers.

There are three main operation illustrated in fig. 1:

1. Convolution and Non-Linearity (ReLU).

2. Pooling or Sub Sampling.

3. Classification (Fully Connected Layer).

Convolution  Poolling Convolution  Poolling Fully Fully Output
+RelLU +RelLU Connected Connected Predictions
u-.'IZ::
- (3D

Erpa1 = Z%(rarget —output)*

S '\ J
' Y

Feature Extraction from Image Classificatic

Fig. 1. A simple ConvNet; 1 — Dog (0), 2 —Cat (0), 3 — Boat (1), Bird — (0)

These operations are the main building blocks of each convolutional neural
network. The first three operations are used for features extraction and the outputs
of convolutional part (convolutional, ReLU and pooling) are used as input to the
fully connected layers where classification happens.

The convolutional layer and ReL.U function

The main idea of convolutional layer is features extraction. At this stage filters are
applied to the input image for features extraction. In order to this, the filter slides
(orange matrix is called “kernel”) over the image (green matrix) by 1 pixel
(stride) for every position, element wise multiplication is computed (between
the two matrices) and outputs are added in order to get the final integer that
forms a single element of the output matrix (pink matrix), (fig. 2). For exam-
ple, the number “4”, the first pixel on left side, calculated as
$=1+1+1+0+1204+0=0+114+1+04+0=1+0+0+1=1. By applying
one filter to the image, we will get the first feature. By applying several filters to
the same image, we will get several features that constitute a feature map [14].

The ReLU operation (also called activation function) is performed right after
convolution. At this stage, all negative pixels are changed to zero in order to in-
troduce non-linearity in ConvNet, since most of the real world data would be non-
linear (Convolution is a linear operation — element wise matrix multiplication and
addition, so we account for non-linearity by introducing a non-linear function like
ReLU) [23]. Operation ReLUis calculated using the formula below:

Y =max(0,X).
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Fig. 2. Convolutional operation on one input image

The pooling layer

Pooling layer (also called subsampling), (fig. 3) changes the dimensionality of the
feature maps. The input for this layer is the output of convolution (feature maps)
and output is compressed version of the feature maps. Pooling can be calculated
by Max, Average or Sum operation. The example of max pooling is illustrated in
figure 2 where filter 2x2 with stripe 2 is applied to one feature. In this case, we
slide filter over the feature map with stride equal 2. For instance, in order to cal-
culate the first pixel of max pooling matrix in this example “6”, the follow opera-
tion will be considered: Max (1,1,5,6) =6

Max (1,1,5,6)=6

1 [ 4]
v Ik t—— max pool with 2x2
3 a filters and stride 2 6 8
. y — |

iz 1|0 a4
1|2|3]|a|
i | d
—»

X

Fig. 3. Max pooling operation on one of the features

The fully connected layer

The Fully Connected layer is a traditional Multi-Layer Perceptron that uses Soft-
max activation function in the output layer. This function calculates the probabili-
ties of each target class for the given input. The output of the convolutional and
pooling layers represents high-level features of the input image. The purpose of
the fully connected layer is to use these features for classifying the input image
into various classes based on the training dataset.

METHODS

There are various machine learning algorithms and methods that could be used for
diagnosing breast cancer with mammography, such as Support Vector Machine,
Random Forest, K-Nearest Neighbor, etc. Even though support vector machines
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are widely used for different tasks, and have shown good results, convolutional
neural networks are showing better performance among computer vision algo-
rithms because of the ability to extract important features. After each convolu-
tional operation, some features will be extracted and passed to the deeper layers,
these features will become more specific and unique for the input image. For in-
stance, for detecting a face in the picture, at first layer lines and curves of nose are
extracted. In deeper layers, these lines and curves will be used as one feature
(nose) of the face. By doing the same process, features like eyes, ears, lips etc. are
extracted from the input image.

In [15] three different CNN architectures Cifar Net, AlexNet and GooglLe-
Net (Inception) were compared. It requires 5,37 GB of memory and 2h49m to
apply GoogleNet. While for applying CifarNet, it takes 2,25 GB and 7m16s.

Some of the existing CNN models are very well realized. In this case to im-
prove the precision and recall for our task, we can fine tune pre-trained models.
Because, training model from scratch sometimes does not give the expected re-
sults. Since, training network from the scratch requires so many training datasets.
Unfortunately, it is challenging to get access to the vast mammography screens.
Transfer learning is a machine learning technique that helps reuse previous mod-
els for a running task and improve the used model architecture to reach higher
accuracy and f-score.

EXPERIMENT

For conducting experiment Jupiter notebook was used. The machine where the
program was run had an Intel Core 17 processor and NVIDIA GeForce driver.

In this paper two open-source datasets BreaKHis, Breast histology and
Kaggle [16,17,18] were used during the experiment. In BreaKHis dataset, 1271
images were used for training and 70 images were used for testing, in Breast his-
tology set, 200 images are used for training and 37 are used for testing. The data-
set in Kaggle is numerical and 500 data were used for training and 70 data were
used for testing.

Results show that small dataset could affect the accuracy and CNNs cannot
be trained well leading to overfitting or underfitting. Chart 1 (fig. 4) shows accu-
racy comparison of Inception V3 for BreaKHis and Breast histology datasets.

Accuracy

Breasthistology BreaKHis

B Training Accuracy -~ W Validation Accuracy

Fig. 4. Comparing accuracy for training and validation sets
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According to the chart 1, accuracy for validation set in Breast histology data-
set is noticeably lower value than in BreaKHis dataset. In this case our model is
over fitted. This means that the model is doing well on the training set but not for
those data which were never seen before (validation set). Thus, using a large data-
set prevents model from overfitting during training and fine tuning.

Data preprocessing

Data preprocessing is an integral step in Machine Learning as the quality of data
and the useful information that is derived from it directly affects the ability of the
model. Also, it is used to transform the raw data in a useful and efficient format.
Therefore, it is extremely important that the data are preprocessed before feeding
it into the model [19]. Basically, we preprocess the raw data by importing librar-
ies, read data, checking for missing values, checking for categorical data etc. Im-
age Data Generator module [20] was used for augmentation data and make data-
set bigger by creating different versions of one image.

After preprocessing data, we need to separate data into training and valida-
tion sets. Basically, validation set helps model to be well trained for data which
were never seen before. There are two ways to separate the date into training and
validation sets: simple validation and K-fold cross validation. Simple validation
splits data into two sets where one part of data is used for training and another
part is used for validation, whereas, in K-fold cross validation, dataset is split into
K fold (part). At the first iteration, the first fold is used for validation set and
(K-1) folds are used for training set. At the second iteration, the second fold is
used for validation and the rest of the folds are used for training. This process is
repeated until each fold has been used as validation set.

In Table 1, sensitivity (Recall) with K-fold validation is higher than with
simple validation, 70% and 31,3% respectively. When simple validation is used
during the experiment, some data could be missed in case when some images are
not considered. As a result, CNN won’t be trained well or over fitted.

Table 1. Comparing simple validation and K-fold validation for Inception V3

K-fold validation
Recall
70%

Simple validation
Recall
31,3%

F1-score
67,78%

Precision
65,7%

F1-score
30,11%

Precision
30,59%

Table 2 shows the difference between our modified model and pre-trained
model. Modified model is using the best weight to achieve better results, and
based on Table 3, precision and recall (sensitivity) in the modified model are
66,66% and 85,7% respectively. In cancer diagnosing, the more important factor
is sensitivity, which can be calculated as (6,1). In other word, we should avoid
misclassification in case when the actual class is yes (cancer) and model predic-
tion is no (no cancer).

Table 2. Comparing fine tune and pre-trained model (Inception V3)

Model Accuracy, % | Precision, % Recall, % F1-Score, %
Inception V3 79,31 65,7 70 67,78
Modified Model 78,59 66,66 85,7 74,99
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Based on Table 3, sensitivity (recall), precision and fl-score are calculated
as following:
TP 12

Sensitivity =——— =—=85,7%;
Actual yes 14

Precision = L = 2 =66,66% ;
Predicted yes 18

Sensitivity * Precision

=745,99%.

Sensitivity = — —
Sensitivity + Precision

Table 3. Confusion matrix

Index Predicted No Predicted Yes
Actual No TN=9 FP=5
Actual Yes FN=1 TP=12

Table 4 shows the comparison of machine learning algorithms on Kaggle dataset.

Table 4. Comparing machine learning algorithms on Kaggle dataset

ML algorithms Accuracy F1 score Recall Precision
LR 0,964912281 0,953846154 0,98412698 0,925373134

KNN 0,947368421 0,929133858 0,93650794 0,921875
SVM 0,959064327 0,945736434 0,96825397 0,924242424

NB 0,923976608 0,897637795 0,9047619 0,890625
DT 0,935672515 0,916030534 0,95238095 0,882352941
RF 0,964912281 0,950819672 0,92063492 0,983050847

Based on results in Table 4, Logistic Regression (LR) has shown better re-
sults comparing to other methods. Using LR method, we have achieved F1_Score
and Recall 95,38% and 98,41% respectively. In future work, we will use CNN in
numerical dataset and then will compare the obtained results with LR.

CONCLUSION AND DISCUSSION

Convolutional neural networks (CNN) is a special architecture of artificial neural
networks. One of the most popular uses of this architecture is image classifica-
tion. The reason is that it starts from lower abstraction and go deeper into higher
abstraction. Convolutional neural network first starts to define curve and line in
an image at higher layers and extracts general feature maps. While going deeper
in lower (deeper) layers, the feature maps become more and more specific and
unique.

The modified model has dropout rate = 0,2, epochs = 38 and batch size = 33.
Besides choosing the right hyperparameters, in the model two fully connected
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layers were used. The model shows better result comparing the pre-trained model
(Inception V3) with sensitivity of 85,7%.

Besides choosing the right model, the quality of the image is selected has an
essential role on the result. In this paper, Digital Mammography (DM) is used,
since the quality of scans in mammography is better than other medical scans.
Even though DM is expensive but is the only effective method for screening
breast cancer that has proven effective. Moreover, it helps to detect tumors at a
very early stage.

In future, we plan to improve the architecture of the current model to reach
better results.
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JTAaHWX, 3allPOTIOHOBAHMHN MiIXiJ Ja€ 3MOTY BpaxyBaTH AYMKY KUTBKOX E€KCIIEpTIB i
Ha il OCHOBi CKOpUTYBATH BXiIHHUHA BEKTOp AaHUX. KiHIIEBHI pe3yibTaT Mae BUIIII
iHTepBaly, 3a IHUPHUHOIO SKOTO MOXHA 3pOOHTH BHCHOBOK IIPO a/€KBATHICTH Bi-
JnoOpaskeHHsT MOJEIUTIO NpeaMeTHol ramysi. IImsaxoMm ekcrneprMeHTaNbHHX JOCIi-
JDKEHB, TOB’SI3aHUX 13 NMPUKIAIHOIO 3aJa4Yel0 OLIHIOBAHHS apTe3iaHChKOI CBEpAJIO-
BUHH 3 TOYKH 30pY MEPCIEKTHBHOCTI i MOAANIBIIOI eKCIUTyaralii, oka3aHo, 1o 3a
JIOTIOMOT'OI0 OTPHMAHOI'0 IHTEpBally, SKHH y3arajlbHIOE Pe3yJbTaTH poOOTH BCiX
Mozereil, MO)KHa 3HANUTH PillIeHHs, IPUAATHE Ul PO3B’I3aHHS IOCTABJICHOI 3aa4i.

Korouosi cjioBa: HediTka MOJENb TUITY 2, iHTepBaJbHA (YHKIIS HAJIEKHOCTI, iHOp-
MarliifHa Mipa iIeHTHYHOCTI.

BCTYII

Sx Bimomo [1], ineHTHdikamis ckiragaux 00’€KTiB, MO cl1ado (hopMai3yroThCs,
nepedayae moOyI0BY MEBHOI CYKYITHOCTI JIOT1YHUX BUCIIOBIICHB «SIKIIO—TOY», SKi
OB’ A3YIOTh JIIHTBICTUYHI OI[iIHKY BXiJTHUX Ta BUXITHUX MapaMeTpiB 00’ekrta. Mo-
JICTIFOOYH TaKi 00’ €KTH, PO3POOHUKH CIPSIMOBYIOTh 3yCHILISI HA T IBUIICHHS a7ICK-
BaTHOCTI OITHCY MOJICIOBAHHS 00’ €KTIB, ypaXOBYIOUH YUCIIEHH] ()aKTopH, 5Ki, HA
JQYMKY €KCIepTa, MOXKYTh BIUIMHYTH Ha MPOLECH MPUHHSITTA pillicHb. Bukopuc-
TaHHS EMIIPUYHKUX 3HAHb JUIS OOYJOBH HEWITKOT MOJIENI O3HAYAE, IO aJCKBaT-
HICTh HEYITKUX MOJEJCH BiTHOCHO PEalbHUX MAHHUX CKCIIEPHUMEHTY ICTOTHO 3a-
JexxaTuMe Bij kBamiikarii ekcrepTiB. Y KpailHbOMY BHITaKy, KOJH €KCIIEPTH HE
BOJIOJIIOTH Y MTOBHOMY OOCS31 3HAHHSMH, HEOOXiTHUMH JJIsl TOOYTOBH HEUiTKOT
MOJIeNi, BUHUKAIOTh MUTAHHS 3 BU3HAYCHHS MIpHU iX y4acTi B IPOIIECI MOICIIO-
BaHHS Ta MIpH BUKOPUCTaHHS CKCICPUMEHTAIBLHUX NaHuX. TOJi, SK MpPaBUIIO,
TeHepallis He4iTKOI MoJieni BiAOyBa€ThCs 3 JOCTYMHUX €KCIICPUMEHTAIBHUX Jia-
HuX. [lepeTBOpEeHHS EKCIEPUMEHTAIBHIX JaHUX Yy HEUiTKi 0a3u 3HaHb BUKOPHC-
TOBYIOTH Y HEUITKOMY MojetoBaHHi [2]. [lommpeHrM BUKOPUCTaHHIM EKCIIEPH-
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MEHTANbHUX JaHUX € M0O0YJ0Ba HEUiTKUX MOJIeNIell Y BUNalKy HEJOBU3HAYEHOCTI
BXITHUX JaHUX, HANpUKIad, Uil MOJICTIOBaHHS CKIaJHHUX NPHPOIHUX CHUCTEM,
KOJIM TIPO XapakTep poOOTH CHCTEMHM MOKHA CyIUTH JIHIIEC 3a BUOIPKOIO eKcIie-
PUMEHTATBHUX JIAHHUX.

[Ipote HETOCTATHRO AOCTIHKCHAME € METOAM MOOYAOBH HETITKHX MOJACIEH
3 IHTepBAILHUMH (YHKLISIMH HAJIEKHOCTI, IO 3[aTHI B yMOBaX HEBH3HAYCHOCTI
30epiraTi afeKBaTHICTh EKCIIEPUMEHTAIbHUM JaHUM, Ha OCHOBI SIKUX BijOyBa-
€THCSI TEHEpaIlisl HeUiTKOT MO,

PestoMyroun HaBeJIeHE, aKTyaJIbHUM [TOCTA€E MMATAHHS aHAJ3y HEYITKHX CHC-
TEM, IO TEHEPYIOThCS 3 EKCIIEPUMEHTANBHUX JaHUX, HI0A0 iX BIACTUBOCTI sIKic-
HOTO BiIOOpaXK€HHS MPEAMETHOI Trady3l B 3agadax imeHTHdIKaIii CKIaTHUX
00’ €KTiB.

AHAJII3 JIITEPATYPHUX J’)KEPEJI TA IOCTAHOBKA IMPOBJIEMH

CywacHu#l mnaxig 1o po3B’s3aHHS 3amad igeHTHdIKamii CKIagHuX 00’€KTiB, IO
c1abo (opMalli3yroThCs, MOB’SI3YIOTh 3 HEYITKUM MOJCITIOBAHHIM. 3aJCKHO BiJ
CTYIICHSI HEUITKOCTI HEUiTKMX MHOXUH, 1[0 BPaXOBYETHCH IIiJ Yac MOOYI0BU HE-
4iTKOI MOZENi, pO3Pi3HAIOTh HEUiTKI MojeNi Tty 1, 3araipHi MOJeni Ty 2 Ta
iHTepBaIbHI Mozei Tumy 2 [3].

VY mpani [4] ass po3B’si3aHHS 3a/1a4i MEIUYHOI JIarHOCTUKH BHKOPHUCTOBY-
I0ThCS HewiTki mozeni tumy 1. [ToOynoBa HewiTKOi JOTIYHOI cucTeMu, sika Oy[e
aZIcKBATHOIO TIPEIMETHIN Tamy3i, 3AIMCHIOETHCS TIITXOM HAJIAIITYBAHHS ITapaMeT-
PiB HEUITKOT JIOTIYHOT CUCTEMH 3a METOJOM HalMEHINNX KBaJIpaTiB. 3 METOIO 3a-
Oe3mevyeHHs aIeKBaTHOCTI B Lill poOOTi MPOMOHY€ETHCSI BAKOPUCTOBYBATH MOTYX-
Hi ONITUMI3aIlifHI METOIX Ha OCHOBI BHITJKOBOTO TOIIYKY.

[ToOymoBa HEUITKOI JIOTIYHOI CHCTEMH THUITY 2 3 IHTepBATHHUMH (DYHKITIIMHA
HAJICXKHOCTI JJ1s1 3a0e3MeUeHHs IPUIATHUX PE3yJIbTATIB HA BUXOMlI CUCTEMH TEXK
JOIyCKae MpoleypH HalallTyBaHHs HapaMmeTpiB (GyHKUIH HalexXHOCTi. Y mpai
[5] nnst HanamTyBaHHS MapaMeTpiB iHTEPBANBHUX (DYHKIIH HAIEKHOCTI HEUITKOI
MoJeni TaIy 2 3 6araTbMa BXOJaMU Ta 0araTbMa BUXOJIAMH TaKOK BUKOPUCTOBY-
€ThCSI TCHETUYHHIA AJITOPUTM.

VY mpaui [6] 11 miABUIIEHHS TOYHOCTI MPOrHO3YBaHHs YacOBUX MOCIiOB-
HOCTEH TPOTIOHY€ETHCS OyayBaTH JeKiabKa Mojenei. [IpakTuaaa KOpHUCTh po3poo-
JICHUX MOJEJeH Ta METOMIB IHIOM0 MiJBHINEHHS aJCKBAaTHOCTI BiJIOOpakeHHs
MPEeIMETHOI Tally3i JOCHIIKYEThCS 3a JOTIOMOTOK KPHUTEPIiB MaKCHMAJIBHOTO
Bigxunenas (MAE), cepenuporo BimxuneHas (MSE) Ta cepeHbOKBaIPaTHIHOTO
BinxuieHns (RMSE), 3a sSIKUMU BU3HAYA€THCS ONU3BKICTH PO3paxyHKOBHX (V;) Ta

€KCIepUMEHTAIbHUX ( ); ) JaHUX:

b

MAE =max|yl-—)7l-
i
1 ¥ ~ 2
MSE =—> (y; =)
NS

RMSE =

ne N — KUTBKICTh CIIOCTEPEKEHb.
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[Ipobnema 3abe3neyeHHs] TOYHOCTI B 3a/1a4i MPOTHO3YBAaHHS YaCOBUX TTOCITi-
JIOBHOCTEH PO3TIAAAETHCS TaKoXK y mparli [7]. OOrpyHTOBYEThCS AOIIBHICTH BH-
KOPUCTaHHs IHTEpBAJIILHOI HEYITKOI JIOTIYHOI CUCTEMH THILy 2 Ui IPOTHO3yBaH-
HS TIOCIITOBHOCTEH, IO MAalOTh 3HAYHY 3amryMjeHiCTh. JUJIsI MOpiBHSIHHS
pe3yIbTaTiB NPOTHO3YBaHHS BUKOPHCTaHO KpuTepiit RMSE. Y mpaui [8] nporo-
HYETBCSI TAX1T 71 OI[iHIOBAaHHS SKOCTI BUTOTOBJICHHS MPOMMCIIOBOI TIPOIYKITii
JEeKUIbKOMa MOJEISIMH, sIKi OyIyIOThCSl Ha OCHOBI 1HTEIEKTyaJbHUX TE€XHOJIOTIMH,
Yy TOMY YHCHi 1 3 BUKOPUCTAHHSIM 1HTEPBAIBHUX HEUITKUX Mojelneid tumy 2. 3a-
3HA4YEHO, IO Ui OLIHIOBAHHS SIKOCTI pEe3yJIbTATIB, SIKIi OTPUMYIOTH 32 JOIOMO-
TOI0 KOXKHOI 13 3aIIpOITOHOBAaHUX MOJEINICH, PIICHHs MpUMae eKCIepT. YKa3zaHo
Ha TIepeBaru BUKOPHCTAHHS caMe iIHTEpPBAJIIbHOI HEUITKOI MOEi, sSKa Aa€ 3MOTY
noOyayBaTH OUTBII 3ra/KEHY MOBEPXHIO JUISI OTPUMAHHS BUXiTHOTO 3HAYCHHSI.

[HTEepBaIbHOMY HPOTHO3YBaHHIO YaCOBHX IIOCIiZOBHOCTEH 32 YMOB HEBU-
3HAYEHOCTI MPUCBIYCHO TpaIfio [9], y sAKild TakoK BUKOPUCTAHO AEKiIbKa MOJE-
Jieid, ane Ha BiAMIHY BiJ MomepenHiX AJisi MPOTHO3YBaHHS MPONOHYIOTHCS JIMIIE
iHTepBaJbHI HediTKi Mojelni. Ha 6a3i MHOXKMHY IHTEPBaIbHUX HEYITKUX MOZeIei
no0yJI0BaHO y3arajbHIOBaJIbHY MOJIENb, IO CKIAAA€ThCS 3 MHOKWHH YaCTKOBHX
Pi3HOBXOZOBHMX Mojeieill Ta Gioka arperanii (1/U, skuii BUKOHYE OOYHMCIIEHHS

PE3YIABTYIOUOr0 IHTEPBAIILHOTO TIPOTHO3Y.

[aTepBaNIbHI HEYITKI MHOKHHH BHKOPHUCTAHO JUISI MOJCITIOBAHHS CKJIQJTHHX
CHCTEM B YMOBaxX HEJOBH3HAYEHOCTI BXigHMX AaHuxX y mpaui [10]. 3 ypaxyBan-
HSM HETOYHOCTI BUMIPIOBaHb, BIICYTHOCTI MOMITHBOCTEH IJIsi O€3MOCepeTHhOTO
CIIOCTEPEKEHHsI 00’ €KTa, HEIIOBHOTH Ta HEOJHO3HAYHOCTI 3HAHb PO HPEAMETHY
raixy3b Oyio moOyJ0BaHO arperoBaHy IHTEpBaIbHY HEUITKY MOJAEIH THITYy 2, sSKa
CKJIajanacs 3 MHOXKHMHH 1HTEPBaJIbHUX HEUITKUX MOZETICH.

Y mpami [11] po3rismaroTeCs MepeBard iHTepBaJbHUX HEWITKHX MOJEJeH
TUIY 2 IIOJO aAEKBATHOCTI BinoOpakeHHs mpeaMmeTHoi ramysi. st oOrpyHTy-
BaHHS TIepeBar MPOTOHYETHCS BIIOMHM MIIXim Teopii imeHTHdIKAIil 10 OIiHIo-
BaHHS CTYTEHS iIGHTHYHOCTI Mk 00’€KTOM Ta MOJIEIIIIO Ha OCHOBI iH(opMariii-
HOT MipH HEBH3HAYCHOCTI:

HY)=1(X,Y)+HY/X), (1)

ne H(Y) — eHTporis BUXiTHOI BEIMINHH, IO JOPIBHIOE CyMi KiJTBKOCTI iH(OP-
Marii mpo Y, sika MiCTUThCS y BXiIHIH BenuunHi X , Ta cepeHbOI YMOBHOI €HT-
pomii Y BigHOocHO X . ToOTO 3a KIIaCHYHOIO Teopiero iHpopMaIlii 6e3yMOBHA CH-
TpOIIisl BEMMYMHN Y CKJIAaJaeThes 3 JBOX YAaCTHH: Teplia — Ie Mipa KiJIbKOCTI
iHopMartii mpo BenmuuuHy Y , IKy MOXKHA OTPHMAaTH Ha OCHOBI BXiTHOI BEITUYH-
HU X , a Apyra — Mipa anpiopHOi HEBU3HAYEHOCTI, 1[0 3yMOBIIIOETHCS BILTHBOM
IHIINX BEJIWYHH, KpiM X .

TakuM YUHOM, Y BHIAJIKYy MOOYJOBH HEUITKOI MOJIEN 3 ypaxyBaHHSM BUpa-
3y (1) 30inpmeHHs KUTBKOCTI iH(popMaltii mpo Y , M0 MIiCTUTBCS Y BXiJHIA BeIH-
yuHi X, 3a0e3nedyBaTUMEThCS IiJBUIICHHSAM aJIcKBaTHOCTI BiJIOOpakeHHs
MPEeIMETHOI ray3i. BUKOHATH 110 YMOBY MO>KHA, 30UTBIIUBIIH €HTPOITII0 BXOIIB
H(X), sx BUOHO 3 TAaKOTO BHpa3y, OTPUMAHOTO 3aBJASKH BIACTHBOCTI CUMET-

pii 3 Bupasy (1):
(X, Y)=H(X)-H(X/Y).
3MeHIeHH0 BIUBY H (X /Y) Oyne crpuaATH TakoX IMPOIEC ONTHUMi3allii

mapaMeTpiB HediTKol Mozeni. ToOTO BMHMKAE 3aada mapaMeTPUIHOI iMeHTH]I-
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Kallii, 10 3BOJUTHCS JI0 3HAXOJKCHHS TaKHX OIIHOK MapaMeTpiB MaTeMaTU4HOI
MOJIeN, sIKi 3a0e3MevyroTh HalKpally, BilIlOBIAHO 0 OOPaHOTO KPHUTEpito, OIH3b-
KiCTh PO3paxyHKOBHX 1 eKCTIEpUMEHTAIbHIX JTaHUX.

Jlist peaizartii 3raaHoro MiAX0Ay MPONOHYEMO OYIyBaTH MHOXHHY HEJIT-
KAX MOJIeNiell 3 iHTepBaIbHUME (DYHKIISIMHA HAJICKHOCTI Ta IHTEPBaJIbHUM BHXO-
moM. HediTki Momeni mi€i MHOXUHH OyIyIOThCS 3 €KCIIEPUMEHTAJIbHUX JTaHUX.
Koskna 3 Takux Mojeseil reHepyBaTUMEThCS 3 ONHIET W Ti€l caMoi eKcIiepuMeH-
TaJbHOI BHOIPKH, alie 3 ypaxXyBaHHSM JIyMKHU HE3aJICKHHUX CKCIIEPTIB Ha BEKTOP
BXIIHAX 3MiHHUX, III0 JTOTIOMO’KE BpaxyBaTH BIUIMB IIIyMiB Ta HEAOBU3HAYCHICTb,
HasBHY y BXiJHUX AaHuX. [|Jis OTpuMaHHs KIHIIEBOTO PE3yJIbTaTy BBEAEMO IMPO-
HeAYypY y3arajJbHCHHS BUXOJIB MOJENCH, 1m0 reHepyoThes. OCKIIBKY KiHIEBUT
pe3ynbTaT Oyle MaTH BUTIIS iHTEpBAITy, TO 3a IMIMPUHOIO 1HTEPBAITy MOXHA 3pO-
OMTH BHCHOBOK INPO aJCKBATHICTh BiJOOpPa)KCHHS MOJEIUII0 MPEIMETHOI raiysi.
[nsx0M excrepuMeHTATFHUX TOCIIKEHb, TIOB’I3aHUX 13 MPUKIATHOO 33/1a4et0
OIIiHFOBAaHHSI apTe31aHCHhKO1 CBEPAJIOBHHH 3 TOYKH 30py MEPCIEKTHBHOCTI 1i T0-
JAbIIOl eKCIUTyaTallii, TOKaXXeMo, II0 3a JOMOMOTOK OTPUMAHOTO iHTEpBaiy,
AKUi OyZe y3araJbHIOBATH PE3yJBbTATH POOOTH BCIX MOJENel, MOKHA 3HAWTH
piTeHHs, MpUAaTHE IS PO3B’ sI3aHHS MTOCTABJICHOT 3a/1adi.

Buxonsuu 3 po3mISHYTHX TMpaib i TEOPSTHUYHUX TMEPEAYMOB, € MiJICTaBH
BBaXKaTH, 10 podiIeMa 3a0e3eueH sl aleKBaTHOCTI IHTEPBAIBHUX HEUiTKUX MO-
JleJieH, PUCTOCOBAHUX IS PO3B’I3aHHS 3a7a4 imeHTU(IKaIll CKIIagHuX 00’ €KTIB,
€ aKTYyaJIbHOIO.

META TA 3AJAYI JOCILIKEHHS

MeToro JOCTIKSHHS € MiJBUICHHS aJeKBATHOCTI HEUITKUX MOJENCH mpeaMeT-
HIH TaTy3i MUISIXOM TO0YIOBH MHOXKHHH IHTEPBAJTbLHUX HEUITKHX MOJENEH 3 10-
JTTBIITNM y3arajbHCHHSIM KiHIICBHX PE3yJIbTaTiB.

JAnst ToCATHEHHS TOCTaBJICHOI METH MOTPiOHO:

— o0y IyBaTH MHOKWHY iHTEPBAJIFHUX HEYITKMX MOJENel Tumy 2 3 iHTep-
BaTbHUMU (HYHKITISIMH HAJICKHOCTI;

— 3aMNpPONOHYBATU MPOLEAYPY y3arajbHCHHS BUXOMIIB IHTEPBAJbLHUX HEUIT-
KHUX MOJICJICH 3aJIe)KHO BiJl XapaKTepy IHTePBAIBHUX BUXOJIIB KOXKHOI 3 MOJIETCH 3
ypaxyBaHHAM TyMKH EKCIIEPTa;

— JIOCITIJIATH aJICKBATHICTh MOOYIOBAHUX HEUITKUX MoJeNeil Tumy 2 ams 3a-
Jad igeHTudikarii CKiagHux 00’ €KTIB.

TEHEPAIIS HEYITKOI MOJEJI 3 IHTEPBAJIbHUMHU ®YHKIISIMA
HAJIEAKHOCTI 3 EKCIIEPUMEHTAJIBHUX JJAHUX

Heuditka Mozenb OyayeThCsl HA OCHOBI €KCIIEpUMEHTAIBHUX JAHWX, SIKI BH3HAYa-
I0Th LIEHTPH HEUiTKUX MHOXHH aHTELEICHTIB i KOHCEKBEHTIB MPaBUIL
['eHepyBaHHSA HEUITKOI MOMIEI 3 IHTEPBATBPHIUMHE (HYHKITISIMH HAJICKHOCTI Ha
0a3i eKCcrepuMEHTAFHUX JaHUX BUKOHYETHCS 3a alropuTMoM i3 mpaii [12]. Ha
OCHOBI IILOTO aNTOPUTMY OyJe OIHOYACHO 3MEHIIYBAaTHCS BUOiIpKa Ta reHepyBa-
THUCSI HEUiTKa MOJENb 3 iHTepBaJbHUMHU (QYHKIUISIMH HasexkHOCTI. LleHTpu iHTep-
BANBHUX (YHKIIH HaJe)KHOCTI BH3HAYAIOTHCS 33 BIAMOBIIHUMH EKCIIEPHMEHTA-
JTbHAMH AaHuMH. Llefl anropuT™M € anropuTMOM KOHTPOJILOBAHOTO PO3TATY
OJTHOTO 3 TMapaMeTpiB (PyHKIIi# HaJISKHOCTI BXiTHAX 3MIHHUX 3 OJHOYACHUM 30e-
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PEXKEHHSIM aJeKBaTHOCTI NPUHHATTS PIlIEHh HEYITKOI CHCTEMOIO. AJTOPUTM
J03BOJIsiE TTOOYAyBaTH iHTEpBaimbHI (PyHKIIT HaNEKHOCTI THUIMY 2 IS BXITHHUX
3MiHHHUX Ta 3a0e3mneuye yHKIIOHYBaHHS 1HTEPBaIbHOI HEHITKOT MOJIENI SIK TaKoi,
IO € MAKCUMAJILHO aJIEKBaTHOIO TIPEIMETHIN rary3i.

CTpyKTypy HEYITKOi MOJENi 3 iHTepBAJIbHUMH (DYHKI[IIMH HaJEXKHOCTI
300paxenHo Ha puc. 1 [3].

1 1 lercpsabumi
Bxiznii 1 . .
v XI HewiTka Hasa anann Bnox : . BHXL1
—:+ brox 3HUKXCHHSA U
H 3BEICHHA ! THITY ;
! 10 HEYITKOCTI - I 1 1
1 Mexanizm noOyaosH 1
1 . .
1 HEYITKOIO JIOCMYHOTO - - :
: oo BUCHOBKY B“x_u“_‘ 1
p uim HEYTKL :
-
: HEIICE] MHOHGHHE I
I AEYEANH 1
___________________________________ [ ]
Puc. 1. CtpyxTypa iHTepBaNbHOI HEITKOT MOAETI THITY 2
Mogaens BigoOpaxae 4iTki BXoau (x;, ..., X,) B IHTEPBAJILHI Ta YITKI BUXOIU:
> Xp

Y = [v;5,]. Ans onucy HEYITKMX TEPMIB JIIHTBICTUYHUX 3MiHHUX BUKOPHUCTAEMO
iHTepBaJbHI HEUiTKI MHOXUHH TUMy 2. Tomi MaTemMaTHyHa MOAENb Oyze SBISATH
c00010 IHTepBANBHY HEUITKY MOJIENb TUITY 2, IO BKJIIOYa€e 0a3y mpaBwil (HEHITKY
0a3y 3HaHB), MPOIIECIYPY 3BEACHHS J0 HEUITKOCTI, MPOIEAYPY HEUITKOTO JIOTI9HO-
r0 BUBEJCHHS, NPOLCAYPY 3HIKCHHS THITY Ta MPOUEAYPY 3BEICHHS JO YiTKOCTI
(puc. 2).

VY 3aranpHOMY BHMAnKy Uit # >1 BuUXOZiB 0a3zy mpaBWJI HEWITKOI MOJIENI
BU3HAYMMO TaKUM YHHOM:

R': saxmo xlzﬁll I...1 xpzﬁ; , TO ylzGll,...,yn:G,lq;

R': axmo xlzl?ll I...1 xp:}?}l, , TO ylzGll,...,ynzG,ll;

. =M M M M
RY : sxumo x=K" 1...1 xszp ,T0 y =Gy L., =G, ,

ze Fkl , k=1,...,p, I=1,...,m — iHTepBaNbHA HEUITKAa MHOXHHA TUIy 2 k-TO

aHTeneeHTa 1-ro mpaBmia; G,l(, k=1...,n, [=1,...,M, — iHTEepBaJIbHA MHO-

JKMHa TUIlY 1 k-ro xoHCekBeHTa 1-TO IIpaBuJia, sKa BU3HAYA€THCS KpaﬁHBOIO JIIBOXO

! I 1Al
y,g Ta KpaiiHbOIO MPaBOIO ykGr TOYKAMHU: G;{T =[ylg kaGr ]; M — uucno npasuir.

Jns onucy iHTEpBAIBHUX HEYITKMX MHOKHH THITY 2 T€PMiB JIHI'BICTUYHUX
3MiHHUX BHUKOPHCTAaEMO TaycoBi MNEpBUHHI (YHKWIi HaJEKHOCTI 31 CTaIuM
IICHTPOM Ta HEBHU3HAYEHUM BiIXMIICHHSM.

l'aycoBa mepBuHHa (YHKIIiS HAIEKHOCTI 31 CTAIUM LIEHTPOM i HEBHU3HaYe-

HHUM BIIXWIEHHSIM © €[G;0, | 3a1a€ThCs SIK

1 x-m 2
_7[[0152]] . (2)

wy()=e’
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I'padix raycoBoi nepBuHHOI (PyHKIIT HAJIEKHOCTI 31 CTaJMM LEHTPOM 1 He-
BU3HAUYEHHUM BiIXUIIEHHAM (2) 300paskeHO Ha puc. 2.

py(x)

Puc. 2. TaycoBa nepBuHHa (YHKI[iSI HAJIEKHOCTI 31 CTAIMM LIEHTPOM i HEBU3HAYCHUM
BIIXHJICHHSM

Jnist oOUHCIIeHHsT BUXITHIX HEYITKMX MHOYKUH TPaBHJI BUKOPHCTAEMO {-HOPMY

MiHiMyMy. ToJi BUXilHA MHOKHUHA TIpaBUIIa R' BusHaumthCs 32 bopmyoro
_ /
Hai| Ve = Jl/ lb ’
1] —
b E[L *uGz (). f *uGz (}’k)}

.l . ..
Je = — omeparop t-HopMu; f L f — HWKHS 1 BepXHS rPaHUIll IHTEpBaIy aK-

. —l .
TuBizamii [ f l, f ], K1 BU3HAYAIOTHCS TAKUMH (POPMYyJIaMH:;

;P - P -
=T n~; (x ) =T A Xg ) s
S k=1EFi( Wi S i N ()

e Wy () 1 E 2 (x;) — HIDKHIN Ta BEpXHIN CTyNEH] HAIEXHOCTI [ Bl (xp).
EF k

BuxinHi HEWiTKI MHOKMHU TPaBHII B! Ge3 06’cnanus B €IMHY MHOXXHUHY

OymeMo Biapa3y MmogaBaTH Ha OJIOK 3HIKCHHS THITY HEIITKOT MOJIETI.

3HKEHHS THITy BHUXIJIHUX IHTEPBAILHUX HEUITKUX MHOXXHH THITy 2 1O iH-
TepBAJIBHUX THITy | BUKOHYBaTUMEMO METOJOM IIEHTPa MHOXKHH, III0 BHPAKA€Th-
cs1 hopMyTIor0

Yk(x):[ykl’ykr] =

&
Zf Yk
— I=1
- R
M M 1 17 M M M
y,lc{y,g ykG,} y,j{”{y,g o } f e[/j ,f} f e[[ S } lZ;f
ne Y, (x), k=1,...,n, — iHTepBaJibHA MHOXMHA, 10 BU3HAYA€ETHCS KpalHIMU

TOUKAMHU Yy 1 Yy,
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st o0uMciIeHHs KpaiHiX TOUOK Yy 1 Vi, BAKOPHCTOBYEMO anroputM KapHhi-
ka—Mengens [4] (iHTepBaTbHUN BUXI).

METO/ NOBYJIOBU MHOXKWUHU HEYITKUX MOJEJEW THITY 2
3 IHTEPBAJIBHUMU ®YHKIHIAMH HAJIEXKHOCTI, AKI MAIOTDH
MOXJINBICTD Y3AT'AJIbHEHHSA 1 AJEKBATHI
EKCIIEPUMEHTAJIBHUM JJAHUM

Teopernuni nepenymoBu. Jlns peanizamii MeTony 3anaeThcsi BUOIpKa eKcIiepu-
MEHTaJIbHUX AaHuX. HacTynmHUM KpOKOM € IpsMe T'€HepyBaHHsS HEUYITKHX MOJe-
neili Tuny 2 3 iHTepBabHUMHU (QYHKIISIMHA HAJIEKHOCTI 3 EKCIICPUMEHTAIIbHHX Ja-
nux. HaBenemMo 1oro OCHOBHI €TaIlu.

Hexaii € exciepumenTasnbpHa BUOipka X :

X:{Xl’Xz""’X}’l}7

ne X;=(x;,%, "oy Xgis Vi), i=1,...,n; n — KIJIBKICTh EKCIIEPUMEHTAIBHHX
MPUKIAAiB; kK — KUIbKICTh BXIJIHUX 3MIHHHMX; ) — BHXIJIHA BEJIMYUHA.

BuxoHnyemo reHepyBaHHS 3BHYAfHOI HEUiTKOI MOJEI Ha OCHOBI €KCIepH-
MEHTaIbHOT BUOiIpKU X . [IJIf 1IbOr0 BUKOPUCTOBYEMO MiIXi A0 MOOYIOBU HEUIT-
KHX MOJIEel, KoM HediTKa MOJeNb OYIyeThCS Ha OCHOBI €KCIIEPUMEHTAIBHUAX
JAHWX, III0 BU3HAYAIOTH IIEHTPH HEYITKUX MHOXKMH aHTEIEICHTIB Ta KOHCEKBEH-
TiB mpaBui. Y poii GYHKLIT HANEKHOCTI A7 BXiIHUX 3MIHHUX OOMpPaEMO MOJH-
(hikoBaHy TaycoBY (YHKIIIIO HaJIEKHOCTI, OUTBIN AETATLHUAN OMHC SIKOI IOJaHO
BUIIIE.

Ienepauniss MHOKMHH HediTKHMX Mopeideil. KiabKiCTh HEUITKUX MOAETEH,
SIKI TEHEePYIOTBCSI, 3aJISKUTh BiJl AYMKHU HE3aJeKHUX EKCIEePTiB Ha HEOOXiaHI 3Mi-
HU Y BUXIIHUX JaHWX Ta BiJl HASBHOCTI JOCTYITHUX E€KCIIEPHMEHTAIBHUX aHUX.
Hani Oyne onucaHo 1ii KOKHOTO eKcIlepTa 3 TpyINH He3aleKHUX eKCIIEpPTiB.

3a BU3HAYCHHSM EKCIIePTa KOPUTYEMO BXIJIHUN BEKTOP Ta EKCIIEPUMEHTAIb-
Hy BHOIpKy. [lepeTBOpeHHS BHOIpKH 3HIMCHIOETHCSA 33 TOTIOMOTOI0 alTOPUTMY,
SIKUH BpaxoOBY€ HEITOBHOTY €KCIIEpUMEHTAIbHUX AaHuX [12]. 3a UM aaroputMom
MpoIeTypa KOPUTYBAHHS TTOEAHYETHCS 3 MOOYIOBOIO iHTEPBAIBHOI HEUITKOI MO-
Jeni. A came, 3 MOYaTKOBOT €KCIEPUMEHTAIBLHOI BUOIPKU BUAAISIOTHCS CTOBIIIII
31 3HAYEHHSAMH 3MIiHHHX, fKi, Ha JIYMKY €KCIepTa, € HEBKJIMBUMH IS
PO3B’s3aHHS 3a1advi; Ha MEPEeTBOPEHi BUOIpPII T'eHEpYyeThCS HOBA HEYITKa MO-
nenb. TakuM YMHOM, BiIOYBa€ThCS TeHEpallis MHOKWHHU IHTEPBATbHUX HEWITKIX
MoOJIeTiel, KOXKHa 3 SIKUX BioOpakae MpeIMETHY raiy3b 3 ypaXyBaHHSIM IyMKH
eKcrepra.

Ilepexin n10 npouenypu y3arajibHeHHsI iHTepBAJIbHUX BUXOIB HEYiTKUX
Moaesiell Ta BU3HAYeHHs1 KiHueBoro Buxony. [Iponenypa y3aranbHeHHS MOKe
MaTH JeKiIbKa BapiaHTIB OTpPHMaHHS KIiHIICBOTO pe3ynbrary. Haitbimem Oaka-
HUI — 1Ie HasBHICTh NMEPETUHY y BUXOJaX IHTEPBaJbHUX HEUITKHX Mojeneid. To-
Il pO3B’ 30K Maii)Ke OYEeBUIHHN 1 B OUTBIIIOCTI BUIAKIB CTAHOBUTH MEPETHUH BH-
XOJIIB YaCTKOBHUX Mojelied. Po3riasHemMo HaHripiiuii BUMAJAOK — BIICYTHICTh
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MEPETUHY Y BUXOAax HEUITKUX Mojenei. l{eii Bumagok Bka3dye Ha HasBHICTb MO-
JIelTi, 0 He € aJIeKBaTHOIO MPEIMETHIN raiy3i; iioro 300paxeHo Ha puc. 3. Bu-
HHUKae notpeda y GpopMyBaHHI KiHIIEBOTO iHTEpBaly, SIKHH Oyne y3arajabHIOBaTH
poOOTY MHOXHHH 1HTEPBATLHAX HEUITKHUX MOZCIICH.

A
+ [HTEpBaANTEHI BHXOIH PesynbTyrounii

HEUYITKAX MOJEJIEH IHTepBaJIbHHUIA BUXI1]T

.
>

Puc. 3. Ilpuknan oO4MCICHHS PE3yibTYIOUOTO IHTEPBAIBHOTO BHXOIY Y BHIAIKY,
KOJIU MIEPETUHY iHTEPBaIbHUX BUXOIB OKPEMUX MOZENEH He iCHye

3anponoHy€eMo TMPOLEaypy y3arallbHeHHs IHTEpBaJbHUX BUXOJIB. PirieHHs
PO MIMPUHY Pe3yIbTYIOUYOT0 IHTEPBATY IPHUUMATUMEThCS 3 YPaxyBaHHAM IyMKH
eKCTepTa 3aJIeKHO Bif 3a1adi, 0 PO3B’A3YETHCS 32 TOMIOMOTOI0 HEYITKOTO MOJIe-
JIFOBaHHA. YBEIEMO BiAMNOBIAHI TO3HAYEHHS:

Y — Pe3yIBTYIOUHH IHTePBATBHUI BUXiT MHOKIMHHI HEUITKIX MOJEIICH;

Y= )ﬁza yrZ] — MeXI pe3yJIbTyI0Y0r0 iIHTePBaIbHOIO BUXOLY MOJEII;

I .
ﬂY "M nepeTHH IHTEPBAIBLHUX BHMXOIB HEYiTKMX Moxened Y™,
i=l

/
UY "M 00’eqHAHHA iHTEPBAILHUX BUXOMIB HEWiTKUX Mmomened Y™,
i=1

i=1...,t.
[IpaBuno y3aranbHEHHSA: SKUIO TEPETHH IHTEPBAILHUX MOJAEJIeH iCHye

I
(Y™ #Q, T0 pe3ynbTylouuM IHTCPBAIBHMM BHXOLOM € Leii IepeTHH
i=1
I
Yr = ﬂY "M . {HaKIie pe3ysbTYIOUMM IHTEPBATBHUM BHXOIOM € 00 €IHAHHSA iH-
i=1
l .
TepBANbHUX BUXOMIB HEUiTKHX Mozeneii: ¥ = JY™ . Leit pesynbrar Moxe Ko-
i=1
pHUTYBaTHCS 3a JOMOMOTOI0 TEPETHHY 3 IHTEPBAILHHM BHXOJOM MOJENI, IO €
HaHOLTBIII BAarOMOIO 3a TyMKOIO €KCIiepTa ab0 Mae HAMOUTBITY KiTBKICTh BXiTHUX

Lo

3MIiHHHX, a came: Y= = UY M ANY™  ne YO — inTepBaNbHUIM BHXiJ HEUITKOT
i=1

MOJIeNi, IKy BUOpaB eKCIEPT sIK OUIbII Baromy.
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MPUKJIAJL TPAKTUYHOI PEAJI3ALIT 3AITPOIIOHOBAHOI'O METOY

[Nokaskemo poOOTY 3ampPONOHOBAHOTO METOAY B 3a[adi OL[iHIOBaHHS CTaHY apTe-
3iaHCHKOi cBepanoBHHU. CBEpAJIOBHHA AK CKJIagHA MPUPOIHA CHCTEMa XapaKTe-
PH3YETHCSI 3HAYHOIO HAJUIHMIIKOBICTIO MpocTopy mapametpiB. Ha ii cran Ta moren-
UiliHI eKcIuTyaTaliiiHi XapakTepHCTUKU Oe3mocepeqHbo abo OIoceperKOBaHO
BIUIMBA€E BEJHMKA KIUIBbKICTh MPUPOIHHUX Ta AHTPOIOT€HHUX YHHHUKIB. CripoOu
BpaxyBaTH Ta MATEMaTHYHO OMHCATH iX BIUIMB HA 3aralbHUN CTaH JOCHTIKYBaHOT
CHCTEMH 1 HOPOIKYIOTh HaJTUILIKOBICTb.

BignoBigHO 10 3apONOHOBAHOTO METOAY MHOKMHY BXiJHHMX 3MiHHHX CKO-
POYEHO NUIAXOM 3allydeHHS JEKIIbKOX eKCIEpTiB, Y pe3yJbTaTi Y0ro OTPUMAaHO
TaKi MOJIEi:

e Mg, — Mofenb, 3reHepoBaHa Ha OCHOBI HAOOPY O3HAK, BUAIICHOTO 3 OC-
HOBHOTO Habopy nepmmmM ekcrieproM (10 o3Hak 3 24);

e Mg, — Mopenb, 3reHepoBaHa Ha OCHOBI HA0OPY O3HaK, BUALJIEHOTO 3 OC-
HOBHOTO Habopy aApyrum excreptoMm (11 o3Hak 3 24);

e Mp; — MoOfenb, 3reHepoBaHa Ha OCHOBI HaOOpy O3HAK, BUILIEHOTO 3 OC-
HOBHOTO Habopy TpeTiMm ekcnieptoM (12 o3Hak 3 24);

e M — Mojelb, 3reHepOBaHa Ha OCHOBI IOBHOT'O HA0OpY O3HAK.

Pe3ympraTi 3acTocyBaHHS METOAY, OTPHMaHI Ha TECTOBOMY HaOOpi TaHUX,
HaBEACHO B TaOuuili. BUxo1oM MeTOy € iHTepBalibHE Ta JIIHTBICTUYHE 3HAUCHHS
3MIiHHOI «MEPCHEKTUBHICTh apTe3iaHChKOI CBEPUIOBHHHU JUIS MOAANBLIMX JOCIHi-
JOKEHDb Ta eKCILTyaTallii», 0 OIIHI0ETHCSA 3a mKanoro Bix 0 mo 10, a Takox JiHT-
BicTHUHUMH TepMamu «Bucoka» (B), «Joctatas» (1), «Hemocratas» (H).

Pe3ynbTaTtn 3acTOCYBAHHS METOXY

Da| Me | Me | Mg My verony |onenepra
1 | [0;0,02] [0; 0] [0;0,01] | [0;2,64] [0;0] - H 1/H
2 |[2.42;3,44] [3,11;3,76] | [1,17; 1,68] | [0,08;2,81] |[1,17; 1,68] - H| 1/H
3 (16,72;6,99]| [6.8;6,82] | [6,43; 6,65] | [0,46; 5,81] |[6,43; 6,651 | 2/H
4 |[5,56;5.6] | [5.61;5,62] | [5,53;5,56] | [4.91;6,48] |[5,53;5,56] - 1| 6/]
5 |[5,11;5,42]| [4,78;5,22] | [5,83;6,02] | [3.9;5,71] |[5.83;6,02]- | 6/]
6 |16,82;7.3] | [7.75;7.85] | [6,25;6,62] | [5,08;7.82] |[6.25;6,62]- | 5/J
7 |[5.84;6,24]| [6,96;7] | [6,04;6,21] | [0,82;7,61] |[6,04;621]-1| 6/]
8 [[7,93;8,12]| [8,17; 8,24] | [9,98;9,99] | [9,92; 10] |[9,98;9,99]-B| 8/B
9 ([7,94;8,07]| [8,36:8,39] | [9,7;9.81] | [9,89;9,94] | [9,7;9,.811-B| 9/B
10 |[9,1;9,54] | [9,21;9,29] | [9,66;9,83] | [9,89; 9,98] |[9,66;9,83]-B| 9/B
Tak, ans mepmoro 3pa3ka TecToBoi BUOIpKH BUXiJ MeTony Y * Bu3Haua-

L
eTbes SIK Y™ =(Y"™" =[0;0,02]"[0;0]N[0;0,01]=[0;0]# <. Jdus 3paska 2
i=1

N . l .

mepernny  [(|Y™"  me icmye: Y™ =(Y""=[2,42;3,44]n[3,11;3,76]N
i=1 i=1
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N[1,17;1,68]=<, TomMy BH3HadalbHy pOJIb Bifirpae BHXiX Momemi M;:
1 .

Y:= UY'"'” AYM3 = yM3 _[1,17;1,68] . 3pasok 3 siBisie coGOK OCOOIUBHIA BH-
i=l

najok. Buxig meromy, OTpUMaHUN SIK MEPETHH BUXOMIB YCIX TPhOX MOjeei

ﬂY inm  He 36ira€ThCs 3 OLIHKOK EKCIEPTA-TiPOreoora, 3amponoHOBaHO0 IS
i=1
i€l cBepUIOBUHU. Taka pO301KHICTH CBITYHTH MPO HEAOCKOHATICTH MHOKHHH
MoJIeNeH, mo 0epyThes A0 po3risiay. Llel pe3ynbraT Bkazye Ha iCHYBaHHS 3MiH-
HO1, [0 HE BXOJUTH JIO BUXIHOTO HaOOPY O3HAK JKOJHOI 3 TPHOX PO3IIISHYTUX
YaCTKOBHUX MOJeJieil. YCYHYTHU Iei HeIOJIiK MOKHA, PO3IINPHUBIIN MHOKHHY BH-
KOPHUCTOBYBaHUX MOJEINEH.

OuiHIOI0YH aJIeKBaTHICTh OTPUMAHMX PE3YJIbTAaTiB Ha TECTOBOMY Ha0Opi Ja-
HUX, 332 BUHATKOM 3pa3ka 3, micraemo 3HaueHHs MAE = 1,99 i RMSE = 0,97,
y TOH Yac, SIK ISl MOJIEi Ha OCHOBI TIOBHOTO HAa0OPY NaHUX BOHU CTAHOBIATH
MAE = 1,96; RMSE = 1,19. 3 ypaxyBaHHSAM 3pa3ka 3 IIi OIIIHKA CTaHOBIATH
MAE = 4,45 ta RMSE = 1,71 ana 3anponoHoBaHoro meroay ta MAE = 1,96;
RMSE = 1,18 mys BUX0y MOJIeNi Ha OCHOBI TIOBHOTO Ha0OPy O3HAK.

S0 K OLIHIOBATH LIMPUHY IHTEPBANy 3HAYEHHS, OTPUMAHOTO HA BUXO/I,
TO B pe3yJIbTaTi 3aCTOCYBaHHS 3alPOIIOHOBAHOTO METOY IHTEPBAJI 3MEHIIYETHCS
B cepenHbomMy Ha noHaza 90% (0,17 Ha Buxozai meroay mpoTu 2,1 Ha BUXOAI MO-
neni My 6e3 ypaxyBaHHA Xx3; 0,18 mportu 2,39 3 ypaxyBaHHAM X3). Takum 4u-

HOM, 32 YMOBH TNIPABIIIBHOTO BHOOPY MHOXXHHH MOJIEJIEH 3aIpOIIOHOBAaHNN METO]]
Jla€ 3MOTY CYTTEBO 3MEHIIUTH 3HAYSHHsI YMOBHOI eHTporii y Bupasi (1). 3a paxy-
HOK 1OOY/IOBM MHOXKHMHH 1HTEPBAJILHUX HEUITKUX MOJEJEH 1 BBEICHHS MPOLEIy-
pU y3araJbHEHHS iX BUXOJIB YAA€THCS OTPUMATH TPHUHHATHI IS Ii€l Tamysi
PO3B’SI3KH.

AHAJII3 PE3YJIBTATIB

JlocimkeHHsT pe3ysibTaTiB POOOTH 3alpOIIOHOBAHOTO METOAY IMOKa3ykTh, IO
MOJIeNb, MMOOYZI0BaHA HA TTOBHOMY Ha0OOpi BXiTHHX 3MiHHUX, A€ AOCUTH IIHUPO-
KWW IHTEpBaJl 3HAYEHb BHXIHOI 3MiHHOI BHACIIJOK HAJUTMITKOBOCTI MHOKHHHU
BXITHUX O3HAaK. BomHOYAac 3a yMOBH TPaBWILHOTO BHOOPY MHOKHHH MOJEICH
3aMpONOHOBAHUH METOJ A€ 3MOTY iICTOTHO 3MEHIIIUTH 3HAYCHHS YMOBHOI €HTPO-
mii i TAKUM YMHOM CKOPOTHTH IIMPHHY IHTEPBAIY OTPUMAHOTO 3HAYEHHs, abo K
3pOOUTH BUCHOBOK TIPO JOIIIHHICTE TOMTOBHEHHS BXiJHOTO BEKTOPA.

[IpoBenena poOOTa € MPOMOBKEHHSAM JOCHIKEHb aAeKBATHOCTI HEUITKOI
JoriyHoi cuctemu B mparsix [10, 11].

BUCHOBKH

3anporoHOBaHO METOJ IMOOYIOBH MHOKHHHM HEUITKHX MOZCIeH THITy 2 3 iHTep-
BATbHUMH (PYHKIISIMH HAJEKHOCTI, SIKi MAlOTh MOKITUBICTD y3arajibHEHHS KiHIIe-
BUX pe3yJbTATIB Ta aJeKBAaTHI eKCIepUMEHTaNIbHI aaHi. HaBemeHo mporuenypy
y3araJqbHEHHS BUXOIB IHTEPBATHHUX HEUITKAX MOJIEICH 3aI€KHO BiJl OTPIMaHUX
IHTepBAILHUX BUXOIB MOJIENICH 3 ypaXyBaHHSM JIyMKH €KCIIepTa.
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[IpoBeneHo mocHimKEHHS aleKBATHOCTI MOOYAOBaHMX HEYITKUX MOJENeH
THTTY 2 JUTS 33134 iAeHTH(IKAII] CKIaTHAX 00’ EKTIB.

PoGora Hamae oOTpyHTYBaHHS MOIIIBLHOCTI BUKOPUCTAHHSI HEYITKUX MHO-
KUH TUITy 2 B MaTeMaTHYHUX MOJEIX, IO ONEepPYIOTh HEOBH3HAYCHUMH BXij-
HUMH gaHuMU. OOTPYHTYBaHHS BHKOHAaHO TEOPETUYHO 3 MO3HUIIN Teopii iHdop-
MaIlii Ta mATBEPIKEHO EKCIIEPUMEHTAIBHO.
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ITPOBI CTPATET'TI IPUMHSATTS PIINIEHD
B IEPAPXIYHUX CUCTEMAX. II. KOMII'IOTEPHE
MOJIEJIOBAHHSI CTOXACTUYHOI I'PH

I1.0. KPABEIIb

AHoTanisi. Po3po06ieHo anroputM po3B’s3yBaHHS CTOXACTHYHOI TPH IJISl IPUHHATTS
pilieHb B i€papXiYHUX CHCTEMax B YMOBaX HEBH3HAYCHOCTi. BUKOHaHO aHaii3 pe-
3yJIBTATIB KOMIT IOTEpPHOTO MOJETIOBAHHS CTOXACTHYHOI I'pH JUIl AaBTOKPATHYHOI,
aHApXiYHOI Ta AEMOKPATUYHOI CHCTEM NPHHUHSTTS PillleHb 31 CTPYKTYpOro GiHApHOTO
JiepeBa. Y CTaHOBJICHO, 10 HAWMCHIIINI TIepio/] HABYAHHS JUTS JOCSATHEHHS OJIU3bKO-
r0 JI0 KOHCEHCYCHOTO PIllIeHHSI MalOTh aBTOKPATUYHO-L[EHTPHYHI i€papXidyHi chcTe-
MH. BuBueHO BIUIMB mapaMeTpiB Ha 301KHICTH irPOBOI0 METOJY Y MPOLECi MOUIYKY
KOHCEHCYCHOT0 200 Ma)KOPUTAPHOTO KOJICKTHBHOTO PillIEHHS.

Kio4oBi ciioBa: npuifHATTSA pillieHb, i€papXidHa CHCTEMa, YMOBU HEBH3HAYCHOCTI,
CTOXaCTHYHA I'Pa, KOMIT FOTepHE MOJICITIOBAHHS.

BCTYII

lepapxiuna cuctema MpUAHATTS pillleHh — 1€ 0araTopiBHEBa CHUCTEMa 3 PO3Mi-
IICHHSM €JICMEHTIB Bij BUIIIOTO JI0 HWK4YOro paHry [1—4]. V rtakili oprasizaiiii-
Hill CTPYKTYpi MOXKHAa BHOKPEMUTH €JIEMEHTH BHIIOTO, CEPEIHBOTO Ta HIKYOTO
piBHIB. ExemMeHTH oHOTO piBHS 323BMYail MalOTh OJHAKOBUH paHT ab0 OIHAKOBI
MO>KITUBOCTI IIOZ0 TIPUIHATTS PillleHb.

EnemeHTH HalBUIOTO PiBHS T'€HEPYIOTh KEPYBaJbHI PIillIEHHS ISl eJeMEH-
TiB HIDKYOTO piBHA. EEMEHTH cepeHbOTO PiBHS Ha OCHOBI pillleHb, HAJiCIaHUX
BiJl €JIEMEHTIB BHLIOTO PiBHS, BUPOOJSIOTH BIACHI PIlLICHHS IS €JIEMEHTIB HIX-
4oro piBHA. PillleHHS eleMEeHTIB HAHMKYOTO PiBHS CIPSAMOBaHI Ha BHKOHAHHS
KOHKPETHUX POOIT.

Jnst JOCHipKEeHHS 1€papXiYHUX CHCTEM NPUHHATTS PIlIeHb B OCHOBHOMY
BUKOPHUCTOBYIOTh METOAU TeOpii irop — Oe3koaminiiHuX abo KoamiuidHuX, JeTep-
MIHOBaHHX a00 CTOXaCTHYHUX, JUCKPETHHX a0o0 NH(EpeHIiaTbHAX, Y HOPMab-
Hill ¢popmi (3 ogHOUaCHMM BHOOPOM BapiaHTIB i) a0 iepapxidHuX irop (3 mpa-
BOM Tepiioro xoxay) [3—8]. 3ayiexHo BiJi MOCTAHOBKH 3aBIaHHS JTOCIIIKYIOThCS
cTparterii NpUHHATTA pillleHb, SKi 3a0€3MEeUYIOTh AOCATHEHHS KIaCHYHUX KOJIEK-
THBHHX PO3B’sI3KiB, onTuManbHUX 3a Hemewm, [lapero, Cneditepom, JxodpioHom,
Baitecom, llltakensOeprom ado inmux [9, 10]. Cepen pi3HOMAaHITTS ITpOBHX 3a-
Jlad BUIUTMMO TIIKIIAC CTOXACTUYHHX irop y HOPMalbHil Qopmi, sIKi Jat0Th MOX-
JMBICTh 3HAXOAUTH KOJICKTHBHI PO3B’SI3KM I'PH B YMOBaX CTOXaCTUYHOI HEBH3HA-
YEHOCTI MaTPHIIb IJIATEKIB [8].

I'paBeub € akTUBHOIO iHPOPMALIIHOIO CYTHICTIO, 3IAaTHOIO B3aEMOIISTH 3
IHITUMU TPABIIMHA, HABUATHUCS 1 IPHHMATH CAaMOCTIIHI piIlicHHs Ha OCHOBI OIpa-
IIOBaHHSA NOTOYHUX NaHUX. BHKOPHUCTOBYIOUM TEPMIHOJIOTIIO MYJIbTHAr€HTHHX
cucreM [11-15], Taky aKTHBHY CyTHICTh HAa3BEMO areHTOM MPUHHSTTS PillIeHb.

© I1.0. Kpaseyw, 2019
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OckinbKky MPUHAHATTS pillieHb B i€papXiuHiil cUCTeMi CIpsSMOBaHe Ha KOJEK-
THBHE PO3B’sI3yBaHHS KOHKPETHOTO 3aBIAaHHA, TO Jii areHTIB MIOBUHHI OyTH CKOOp-
nuHOBaHMMHU. KoopauHailis — 11 y3ro/pKeHHS il areHTiB CUCTEMH MPUHHATTS
pillleHb 3 METOI0 NOCATHEHHs MocTaBieHHX wizeid. KoopanHamis 3mificHIOETBCS
[UITXOM BUKOHAHHS KEPiBHUX pillleHb a00 Yepe3 JTOMOBICHOCTI MiXK eJIeMeHTaMHU
cuctemu [13, 14]. Y miit po6oTi po3rsImaroThCs OOMaABa BapiaHTH: 1) pilIeHHS
BBAXKAETHCA CHOPMOBAHUM, SKIIO y XOAlI CTOXAaCTHYHOI TPH OUIBILICTH areHTiB
BUOpanu crparerii, mo 30iraroThCsi 3 Hamepel 3aJaHOI0 KEPiBHOIO CTPATETIElo;
2) areHTH TPUHMArOTh CKOOPIMHOBAHE KOJIEKTHBHE PIMICHHS Y XOZ1 B3a€EMOJII i
CaMOHaBYaHHS.

[opsin 3 TEOpETUYHUM IOCTIKEHHSIM CHUCTEM MPHUUHATTS PillleHb BaKJIU-
BUM € pO3pO0IJIEeHHS] KOMIT IOTEPHUX 3ac00iB MOJICITIOBAHHS /IS arrpodartii Ta J10-
MTOBHEHHS TCOPETUIHHX PE3yJIbTATIB HA MTPAKTHII.

KoM roTepHe MoJIeOBaHHS i€papXiyHUX CUCTEM NPHUHHATTS PIllIeHb € aK-
TyaJbHOIO MPHUKJIAAHOI MPOOJIEMOI0, BUPIIIEHHS AKOI J03BOJSE YTOUHUTH pPe-
3yJbTaTH TEOPETUYHOTO OIIHIOBaHHS yMOB 301)KHOCTI METOJIB MPUHHSITTA pi-
[IIEHb Y KOHKPETHUX MPAKTUYHUX CUTYAIlisIX.

[MpakTu4Hi MpoOIeMy NPUHHSTTS pillleHb B i€papXivyHUX CHUCTEMax HOCIi-
JDKYIOTBCS CHenianicTaMu 3 6araTb0X NPeIMETHUX raily3eid, MOB’s3aHUX 3 KOJIEK-
THUBHOIO TIOBEMIIHKOIO Ta KOJICKTUBHOIO B3a€MOJIi€0. J[J1s1 IOTO BUKOPUCTOBYIOTH
abo TOTOBI IHCTpYMEHTaIbHI 3aco0m, abo CHeIiaTbHO PO3pOOJICHI TpOTrpaMHi
MPOAYKTH, KOJIM HEOOXITHO BpaxyBaTH IMEBHI OCOOIMBOCTI MOCTAHOBKYU 3aBIaHHS
KOJIGKTHBHOTO TIPUHHATTA pimeHs [15-17].

Meta po6oTn — pO3pOOIICHHS aJrOPUTMIYHHX Ta MPOTPAMHUX 3aCO0iB MO-
JIETIOBAHHS CTOXACTHYHHX irOp Y HOPMaJIbHIH (hopMi I KOOPAWHAII PIIICHb B
iepapxiYHUX CHCTEMax Ta BH3HAYECHHS (DaKTOPIB, SIKI BIUTMBAIOTH Ha 301XKHICTH
ITPOBOTO METOJIy B yMOBaX CTOXaCTHYHOI HEBU3HAYECHOCTI.

Pesynpratu po6oTH MOXKYTh OYTH BHKOPHUCTaHI JUIsl IATPUMAHHS TPUHHST-
TS CKOOPJAMHOBAHHUX KOJICKTUBHUX DIIIEHb Y CHCTEMaXxX 3 i€papXidHOI0 OpraHiza-
Li€F0.

IEPAPXIYHI CACTEMHU NPUMHSTTS PIIEHB

Hexait marexi irpoBuX areHTIB iepapXidHOi CHCTeMH € (PYHKITIEIO BIaCHUX CTpa-
TErii, CTpaTeridi arcHTiB BHIOTO 1 HUXKYOTO PIiBHIB, 3BaXCHUX KOC(DIlI€EHTOM
A €[0,1]. 3nageHns koedilieHTa BH3HAYAE CTYINHb BIUIMBY CTpATETiil CyCimHIX
arcHTiB Ha ()OpPMYBaHHS IUIATEKIB KOXKHOTO areHTa i, BiAMIOBIIHO, HATIPSMKH IT10-
TOKIB iH(OpMAaLlii MiXK PIBHAMH i€papXii CUCTEMU NPUAHSITTS pilleHb. Bigxunen-
HS BiJl CTpaTerii areHTa-KepiBHUKAa BPaXOBYETHCSA 3 KoedilieHTOM A, a BiIXH-
JICHHS BiJl CTpaTeriii areHTiB-BUKOHABIIB — 3 KoedimieHToM 1—A . 3alexHo Bix
3HAYCHb [IHOTO Koe(DilieHTa OTPUMAEMO Pi3HI BUIAH 1€PAPXITHUX CHCTEM:

A =1 — aBTOKpaTH4Ha;
A =0 — anapxiyHa;
0 <A <1 — MHOXHHA TEMOKPATHYHUX CHUCTEM.

Ha3zBu iepapxiyHUX CUCTEM € YMOBHHUMH, a iX iHTepIpeTalis y i poooTi He
3aMIHIOE iX BiJJOMI TpaKTyBaHHSI.
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B aBTokpaTHuHii cHCTeMi areHTH HHKYOrO piBHS OEpyTh O BUKOHAHHS
BKa3iBHI PINICHHS areHTa BUINOTO piBHSA. I10TOKM KepyBaHHS CIPSMOBaHI 3TOpH
BHU3. lepapxiro aHapxivyHOi CHCTEMH CIiJi pO3YMITH K JelieTyBaHHS TTOBHOBa-
JKeHb Ha BUILI PiBHI BiJl caMOOPraHi30BaHUX CHUIBHOT areHTiB HAaHHMKYOTO PiB-
Hs. [loroku iHGOpMarlii B aHapXivHIN CUCTEMI CIIPSIMOBAaHI 3HU3Y Bropy. ¥ JIeMo-
KpaTHIHUX CHUCTeMaX Ha BHPOOJICHHS PIllICHb BIIMBAIOTH MTOTOKH iH(POpMAITIi K
3ropH BHU3, TaK 1 3HU3Y Bropy.

ExcriepuMenTanbHe AOCTIIKEHHS iTPOBOTO METOY NMPHHHSTTS PillleHb BH-
KOHA€MO JJIsl CTOXaCTUYHOI TPH 31 CTPYKTyporo OiHapHOro nepeBa. CUMeTpUUHE
OinapHe nepeBo ckinanaerbest 3 L =2" —1 By3miB, e m — KUIBKICTh PiBHIB i€-
papxivyHOi cUCTeMHU MPUHHATTSA pimeHs (m =1,2,...). By3nu gepeBa mo3HauaroTh
TPaBIliB, a IyTH — iX cTpaTerii, sSKi BIUINBAIOTh Ha (POpMyBaHHS MOTOYHUX IIPO-
rpamiB rpasuiB. Hexail moToyHi BTpaTu rpaBLiB BU3HAYAIOTHCS BIACHUMU CTpa-
TETISIMU Ta CTPATETiISIMU CYCIIHIX TPaBIiB TakK, SK I1¢ MOKa3aHo Ha puc. 1, mo Bif-
MIOBiJ]a€ CTPYKTYPi IEMOKPATUYHOI cUCTeMH 3 mapameTrpoM 0 <A <1.

Puc. 1. CtpykTypa 1eMOKpaTHYHOI CUCTEMHU

Jiis rpaHMYHUX 3HaYeHb mapamerpa A =1 ta A =0 3i CTpYKTYpH JAeMOKpa-
TUYHOI CHCTEMH BiJIIOBIIHO OTPUMAEMO CTPYKTYPH aBTOKPATHYHOI Ta aHApXid-
HOT CHCTEM MPUHHATTS pillleHb, 300pakeHi Ha puc. 2-5.

Puc. 2. CTpykTypa aBToKpaTuuHoi cuctemu  Puc. 3 CTpyKTypa aBTOKpPaTHYHOI CHCTEMH
3 KOJIETIAJIbHUM IIEHTPOM
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[ToBeninka rpaBis HAWBUILIOTO PiBHSI B aBTOKPATUYHIN CHCTEMI, 300paskeHii
Ha puC. 2, € BUIBHOIO BiJl BIUIMBY CTpaTETii IHIMUX TPaBIliB. SIKIIO KOpeHEBHMA

root

foot ¢ ™! 33 nesKMM JMCKPETHUM PO3TIONi-

rpaBeIl BUOHWpa€E BIAcHI CTpaTerii u

root

N y . . )
mom  p™® eSMrot 1o fioro cTpaTeris 3MmiHIOETBCA y uaci:  ul

=var,

root

n=L2,... Yam Ommwx4e po3nomin p 0 PIBHOMMOBIPHOTO BHOOPY YHCTHX

CTpateriii, THM OUTbIIIe KOPEHEBUI TpaBeIlh IE30PIEHTYE TPABIIIB HIDKIUX PIBHIB.
VY pe3ynbTaTi BUXiJ CHCTEMH Ha y3Tro/pKEHE KOJIEKTHBHE PIllIEHHs € TIPoOIeMaTH-
HUM 200 HEMOXKIIMBUM.

MosnmBi Taki J1Ba Ipame3iaTHi crocodu (opMyBaHHS YUCTHX CTpPATeTii
IIHOTO TPaBIs, SIKi 3a0€3MeUyIOTh KOOPAMHAIII0 aBTOKpAaTHYHOI cucteMu. Ilep-
KA CToci0 ToJisirae B TOMY, IO CTpaTerii KOPEHEeBOTO TpaBLsl € MOCTIHHUMHU

root __  root

u, u > =const yuaci n=12,.... Y 1IbOMy BHIIaJIKy MAEMO AGMOKPAMUYUHY

cucmemy 3 0oemamuyHum yenwmpom. J{pyruii croci0 BinoBiiae CTPYKTypi asmo-
KpamuyHoi cucmemu 3 KOIe2IANbHUM YeHmpoM, SK 1ie TO0Ka3aHo Ha puc. 3.
VY npomy BHNaaKy Ha (pOpMyBaHHS BTpaT KOPEHEBOTO I'PABI BILIMBAIOTH BIIACHI
cTparerii Ta crparerii xo4a O OJHOTO i3 IpaBLiB HUKYOTO PiBHS.

AHaJIOTI4HO, SKIIO I'paBli HAWHIKYOTO PiBHS aHApXi4HOI cucTeMu oOupa-

10Th BIacHi crparerii u;, e U' 3 nuckpetHumu posnoginamu p' € S©0 (puc. 4), To

BOHH I'€HEepyBaTHMYTh 3MiHHI CTpaterii u, = var MOBEAiHKH y 4Yaci i 3 GJIHu3bKOI0

10 1 IMOBIPHICTIO CHCTEMa HE 3MOXE JOCSATHYTH CKOOPIMHOBAHOTO KOHCEHCYC-
HOT'O (BUPIBHIOBAJIBHOT'O) PillIEHHS.

Js Toro mo6 aHapXiyHa cHCTeMa BHUILIA Ha y3TOJUKEHE PIILICHHS, MOKHA
CKOpPHUCTATHCA OJHHM i3 TBOX crioco0iB. [lepmuii monsirae y Tomy, 10 BCi TpaBIli
HAWHW)KYOTO PIiBHS, MONEPEIHHO JIOMOBHUBIIUCH, JOTPUMYIOTHCS OJHAKOBHX
crpareriii MOBeMiHKH U, =u =const y 4yaci. ¥ 1bOMY BHIIAIKY MaEMO aHAPXIUHY
cucmemy 3 002MamuyHoIo cninbromoio. JIpyruii croci6 nossirae y Tomy, 1o rpas-
i HAaHMWKYOro PiBHA 00’ €AHYIOTHCS Y CHIIBHOTY 1 iX MOTOYHI BTPaTH BU3HAYa-
FOTBCS SIK BIIACHUMU CTPATETISIMH, TaK 1 CTPATETiSIMH 1HIIUX TPaBIliB CITUTEHOTH. Y
IIbOMY BHUNAAKYy (PUC. 5) MAaeMO aHapxiumy cucmemy 3 20PU3OHMATLHUMU
36 ’A3Kamu HAa HAWHIDKYOMY PiBHI (3 opeawnizoeanow cninbHomoro). Jlns mparie-
3IaTHOCTI TaKOi aHAPXiYHOI CUCTEMHU MOBHUHEH iCHYBaTH LUKIIYHUI OUIAX 3a-
JIeKHOCTEH IATLOKHUX (QYHKINH BiJl CTpATETid TPaBIliB, SKUM MOXKHA OOIWTH yci
€JIEMEHTH HalfHmk4oro piBHs. Toal ogHAaKOBI cTparerii JepeBa areHTIB OyIyTh
(hopMyBaTHCA TUHAMIYHO B Yaci, y MPOIeCi HaBYaHHS TPABIIIB.

PosrmsiHyTi i€papxiyHi CHCTEMU € akmueHumu CUCTEMaMHU TPHAHATTS pi-
IeHb, OCKUTGKY areHTH HE TIPOCTO TPAHCIIIOIOTH PIIICHHS MiX PIBHAMH i€papxii,
a MaloTh BJIACHI CTpaTerii MOBEIIHKH.

Kpim toro, iepapxiuHi cucTeMH € cCUCTEMaMu 3 po3nodirenum (a0 KOJIEeKTU-
BHHMM) IIPUHHATTSAM pillleHb, BUXOISYH 3 TOTO, III0 BOHH CKJIAJIAIOTHCS 3 OPraHi3o-
BAHOI 3a paHTaMH MHOKMHHM aBTOHOMHHUX areHTiB (ypaxOBaHO CTPYKTYpHHH ac-
TIEKT).

Sxmo y mporeci HaBYaHHS (BHPOOJICHHS PillIEHb) PO3MOILTIEHA CHUCTEMa
nparHe BUHTH Ha PIOICHHS LEHTPY, TO BOHA € yewmpanrizogarnoio. PimeHHs
LEHTPY BiIOME JI0 TIOYaTKy TPH 1 He 3MIHIOEThCA y X011 rpu. LlenTpom Moxxe Oyt
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OIUH areHT abo Tpyna areHTiB 3 Hamepesa Yy3rOoUKeHHUM pileHHAM. Skmo x
y Mpolieci HaBYaHHS PO3MOALUICHa cHcTeMa (POpPMY€E Y3TOJKEHE KOJEKTUBHE pi-
IeHHs, SKe He BiJloMe J0 MOYaTKy TPH, TO BOHA € deyenmpanizosanoro (ypa-
XOBaHO (YHKLIOHAILHUH aCIEKT).

Puc. 4. Ctpyxrypa aHapXidHOI CHCTEMHU Puc. 5 Crpykrypa aHapxiuHOi cHCTEMH
3 TOPU3OHTAILHUMH 3B’ I3KaMH

I3 1ux MipKyBaHb JOrMaTHYHA aBTOKPATHYHA CHUCTEMA € IEHTPaTi30BaHOIO
(3 moToKaMu KepiBHUX PIllIeHh 3TOPH BHU3), aBTOKPATHYHA CHCTEMA 3 KOJICTialb-
HUM IICHTPOM — JICIICHTPAJIi30BaHOI0, aHApXiyHA CHCTEMa 3 JOrMaTHYHOIO CITi-
JHHOTOK) — IIEHTPAJI30BaHO (3HU3Y Bropy), aHapXiyHa CUCTEMa 3 TOPU30HTA-
JEHAUMH 3B’SI3KAaMH  —  JEIIEHTPAi30BaHOI0, JIEMOKpPATHYHI CHCTEMH €
JICIICHTPaJIi30BaHUMH.

AJITOPUTM PO3B’SI3YBAHHSI CTOXACTUYHOI I'PH

Kpox 1. 3amati moyaTKoBi 3HaYEHHs TapaMeTpiB Tpu: # =0 — MOYaTKOBHUA MO-

MEHT 4acy; D — MHOXuHa (IepeBo) rpaBuiB; L =| D| — NOTYXHICTh MHOXXHHHU
(KUIBKICTB) TpaBUiB; N; — KUIBKOCTI YMCTHX CTparerii rpasuiB VieD;
U' ={u'(),u'(2),....,u' (N;)} VieD — BEKTOpPH YHCTHX CTpaTeriii IpaBLiB;

p(i) =({/N,;,...,1/N;) Vie D — 3MimaHni crparerii rpasuis; y >0 — napameTp

kpoky HaBuaHHs; o €(0,1] — mopsAmok Kpoky HaBuaHHA; €>(0 — mapameTp
€ -cuMIuiekcy; >0 — TOpSAOK UIBHIKOCTI PO3IMIHUPEHHS € -CUMILIEKCY;
A €[0,1] — BaroBuii koedili€eHT NOTOYHHUX MPOTpalliB; 7, — MaKCHMallbHa

KIJIBKICTB KPOKIB CTOXaCTHYHOI IPH.
Kpox 2. BubpaTtu NOTOYHI YHCTI cTpaTerii:

. , Joo.
u, =qu'(j)|j=argmin ) p,(k)>o (j=1.N;); VieD,

I k=1
ne o €[0,1] — BumaakoBa BeTMYMHA 3 PIBHOMIPHUM PO3MOILIOM.

Kpox 3. OTpumatn 3HaUYCHHS MOTOYHUX IPOTPAIIIiB:
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D - S .
&,y ) =Dy |7 | Muy —uy | +(A=2) Y |uy —uyy ||+, VieD,
JeDMk}

ne D; — MHOXXMHA CyCiIHIX IrpaBLiB i -rO TPaBLLs; u,? i eUPi = _><D U/ — konek-
Jj€D;
THBHA CTpaTeris MHOXHHHK TpaBuiB D;; u’ € R' — uncrouii exsiBanent Bapia-
HTa pillIeHHs; kK — TpaBelb BUIIOro PiBHs (KEPIBHUK); i — TpaBelb CEPEeIHHOTO
piBHS; j — rpaBelb HIKYOTO PiBHSA; W, ~ Normal(0,d) — Oinuii raycciBcbKui
myM 3 aucnepcieto d >0; A e€[0,1] — BaroBuii xoedimient. g kopeHeBOTO
rpaBusg A =0, a [uIg TpaBIIiB HAHHIKYOTO PiBHA A =1.
Kpox 4. O6uncanTn 3HAaUCHHS ITapaMeTpiB:

» .
Y=y ", e, =en P,

ae v, >0 — MOHOTOHHO CHaJHa HOCIiJOBHICTb JOAATHUX BEIUYUH, KA PEry-
JIFOE BEJIMYUHY KPOKY MeTony; €, >0 — MOHOTOHHO CIaJHa IOCIiZOBHICTb J10-

JATHUX BEJIMYMH, SIKQ PEryJIIO€ MIBUAKICTh PO3MUPEHHS € -CHMILICKCY.
Kpox 5. BusHaunTH HOBi 3Ha4€HHS BEKTOPIB 3MIllIAHUX CTPATETil:

P =m0 APy —v,E,le(w,) = p, 1} VieD,

N; . N; N; i _ N
e m' , — TPOEKTOp Ha OJMHUYHUH € -CHMILIEKC S, ! S SY[18]; p, € St
n+ n+ n
— 3Mmimani crparerii i-ro rpasus; & eR' — norounuii Mporpanl TpaBIls;

e(u;) — ONIMHUYHUIT BEKTOP-iHAMKATOp BUOOpPY BapianTta u, € U'.
Kpox 6. Po3paxyBatu XapaKTEpUCTHKH SKOCTi irpOBOTO NPUHHSTTS PillleHb:
1) QpyHKIis ycepeTHEHUX y Yaci BTpAT CUCTEMH:

n .
E,=mL)"Y. Y el
t=lieD

2) xoeilieHT y3roPKEHHX pillleHb IPaBLiB:

K, =L)"Y Y Ylui—u =0,

t=lieD \ seD;
e () e{0,1} — ingukaropHa QyHKIis MOAil;

3) cepenHst moxuOKa BIAXWIICHHS 3MIIIAHUX CTPATEriil TPaBIliB BiJ 3MillIaHOT
CTparerii rpaBIsI-KepPiBHUKA HAWBHIIOTO PIBHS:

n
An = (I’lL)71 Z zupi,t - proot,t

t=lieD

b

ne |{ — eBxninosa Hopma BexToOpa.
Kpox 7. 3anatu HacTyITHMI MOMEHT Yacy n:=n-+1 .
Kpox 8. Slxmo n<n

max » TO TIEPEUTH 10 KPOKY 2, iHaKIIe — KiHEeIlb IPH.

110 ISSN 1681-6048 System Research & Information Technologies, 2019, Ne 4



Ieposi cmpamezii nputinamms piuiens 8 iepapxiynux cucmemax. 1. Komn tomepne MoOeno8anius ...

PE3YJBTATHU EKCIIEPUMEHTAJIBHUX JOCJIIXEHb

Pe3ynbrati KOMIT' FOTEPHOTO MOJCITIOBAHHS IIPOIECY irpOBOTO TPHHHATTS pi-
LICHb B 1€PapXiYHUX CHCTEMax 31 CTPYKTYpOIO CUMETPHUYHOTrO OiHapHOTO IepeBa
MOJIAHO y BUTIIAAI rpadikiB Ha puc. 6 — puc. 15. Pe3ynpraTit oTpuMaHO [Tl TAKUX
3HaueHb napameTpiB rpu: L =7 (ansa m =3 piBHIB i€papXi4HOi CUCTEMH MPUHHATTS
pimens), N;=N=4, y=1, €=0,999/N, a=0,01, B=1, xpim BUnaakis, Konu
BUBYAETHCS BIUIMB ITUX MMapaMeTpiB Ha 301KHICTH irpoBoro Metomy. st KoM-
MAKTHOT'O 300pakKeHHsS Pe3yJbTaTiB MOJICIIOBAaHHs 3 BEJIMKUM JIialla30HOM 3Ha-
YeHb BUKOPHCTAHO JIOTapU(PMIYHY IIKAITY.

YpaxoByrouH Te, IO METOIO TPABIIB i€EpapXidHOI CUCTEMH € BUPIBHIOBAHHS
YUCTUX CTpaTerid, IiX MaTpuili IuTaTexiB (mporpamii) 3aJaloThCA  Tak:

10 1 . .
1= L o Vie D. SIkmo rpaBusgMu BUOpaHO OJHAKOBI CTparerii, TO iX Mmpo-

rpam nopiBHIoe 0, iHakme — 1.
JImst TakuX MaTpHIb TUTATiXHI QYHKIT

P12 12 ) 12
Vi=pipivig+ pipavig + PaPivay + PaPaVap =

=pi(l-p{)+(1-pHpi =pi +pi -2pi P}

MAarOTh BUTJISI CiIJIOBOT MOBEPXHI Y MPOCTOPI 3MIIIAHUX CTPATEriid TPaBIIiB.

Ha puc. 6 300paxkeHi 3pi3u 3Ha4eHb CiAJIOBOT IUIATIXKHOI (PYHKII1, OTpUMaHi
3 KpokoM A =1/16, i TpaekTOpis HaBUAHHS JIAHKH 1€PAPXITHOI CTOXACTHYHOI TpH
«KEpIBHUK — MiJJIETIIHNI», KOXKEH 3 SIKMX Ma€ IO JIBa BapiaHTH MPUHHATTS PillieHb
(rpa 2x2). Ilokazano 3pi3u miaTbkHOI GyHKII 0e3 aii 3aBag (d =0) Ta B yMmo-
Bax mii 3aBan (d =0,01). Y BepmmHax Ta B ICHTPI KBaApaTa MO3HAYCHO 3HAUCHHS
TUTATXHOT (DYHKIT 17151 KOMOIHOBaHUX CTPATETii JBOX TPaBIIiB.

2 2

L
1

0 _ 1
d=0 Lp O d=0,1 I pi
Puc. 6. Ilpoexuis 3pi3iB matixHOI GYHKIIT HA IUIOIUHY
I'pa 3 BupiBHIOBaHHS CTpaTeTiii Ma€ /[Ba CTiKi PiBHOIIHHI PO3B’A3KH Y YHC-
THX CTpaTeriiax, posMimieHi y BepmuHax (0, 0) Ta (1, 1) 31 3HaUeHHSIMHM TIATHKHAX
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dyskwii ' =0, Ta HecTiiiknil po3s’M30K y 3Mimanux crpaterisx y Toumi (0,5;
0,5) 3i 3HaueHHSIMH UIATDKEMX (yHKIiE V' =0,5. Jlns poss’si3KiB y 4HCTHX
CTparTerisix crpaBeiInBi yMOBH piBHOBaru 3a Hemewm ta ontumansHocTi 3a [Tape-
TO JUTSA TPH Y HOPMaJTbHIHM (DopMi, a TaKOK yMOBa onTUMaITbHOCTI 3a LllTakennoep-
T'OM JJIsl TOCTiAOBHOI TpH. PO3B’ 30K y 3MillIaHUX CTpaTETisIX 3a70BOJIBHSIE YMOBY
piBHOBaru 3a Hemewm.

SIKIo TpaBii JOTPUMYIOTHCS ONTUMAJIBHUX CTpPATEeriil y TOUIl piBHOBArH 3a
Hemewm, To 31 3MiHOIO cTpaTerii OAHOTO 3 HUX BiH HE 3MOKE 3MEHILUTH CBill TPO-
rpam (Ui 3amadvi MiHiMizanii cepeqHix Brpar). OntumansHicTh 3a [lapeto Bu-
TUTMBAE 3 TOTOXHOCTI MaTPUIlh IUIATEXKIB IPaBIiB. Y TOYIl ONTUMAIIBHOCTI 3a [la-
PETO He iCHye CHUIBHOI CTpaTterii, sika JO3BOJUTH 3MEHIIUTH CepeAHid mporpa
OJTHOYACHO JUTS BCiX rpaBIliB. OntuManbHicTh 3a lllTakenpbeproM BH3HAYAETHCS
3a JIepeBOM MOMIIMBHX KOMOIHAII YHUCTHX CTpaTerii, SKi MiHIMI3yIOTh BTpaTu
rpaBLiB, 3 ypaXyBaHHSIM TOINEPEAHIX XOIB IPaBLiB BUIIUX PiBHIB i€papXii, BU-
XOMISTYH 13 ONTUMICTHYHOI TIITOTE3H PO Te, IO TPABIIi CIIPHUSIIOTH OJUH OJHOMY Y
BHUOOPI1 XOIIiB TPH.

3a BiacyTHOCTI Aii 3aBaj (d =0 ) MomrykoBa TPaeKTOpis CTOXaCTHYHOI T'pH
MPSAMYE J0 OJHI€T 3 TOYOK PIBHOBArM 3a HAWKOPOTIITNM, OJIM3BKHM O JIIHIHHOTO,
nursixoM. Jlis 3aBax (d >0 ) MpuU3BOIUTE 10 BUKPUBIICHHS TPAEKTOPIi MTOIIYKY.

I'padiku oxHiei 3 peanizaniii GyHKIIH KoedimieHTa CKOOPIUHOBAHUX CTpa-
Terii K, , cepefHix HporpamiB rpaBLiB Z, Ta HOXUOKM 3MiLIAHUX CTpaTerii
A,,
(A=0,5) cucremu NpUUHATTA pillleHb, 300paxkeHo Ha puc. 7. Pesynbratn otpu-
MaHo ais cucteMu 0e3 3aBaj (d =0) ta B ymoBax nii 3aBajg (d =1). 3araneHuit
BHTJISIT Ta B3a€MHE po3TallyBaHHS TpadikiB (yHKIIIH 30epiraeThes y pasi MoBTO-
PEHHSI €KCIIEPUMEHTY JUIS PI3HUX MOCHTiJOBHOCTEH BHUMAIKOBUX BedWuuH. s
aBTOKpaTHIHOI (A =1, 3 morMaTmdHUM ab0 KOJIETiaThbHUM IIEHTPOM) Ta aHApXid-
HOi (A =0, 3 TOrMaTu4HOIO 200 OPraHi30BaHOIO CHIIBHOTO0) CUCTEM OTPUMAEMO
moaiOHi 3aiexHocTi [3, 4].

no

AKI XapakTepU3yIOTh €(EeKTUBHICTb CTOXAaCTHMYHOI TPH IEMOKPATHYHOI

1

0 1 2
| —
! lgn
l
|

d=1

Puc. 7. XapakTepucTuku irpoBoro npuiHATTS pillieHb B IEMOKpATH4Hil crucTeMi

A

y 4aci cBi4aTh mpo 301KHICTh IrPOBOTO METOY 3TiAHO i3 COPMYITHOBAHOIO Me-
toro. Ilopsmok mBHIKOCTI 301KHOCTI MOXKE OYTH OLIHEHHH TAaHT€HCOM KyTa

Craganaa QyHKIin = Ta 3pocTaHHs KoedinieHTa koopauHauii K,

n» n
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JiHIMHOI ampokcumauii rpadgika HOpMH A, BIAXWIEHHS 3MIIIAHUX CTpaTerii
TpaBIIiB BiJ KOHTPOJIHHUX 3HAYCHH Ta BiCCIO "acy. SIk BUAHO 3 puc. 7, 3a BiIO-
BiTHOTO MiAOOpY MapaMeTpiB NOCATA€ThCcS OMM3BKUHA 0 1 TOPSIIOK CTEreHeBOl
HIBUIKOCTI 301KHOCTI PO3TIISTHYTOI CTOXaCTHYHOT TPH.

VY cucremax i3 3aBajamu s 301)KHOCTI irpoBOTO METOAY HEoOXiHa OibIia
KIJIBKICTh TIOIIYKOBUX KPOKIB JUIS JIOCATHEHHS ONTHUMAJbHOTO KOJIEKTHBHOTO
pO3B’S3KY.

3anporOHOBAHMA METOJ] PO3B’SI3yBaHHS i€papXigHOi CTOXACTHYHOI TpH
OPUAHATTS PillICHb HAJICKUTH 10 KIacy PEaKTUBHUX METOJIB 1 Ma€ BiITHOCHO He-
BEITUKY IMBHUAKICTH 301KHOCTI. Ile 3yMOBIEHO THM, 110 Ha MMOYATOK TPH HEMAE
Hisikoi iHpOpMaLii mpo cepenoBulle, 3 SKUM B3a€EMOJIIOTH rpaBui. [Hpopmaris
30MpaeThCs y Mpolleci HaBYaHHS IIISTXOM aJIalTUBHOI I1epe0yTI0BH BEKTOPIB 3Mi-
[IaHUX CTPATeriid MpOMOPLiHO [0 3HaUY€Hb MOTOYHHUX MPOTPAILiB.

I'padiku Ha puc. 8—15 ycepenneno 3a 100 peamizaiisiMi CTOXaCTUYHOI TPH
3 PI3HUMU TOCIiAOBHOCTSIMH BUIIaIKOBUX BEJITMUUH.

I'padik 3amexHOCTI IepioAy 7 HABYAHHS TPaBIiB BUOMPATH CKOOPIMHOBAHI
pimenns 3 koedinientom K, =0,9 mokazaHo Ha puc. 8, a 3aJIe)KHOCTI KoediLieH-

Ta KoopauHauii K, Ha MOMEHT 7, = 104 KpOKIB I'pH BiJ mapamerpa A iepap-
xigHOi cucremu — Ha puc. 9. 3HadeHHsa mapamerpa 0 <A <1 BignmoBimae ojHiit 3
NEMOKpaTHIHUX (quB. puc. 1), A =1 — aBTrokparnyHiii (puc. 2) i A =0 — aHap-
XigHi# (puc. 3) cucTeMaMm MPUHHATTS PillIeHb.

Sk BumHO 3 puC. 9, OIM3BKE 10 KOHCEHCYCHOTO PIllIEHHS OTPUMYETHCS IS
niamazoHy 3HadeHb napamerpa A €[0,3;0,9] . V weii miana3oH MoTparsisiFOTh aHap-
xiuHo-entpuuHi (0<A <0,5), nedtpanbHa (A=0,5) Ta aBTOKpaTU4HO-
reaTpuyHi (0,5 <A <1) meMOKpaTH9HI CHCTEMH NTPUAHATTS PIillICHb.

Amnani3 rpadika Ha puc. 8 Mmokasye, 0 aHAPXiYHO-IEHTPUIHUM CHCTEMaM
HEOOXITHUI OUTBIINK TIepioa HABYAHHS I TPUUHATTS CKOOPIWHOBAHUX pi-
HIeHb, HIXX aBTOKPATHYHO-IEHTPUYHUM. [l 3aJaHMX TMOYATKOBHX JaHMX Haii-
MEHIINH CepelHii yac HaBYaHHS Ma€ aBTOKPAaTHYHO-IICHTPUYHA CHUCTEMa 3 Mapa-
meTpoM A = 0,8, 3HaueHHs SIKOTO BKazye Ha Te, MO Yy XoAi (opMyBaHHS
KOJICKTMBHOT'O PIIIEHHS CTpaTerii rpaBiliB cepeaHboro piBHs iepapxii Ha 80%
BU3HAYAIOTHCS CTPATETisAMU KepiBHUKA 1 Ha 20% cTpaTerisiMu miuIeranx mpawis-
HUKIB.
lgn Ky
4 + ; 1

05

2 0

O #——=c=scoooooo

0 010203 04 05 06 07 08 09 12X 01 02 03 04 05 06 07 08 09 A

Puc. 8. 3anexHicts nepioay HaByanus rpu  Puc. 9. 3anexHicTh koedilieHTa KOOpau-
BiJ mapameTpa A Hanii Bix mapamerpa A

IrpoBi Mozesni aBTOKpAaTHYHOI Ta aHAPXIYHOI CHCTEM, OTPHMaHi 3 JeMOKpa-
TUYHOI CHCTEMHM JJIsl KpaiHiX 3HAYCeHb MapaMeTpa A, He 3a0e3MeuyrTh KOOP/IH-
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HaIlii crpaTeriit rpasiiB. JJns A =1 xopeHeBHit rpaBenp, a 111 A =0 TpaBIli Haii-
HIDKYOTO PIBHA € 130JIbOBAHUMH BiJl iHIIUX TPABLIB i BUOMPAIOTh 3MiHHI CTpare-

rii: 4! =var, u! =var, n=1,2,.... V pesynbrari ne ae3oprauizye po6ory is-
MIMX areHTiB BiAMOBIZHO aBTOKpAaTHYHOi ab0 aHapXi4HOi CHCTEM NPUHHATTS
pillieHs.

JUi1st KoopauHAIi{ aBTOKPAaTHYHOI CHCTEMH KOPEHEBHUH IrpaBenb HOBUHEH J10-

TPHUMyBaTHCS MOCTiHHOT cTpaterii u/°* =u =const y waci n=1,2,.... Taka crpa-
TETisI 3aa€THCS IIIe IO TTOYaTKy TP (IOTMATHIHHA IICHTp), a0 Moke OyTh cdop-
MOBaHa 3a B3a€MOJIl 3 areHTaMH HWXXKYOTO pIiBHS Yy TIpoOLEeCi HaBYaHHS
(KomerianbHUIA LEHTP).

AHaNOriYHO ISl KOOpIWHAINI aHapXiyHOI CHUCTEMH IOTpiOHA IMOTepeaHs

JOMOBJICHICTp MDK yCiMa areHTaMy CHUIBHOTHM HaWHIKYOIO PIBHA iepapxil
u,’l =u=const, n=1,2,... (1OrMaTu4Ha CHiJbHOTA), 00 HASIBHICTh TOPU30HTAJIb-
HUX 3B’SI3KIB MK areHTaMHy CIIUTBHOTH 3 MOKJIMBICTIO HaBYaHHS arcHTiB y XOJi
IpH.

3HaYHUH BIUJIMB Ha KOOPIMHALIIO pillleHb IPaBIiB Ma€ PO3MIPHICTh CTOXAC-
TAYHOI TPH, SIKa BU3HAYAETHCSA KUIBKICTIO TPABIiB Ta KITBKICTIO IX YHCTHX CTpa-
TeTiH.

3anexxHicTh nepiofy 7 HaB4aHHs (CepelHbOi KITBKOCTI KPOKiB I'pH), HEOO-
X1THOTO Ul NOCATHEHHs Koe(ilieHTa y3ropkeHux pimens K, =0,9, Bix Kiib-

kocti arentiB L =2" —1, opraHizoBaHux y BHUIJISAI CHMETPHMYHOIO OiHAPHOTO
JiepeBa MPUUHATTS pimeHb 3 m =1,2,... piBHIMHU 300pakeHo Ha puc. 10, a Bifg
KUTBKOCTI YMCTHX cTpaTerid N A yciX BHINE PO3MVITHYTUX BUJIB i€papXiyHUX
CHCTEM TPUIHATTS PillleHb 3a BiACyTHOCTI il 3aBajg — Ha puc. 11. Homepu rpa-
(hikiB BIAMOBIMAIOTH TAaKUM I€papXiYHUM cuUcTeMaMm: | — JeMOKpaTHYHA
(A=0,5), 2 — mormaTWyHa aBTOKpaTH4YHA, 3 — aBTOKpATHYHA 3 KOJIETialIbHUM
LHEHTPOM, 4 — aHapxidyHa 3 JOTMAaTUYHOIO CHUIBHOTOI, 5 — aHapXiuyHa 3 TOpu-
30HTAILHUMH 3B’S3KaMH Ha HaWHWKYOMY piBHI i€papxii y BUIJISIAI TTOBHO-
3B’SI3HOTO MYJIETUTPAdY.

lgn
2=
5
1
3
2
4
1I
1 2 3 4 5 m

Puc. 10. 3anexHicTh IepioAy HaBYaHHS TPH BiJl KUTBKOCTI areHTIB

Sk Bugno 3 puc. 10 Ta 11, 3pocTaHHs KiJIBKOCTI TPaBILiB Ta X YHCTUX CTpa-
Terii MPU3BOAWUTH 10 30LTBLICHHS IMEpiogy HaBUaHHS YCIX BHIIB i€papXidHUX
CTOXaCTHYHHX irop.
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lgn
A 1
5
3
2
4
2 4 6 8 10 N

Puc. 11. 3anexHicTh epioAy HaBYaHHS TPH BiJl KUTBKOCTI CTpATETil areHTiB

Yac 301KHOCTI IrpOBOTO TPOIIECYy MPUUHATTS PIIICHh B 1€PAPXiTHUX CHUCTE-
MaXx 3aJICKUTh BiJ TOTO, SKi JOMOBJICHOCTI MPUIHATO B CHCTEMI MEpe]] MOYaTKOM
rpu. UuM OiTbIIIe areHTiB MalOTh MMOYATKOBE Y3TOKCHE PIMICHHS, TUM MEHIITHMA
Yyac HaBUAHHS CUCTeMH. Te, 1[0 aHapXiyHa CHCTEMa 3 JOIMATUYHOIO CIIUTLHOTOIO
(rpadix 4) mMae HalMEHIINN 9ac BUPOOJICHHS PilIcHHS (Yac HaBYAHHS) BH3HAYA-

€THCS TTIOYaTKOBUMH YMOBaMH — YCi 2! arentis HaiinmKkIOrO piBHSI (ITOJIOBHHA
BiJ| 3araJibHOI KiJIbKOCTi areHTiB) MAalOTh Y3TOJKCHI (OJHAKOBI) PIllICHHS IIE O
MOYaTKy IpH.

31 30UIBIIEHHSM KIJIKOCTI 3B’A3KiB MK areHTaMH 3pOCTa€ KiIBKICTh CTaHiB
iepapXiqHOi CHCTEMH, SKi BHKOPHUCTOBYIOTHCS JJISI BHIIQJKOBOTO MOIIYKY OITH-
MaJIbHUX PIllIeHb i, BIIMOBIIHO, 3pOCTA€ YaC TAKOTO MOIIYKY. Y 3B’S3Ky 3 UM
aBTOKpaTH4Ha cucreMa (rpadiku 2 Ta 3) € eQeKTHBHINIOK BiJ| IEMOKPaTUIHOT
cucremu (rpadik 1), rormatudHa aBTOKpaTH4yHa cucrema (rpadik 2) Oyne edek-
TUBHIIIOK BiJl aBTOKPATHYHOI CUCTEMH 3 KoJjeriadbHUM IIeHTpoM (rpadik 3), a
aHapXiyHa cUcTeMa 3 JIOTMATHYHOK CHIIBHOTOIO (Tpadik 4) — eQeKTUBHINION
BiJl aHAPXIYHOI CHCTEMH 3 TOPU3OHTAIHHUMH 3B’ 13KaMU (rpadik 5) Mixk areHTaMu
HAHMKYOTO PiBHS i€papxXii.

[Nepion HaBYaHHS CTOXAaCTUYHOI IPU 3AJICKUTH BiJl KoedillieHTa KOOpAMHALIT
K, €(0,1], sxuii 3agae moTpiOHy YacTKy IpaBLiB 3 y3TOLUKEHUMH DillICHHAMH.
3aJeKHICTh MEpiofy HaBUaHHA Bil KoegilieHTa KOOpAWHALIl Uil Pi3HUX BHIIB
iepapxiYHUX CHCTEM 3a BIJICYTHOCTI Jii 3aBaj 300pa)keHO Ha puc. 12.

lgn
4

£ N

04 -
01 02 03 04 05 06 07 08 09 1 K,

Puc. 12. 3anexHicTh nepioy HaBYaHHs IPH BiJl KoedilieHTa KOOpIHUHALT
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Sk BumHO 3 prc. 12, 31 3pOCTaHHSIM BHMOT JI0 CTYTICHS KOOPAWHAITT iepapXid-
HUX CHCTEM 3pOCTa€ TepioN iX HaBYAHHS, IPUUOMY 30€pIiracTbcs MOPSIOK PaH-
JKyBaHHS CHCTEM 3a IIBHIAKICTIO 301KHOCTI CTOXAaCTUYHOI I'PH TaK, SK Ie 300pa-
>keHo Ha puc. 10 ta 11.

Kpim po3mipHOCTI TpH, Ha MBHIKICTH 301’KHOCTI irpOBOT0 METOY BIUIHBA-
I0Th HOTO mapaMeTpu o Ta [3, CIHiBBiIHOIICHHS SIKUX MMOBUHHI 3aJ0BOJILHSATH

(dhyHIaMEHTAIbHI YMOBH CTOXaCTHYHOI ampokcumarii [18-20]. 3amexHicTs mepi-
Olly HaBYaHHS IPU 71 BiJ mapameTpiB o Ta [3 300pakeHO Ha puc. 13, a 3anex-
HiCTh Koe(imieHTa KOOpAMHAIII BiJ ITUX IMapaMeTpiB — Ha puc. 14. Pesynpratn
OTPUMAHO IS JEMOKPATHYHOI CHCTeMH 3 mapameTrpoMm A =0,5 3a BiicyTHOCTI
3aBaj.

lgn
p=0,5
4 1
pB=1
3
2

0O 01 02 03 04 0506 07 08 09 1 «

Puc. 13. 3anexHicTh epioy HABYAHHS I'PH BiJ ITApaMETPIiB IrpOBOTO METOLY

K.‘?
1
0,8
0,6
B=1
04
0.2 B=0,5
0

0 01 02 03 04 05 06 07 08 092 1 «

Puc. 14. 3anexHicTh KoedillieHTa KOOPAMHAIIT Bil TapaMeTpiB irpoBOT0 METOIY

3poctranHs mapamerpa o €(0;1] mpuU3BOAUTH 1O 3MEHILIEHHS KPOKY Ha-
BYAHHSI CTOXAaCTHYHOI IpH (KPOKY 3MiHM MMOBIpHOCTEH BHOOpY YHMCTHX CTparte-
rif). 3meHmenns mnapamerpa P €(0;1] CHOBUIBHIOE MIBUAKICTD PO3LIMPEHHS
€ -CUMIUIEKCY, IO € NOJATKOBUM (pakTOpoM OOMEXKEeHHS KPOKy HaBuaHHA. Pe-
3yJBTaTOM IILOTO € 3MEHIIEHHS KoedillieHTa KOOpAuHAIlii Ta 30iIbIIeHHs Tepi-
OJly HaBYAHHS CTOXaCTHYHOI TPH.

Jns 3agaHuX mapaMeTpiB irpoBOTO METOIy MiHIMallbHa KINBbKICTh KPOKIB
HaBYAaHHS CTOXAaCTUYHOI I'pH, siKa 3a0e3nedye KoopauHamiro moran 90% rpasiis,
nmocsraerbes st o € (0; 0,1] Ta B=1.

Brmue BUnankoBux 3aBajl y BUTIISAL OLTOTO IIyMy 3 AWCIEpCielo d Ha Te-
pion 7 HaBYaHHS CTOXAaCTHYHOI TPH U Pi3HUX BUJIB 1€PapXiYHUX CHUCTEM 30-
OpaxeHo Ha puc. 15.
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lgn
4

o N W=

0 01 02 03 04 05 06 07 08 09 1 Jd

Puc. 15. Binus 3aBaj Ha nepiojt 301KHOCTI CTOXaCTHYHOT I'pU

Jist 3aBaj MPU3BOAMTH JO CIIOTBOPEHHS MOTOKIB JaHUX MiXK PiBHSIMH i€pap-
Xii cHCTeMH TPUHHATTS pilleHb. BimmoBiqHO 31 3pOCTaHHAM TUCIIEPCii 3aBaau
301IBIIYETHCS TIEPiOA BUPOOJICHHS CKOOPJAUHOBAHOTO KOJICKTUBHOTO PIICHHS B
iepapXxiyHiil cucTemi.

[o3uTuBHUM (HaKTOPOM MPAKTHUYHOI peaizalii po3TsTHyTOro irpoBOro a-
TOPUTMY BHACIIZIOK Ji1 3aBaj € 3a0e3MeveHHs] KOOPAMHAIlT aBTOKPATHYHOI CHC-

root

TeMU NPUUHATTSA pilleHb 3 HEAOTMAaTHYHMM IeHTpoM (A =1, u,

=var,
n=1,2,...). Jlis Oimoro mymy 3yMOBIO€ AW(EpEeHIlialifo eIeMEeHTIB BEKTOpa
3MIIIaHKUX CTpaTerid rpaBUiB i 3a paxyHOK MiJCHJIIOBAIBbHOI BIACTUBOCTI pe-
KyPEHTHOTO METO/Iy KOPEHEBHH I'paBellb HABUUTHCS BUOWPATH OIHY i3 YHUCTHX

root — 4™ = const, n=1,2,...) 3 6au3pK00 10 | iMoBipHicTIO. V pe-

3yJIbTATI MPOBEIEHHS CAMOHABYAIbHOI CTOXAaCTUYHOI TPH aBTOKpaTHYHA CUCTEMa
3 HEJIOTMaTHYHUM LIECHTPOM BHIiJIc HA KOHCCHCYCHE PIIlICHHS.

cTpateriit (u

BUCHOBKMH

IIpoBeneHi ekcriepuMeHTaIbHI JOCTIHKCHHS MiATBEPKYIOTh 301KHICTh CTOXAcC-
TUYHOI TPHU ISl KOOPAWHAIT PillIeHb B i€papXidyHUX CUCTeMax. AHali3 pe3yibTa-
TiB KOMIT FOTEPHOTO MOJICJIIOBaHHSI JO3BOJISIE 3pOOUTH TaKi y3arajabHEHHS:

1. Po3pobnennii anropuT™ Ta BUKOHAHE Ha HOTO OCHOBI KOMII'IOTEPHE MO-
JENOBAaHHS CTOXACTHYHOI I'pU 3a0e3MeuyloTh y3roJKeHe MPUHHSITTS pilllcHb B
iepapxiYHUX CHUCTEMax 3a PaxyHOK BUPIBHIOBAHHS CTpAaTeTidi TpaBIliB HA OCHOBI
30upaHHs TOTOYHOI iH(popMaIlii Ta ii aZanTHBHOTO OMPAIFOBAHHS.

2. Yac 301>KHOCTI CTOXaCTHYHOI IPH BH3HAYAETHCS PO3MIPHICTIO i€papXidHOi
cucTeMH (KUTBKICTIO YYAaCHUKIB IPUIHATTS PILLIEHHS 1 KIIBKICTIO YUCTHUX CTpate-
riff rpaBUiB) Ta CHIBBIAHOIICHHSM HapaMmeTpiB irpoBoro Meroay. OnTumizamis
napameTpiB irpoBOro METOAy 3a OOMexyBaibHOI Aii (yHIaAMEHTaIbHUX yMOB
CTOXaCTUYHOI ampoKcHuMarlii 3ade3nedye OMU3bKUH 10 1 CTETEeHEeBHWH MOPSIOK
HIBUIKOCTI 301KHOCTI.

3. JIOCTOBIpHICTh pe3yJbTaTIiB 3a0e3MeUyeThCSl HAJCKHHUM TUIAHYBAHHSAM
KOMIT'IOTEpPHOTO EeKCIIEPUMEHTY Ta MiATBEPIKYETHCS MOBTOPIOBAIBHICTIO 3HA-
YeHb XapaKTePHCTHK CTOXACTHYHOI TPH, OTPUMAHMX Y XOJi IMITamiiHOTO MOJe-
JFOBAaHHSA TSI PI3HUX IOCIIIOBHOCTEH BHITAJIKOBHUX BEJIMYHH.

4. BuxoHaHi y 1if poOOTi TOCTIIKEHHS MOXKHa PO3BUHYTH B HampsMi Mo-
NIEOBAaHHS PECYpCHUX OOMEXeHb Ha iHGOpMaliiiHi MOTOKH MiX PIBHAMH
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iepapxii i BpaXyBaHHS BiJHOBIIOBAJIbHUX BIJIMOB areHTIB [ BUBYEHHS HaMild-
HOCTI Ta THYYKOCTI i€papXiqYHUX CUCTEM IPUUHSATTS PIIlICHb.
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IMOBEPXHEBI MIPH, ACOIIIHOBAHI 3 HETHBAPIAHTHOIO
MIPOIO Y CKIHHEHHOBUMIPHOMY INPOCTOPI

B.M. CHI’KKO

AHoTamisi. 3anpOIIOHOBAHO y3arajlbHEHHs KJIACUYHOT KOHCTPYKIIT HOBEPXHEBOI Mi-
pH IS TIIAJIKUX eJIEMEHTAapHUX MOBEPXOHb JOBLIBHOI KOPO3MIPHOCTI, YKJIAICHHX
Y CKiHUCHHOBHMIPHHH €BKJIi/IiB NPOCTip, a caMe: BUCBITIICHO MiAXiA 70 MOoOYyI0BH
MOBEPXHEBOI MipH, acolilioBaHOI 3 MIpOI0 y MPOCTOpi, aOCONOTHO HEHNEePEepBHOIO
BiTHOCHO iHBapiaHTHOI MipH JleGera. HaBeaeHa KOHCTPYKIis acoliiioBaHOi MOBEpX-
HEBOi MipH € KOPEKTHOIO B TOMY CEHCI, II0 3HAYCHHS BKa3aHOI MipH MOBEpXHi HE
3aJIeXUTH BiJ BHOOpY 11 mapamerpu3anii y Kjlaci eKBIBaJICHTHUX IapaMeTpH3allii.
AJIeKBaTHICTh 3aIIPONIOHOBAHOIO MigXOAY MiATBEPIXKYETHCS THM, LIO ITOBEPXHEBA
Mipa, acolliiioBaHa 3 iHBapiaHTHOIO Mipoto JleGera, 30iraeTbcsi 3 BiIOMOIO KiIacHu-
HOIO KOHCTPYKII€I0 MOBEPXHEBOI MipH, YaCTHHHUI BUMAJOK SIKOI (ILIOIIA [BOBUMIp-
HOI IJIaKOI MapaMeTpU30BaHOl MOBEPXHI Y TPUBHUMIPHOMY IIPOCTOPI) PO3IIISIAETH-
s B Kypci MaTeMaTHYHOTO aHAIIi3y.

KiouoBi ciioBa: acomiiioBana moBepxHeBa Mipa, IIajKa eleMEHTapHa IOBEpXHS,
Mmipa XKopnaana, mipa Jlebera, HeiHBapiaHTHa Mipa.

BCTYII

MeTtou i pe3ynbTaTH HECKIHUEHHOBHMIPHOTO aHai3y 3HAXOASTHh HHHI IIUPOKE
3aCTOCYBaHHS Y Teopil BUITAJKOBUX MPOIECiB, TeopeTHUHiN ¢isuni Tomo. Ocob-
JUBICTIO HECKIHYEHHOBUMIPHOTO aHAJIi3y € BiJICYTHICTh iHBapiaHTHUX Mip (TOOTO
HEHYJIbOBHX Mip, sIKi HE 3MIHIOIOTHCS Y pa3i 3CyBiB MHOXHH) Y HECKiHYEeHHOBU-
MipHHUX IpocTopax. TOMy akTyaJbHOIO 3a/a4yelo MOCTA€ TOCIHIiIKEHHs HeiHBa-
piaHTHUX Mip Ha JIHIHHUX TPOCTOpaX Ta Ha HENliHIHHUX OaraToBHaX.

Bognowac omHuM i3 HaWOLIBII aKTyaIbHUX MHTAaHb HECKIHUEHHOBHMIiPHOTO
aHayi3y HaTerep € mpoOiieMa KOHCTPYIOBaHHS TIOBEPXHEBUX Mip Ha MOBEPXHSIX,
VKJIaIeHUX Yy TPOCTip AOBUIBHOI (CKiHUEHHOI a00 HECKiHYEeHHOi) pO3MIpHOCTI.
VY mpaui [1] po3poGiieHO MeTo ] TOOYAOBH IOBEPXHEBHUX Mip Ha MOBEPXHSIX CKiH-
YEHHOI KOPO3MIpHOCTI, YKIIaZIeHHX y OaHaxiB OaratoBuja 3 PiBHOMIPHOIO CTPYK-
Typolo, y [2] BUKOHaHO aHajli3 TPaH3UTUBHOCTI MOBEPXHEBUX Mip, YBEICHHUX Y
[1]. A y [3] nuia BumagKy mOBEpXOHb, YKIAACHUX Y CKIHUEHHOBUMIPHHN MPOCTIp,
JOCIIKEHO TMUTAHHS y3TO/KEHOCTI BKa3aHOTO MiIX0Ay A0 MOOYIO0BU MOBEPXHE-
BO1 MIpH i3 KJJACHYHOIO KOHCTPYKITi€t0 101 (00’ €My ) TTOBEPXHI.

PobGoty mpucBsaeHo po3po0IeHHI0 KOPEKTHOT KOHCTPYKITiT MipH Ha ITOBEPX-
HSIX Y CKIHUEHHOBMMIPHOMY €BKJIIIOBOMY TIPOCTOPI, aCOLIHOBaHOI 3 HEIHBAPiaHTHOIO
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MipOI0, 3aJJaHOI0 y IThOMY IPOCTOPi, Ta JOCTI/PKEHHIO BIACTHBOCTEH BKAa3aHOI
KOHCTPYKIIi.

INOCTAHOBKA 3AJIAYI

Hexait X — aOcrtpakTHa MHOKMHA, 2l — anreOpa migMHOXHUH B X . Miporo Ha
BUMipHOMY mpocTopi (X,%) Oymemo Ha3uMBaTH HOBUTBHY 3JiY€HHO-3UTHBHY

¢yskmito v Ha A 31 3HAYEHHAMH B (—00,4+00] ab0 [—00,+0), sKa 3aT0BOIBHSIE
yMmoBy v(J) =0 [4].

Hexait meN; A,, — iuBapianTHa mipa Jlebera B R"” . BBenemo no3naueH-
usa 2, 1 o -anreOpu Bumiphux 3a JleGerom migmuoxua R™ . Yepes p Tyt i

Jajii mo3HaYaTUMEMO Mipy, sika 3amana Ha (R™,20, ) i € abcomoTHO HemepepBHOO
BITHOCHO Mipu A, . BBakaTumMemo TakoX, IO BigmoBigHa mnoxigHa PagoHa—
dp

m

Hikoguma f:= € HenepepBHOIO QyHKiicro Ha R™ . TIpu 1boMy 11 KOKHOT

MHOKHHH A € 2, BUKOHYETHCS PIiBHICTD W(A) = .f fdx,, [4].
4

Meta pobdoTH — 3anpONOHYBaTH KOHCTPYKIIiIO TTOBEPXHEBOI MipH, acolli-
HoBaHOI 3 MipoIO L, Ka 3aJ0BOJIbHsIIA O TaKi YMOBH:

a) acolifioBaHa MOBEpXHEBa Mipa Mae OyTH BH3HAYCHA MPUHANUMHI IJIST THX
[JIJIKMX €JIEMEHTAPHUX TTOBEPXOHb B R | JUIst IKUX ICHYE KJIaCHYHA OBEPXHEBA
Mipa;

0) 3a ymoBu f =1 (To0TO y BUIagKy | =A,,) acouiioBaHa MOBEPXHEBA Mi-
pa Mae 30iraTucs 3 KIIaCHYHOIO;

B) acoliifoBaHa Mipa I1agKoi eleMeHTapHOI TOBEPXHi HEe MIOBUHHA 3MiHUTH-
csl, SIKIO TTapaMeTpHU3allito 1€l MoBepXHi 3aMiHUTH Ha €KBIBAJICHTHY TlapameTpu-
3arliro.

MOINEPEJIHI BITIOMOCTI
3adikcyiiMo AOBIIbHE HATYpaIbHE YUCIO m . SIKIIO HE BKA3aHO iHINE, BBAYKAETH-
cs, 0 k — Take HaTypalbHEe YHUCIIO, 10 k <m.

Osnauennss 1. Hexaii Dc R — BuMmipHa 3a JKopaaHOM MHOXWHA;
7:D—>R™ — take BinoGpaxenns, wo 7 e C'(D;R™), a Takox rang 7'(ii) =k
B ycix Toukax u €D . Tomi MHOXMHY 7(D) OynemMo Ha3uBaTH TIJIAIKOIO

k -BUMIpHOIO eleMeHTapHOI0 ToBepxHer B R™ . Boxnouac BimoOpaxkenus 7
HA3WBAaIOTh NapaMeTPU3ALIi€IO i€l MOBEPXHi.
Osnavenns 2. Hexait S:=7(D) — rnaaka k -BUMipHa eleMeHTapHa T10-

BepxHsa B R” . KitacM4HOIO TIOBEPXHEBOIO Mipor S OyEMO HA3MBATH YKCIIO
o, (8)= J‘Jdetl}l duy ...duy, (1)
D
ne I; — wmarpuns I'pama cucremu BektopiB {#(4),...,7 (4)}; 7 (u) — i-#i

CTOBIEIb MaTpHIl 7 (i) .
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3ayBaxkenHsi 1. O3HaueHHS 2 € KOPEKTHHUM JIUIIIE B TOMY pa3i, KOJIW iHTET-
pan 'y dopmyuii (1) icaye. 30kpema BiH icHYye, siknio D — BuMipHa 3a JXKopaanom

obnacts B R¥ i 7€ C/(D;R™) [5].

Osnavennst 3. Hexait S — rnamka k -BuMipHa eneMeHTapHa TOBEPXHS
B R™ . Tlapamerpusauii 7 :D; —> S Tta 7% :D, —> S mnoBepxHi S Ha3uBaTUMEMO
eKBIBAJICHTHHMH, SKIO icHye mupeomopdism F :Dy—>D,, nmna sKoro
R=roF.

MoskHa y3arajlbHUTH Pe3yJIbTaT, HaBEIEHUM y MOCIOHUKY [6], 1 oTpuMaTH

Take TBepLKeHHS: Skmo S =7 (D) — miagka k -BUMIpHA eJIeMEHTapHA ITOBEPXHS

B R”, U cR* — Binkpura muoxuna, DU, 7 e C/(U;R™), rang7'(i) =k B
ycix Toukax u €U , TO KJIaCUYHA TIOBEpXHEBa Mipa S ICHYE 1 HE 3MIHIOETHCS Y
pasi 3aMiHU 7 Ha €KBIBaJICHTHY MapaMeTPH3aLilo.

Hexaii (X,d) — noBinsHuii Merpuanmii npoctip. Yepes B (a,€) Gymemo
MO3HAaYaTH BIAKPUTY KYJIIO 13 HEHTPOM y Toulli a € X paziyca € >0 y mpocro-
pi X . Takum ummom, BY(a,€):={xe X :d(x,a)<e}. YBeneMo Takox MO3Ha-
wennst B [a,e] mis saMKHEHOI KyJni i3 meHTpoM y Toulli ¢ € X paxaiyca €>0
y npocTopi X , ToOTO B¥[a,e]= {xe X:d(x,a)<e}. dxmo (X,d) — merpuu-
HMI TIPOCTIp 1 € — J0AaTHE YUCIIO, TO Yepe3 W, MO3HAaYaeMO € -OKiJl MHOXHUHU

W < X . Bukonyetscs piBHICT W, = UBX (»,8).
yew

Badikcyemo na R™ xaHOHIuHMHI ckansgpHuii 100yTOK (-,-), Y3rOKEHY 3
HUM €BKJIZIOBY HOPMY || . || Ta METPHKY P, MOPODKEHY €BKIIIIOBOIO HOPMOIO.
Jlyist BiIKpUTOI Ta 3aMKHEHOI KyJib (32 MeTpukow p) B R™ i3 menTpoM y Toui
deR™ paniyca €>0 OygeMo BUKOPUCTOBYBATH JIEIIO CIIPOLICHI MO3HAYCHHS
B"(a,e) ta B"[a,€] BignosinHo.

YBenemo 10 po3risAy Taki JiHIHHI omepaTopu:

— omnepartop w; :R" — R* MPOEKTYBaHHA Ha Meplli kK KOOPAHMHAT, KU

. . - T m . .
KOXHIH — Toumi X =(X,...,Xp,...,X,,) €R CTaBUTh y  BiJIOBIIHICTh

=) — T.
T (X) = (Xp,e 00 X) 5
~ .mpm k . o

— oneparop T, :R™ — R" npoexryBaHHs Ha OCTaHHI kK KOOpIUHAT, KU

. - T R™ . ..
KOXKHIH TOULL X = (X],..., X, jiqse-esXp) € CTaBUTh Yy BIANOBIAHICTH
=Ty T.

T (X) = (X fitse- s X)) 3

—omeparop  BKIAJeHHA i, ‘RF SR™,  skmit  koxHii  Toumi
X =(Xp500 0 X )T e R* sipcrasnse i, (X) = (X100, Xp ,O,...,O)T eR™.

Tyt 1 pani uepes {e,...,€,,} MO3HAYAEMO CTAHAAPTHUN OPTOHOPMOBAHHIH
6asuc R™, a uepe3 {h,...,h; } — craHmapTHUHA OPTOHOPMOBAaHHI Oasuc R* .

CroBocTIONMyUYeHHS «JTiHIHHA 000JIOHKa» OyIeMO CKOPOUYEHO MUCATH TaK: «JI. 0.».
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Takox 3aMICTh «IIHIHHO HE3aJICKHHI» MUCATUMEMO «JI. H. 3.». Skmo X,Y —
MHOXXWHH, TO 3armuc X v Y (nu3’roHKTHE 00’ €THaHHSI MHOKHH X 1 Y ) o3Hadae
XuY iBkasyeHaTe, o0 X NY =

JOIMYCTUMI MHO’KNUHU B A®ITHHOMY IIAITPOCTOPI
CKIHYEHHOBUMIPHOI'O EBKJILZTOBOTI'O ITPOCTOPY

Hexaii @ e R™ i Q — oproroHanbHa MaTpULs PO3MIPHOCTI 7 X m . YBEAEMO Bifo-
OpaxeHHs éﬁ,Q ‘R¥ > R™ TakuM criBBigHOUICHHSM: &)ﬁ,Q X000, (X)+a.
Posrnsnemo mMHoxkuny Ly (d,Q):= (i)a,Q (Rk) = {Cf)d’Q (X): Xe ]Rk} . Jlerko Oaym-
TH, 1110 MHOXHUHA L (6, Q) € k -BuMipHuM JiHiliHUM mignpoctopom R™ | mpudo-

My cucrema Bektopis {Q-i, (hy),...,0-i, (h,)} € 6asucom L, (0,0).

Osznavenns 4. Muoxuny X < L,(a,0) OynemMo Ha3uBaTu JAOIYCTHMOIO,
SIKILIO iCHY€ Taka BUMipHa 3a JKopaaHoM MHOXHHA Y C RY, mo X =@ aod).

BinoGpaxenns @ @0 ‘R — L;(a,0) € B3aeMHO OJHO3HAYHUM, IIPUUOMY
&Dfla,Q Y)=m; (Qi1 -(y—a)). MoxHa 5IOBEeCTH, IO 3aBASKH Oi€KTHBHOCTI
@ a0 ‘R¥ — L;(a,Q) ciM’s Bcix JOMyCTUMUX HiIMHOXKHUH B L (d,() yTBOpIOE
KibIle MHOKHH. By/Ib-Ky MHOXHHY BHLISLY [a),a, +0]x...x[a;,a; +8]c R¥,
ne a; € R, 6>0, Oynemo Ha3uBaTH 3aMKHEHHM KyOOM B R* 3 pebpamu, mapa-

JICTIbHUMHU KOOPAMHATHUM OCSM. K10 Z — MOBUIbHUIN 3aMKHEHUM KyO B RF 3
pedpamu, mapanenTbHIMHA KOOPAHMHATHUM OCSIM, TO CYKYITHICTh yCiX JOMYCTUMUX

miaMHOKHH D a,0(Z) (wo cykymnicts mosnadatumemo uepes I (d,0,7Z))
YTBOPIOE anre6py miaMHOKHH B O i0(Z).

Jlema 1. JloBinbHa MHOXUMHA A €N (a,0,Z) € Tnagxkor k -BUMIPHOIO ene-
MeHTapHOIO moBepxHeto B R™. Kpim Toro, o©,(A4) icHye i mopiBHIOE
hi (D a0(4)).

JloBenennsi. MHoXHHA (I);,IQ (4A) € XopmaHOBOIO B R*.  Hexait
F'a :R™ > R™ — BigoOpakeHHs1, 3aJaHe PiBHICTIO If'a (X)=X+d; Hexai
Vo :R">¥H 0¥ eR”. Tomi ®;,=F;0y,o0i, R >R". i;n(f)z{gj
y KOXKHIH TOUIl Z € R* (tyT I; — onuHMYHA MaTpuLs po3MipHOCTI kxk ; QQ —
HylIbOBA Marpumsg po3MipHocti (m—k)xk). Jna Becix #eR™ wmaemo

Yo(i)=0 . Bognouac mist Beix { € R™ BuKOHyeTbCS ﬁé’ (f)=1,,. Tlo3naunmo

N /
croprui  Matpuui  Q  4epe3  §j,...,G, . Lo CD'(;,Q(E):I,,,-Q-(éj:
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=(q; ... ¢qj) y KOoxHill Touui Z € R, OtpumaHno, mo rang (I)é o(Z2)=k Bycix
Toukax Z € R¥. Kpim toro, 3 BUrisay &)%,Q BUILJIMBAE, 1110 &)a 0€ c” (Rk;Rm) .
Omxe, mapaMeTpu3allis @ 4,0 MHOXHHH A 3a[J0BOJIBHSIE BCi YMOBH O3HA4eHHS 1,

ToMy A € MIaJKoK k -BUMIPHOIO €JIEMEHTAPHOIO OBEpXHE B R™ .
Hexaii ue ]Rk; I; — marpuus [I'pama cucTeMu  BEKTOpiB

(D, (id),...,D, (i)} ; Tyr D,(il) — i-i cToBmemp MaTpHIi &)%’Q(ﬁ). Marpuus

Cf)'a,Q () cniBmamae 3 (¢ ... ¢;).Ockiurpku 0 — OPTOrOHAIBHA MATPUIIS, TO
{Gi>---»G;} — opToHOpMOBaHa cuctema BekropiB B R™. Tomy I, =17, i
k =
detl; =1 na R*. Omke, 64 ()= [lduy...duy =1y (P, (4)).
a7l

Jlema 1 mokasye, 1110 KJIacUYHA MOBEPXHEBA Mipa G KOPEKTHO BU3HA4Y€HA
Ha anrebpi MHOxkuH N, (a,0,Z). Joeaemo Temep, IO G, € MIPOKO Ha
N, (a,0,Z) (moxkaxeMo 3JTiYEHHY aJUTHUBHICTh G; HA BKa3aHiil anreOpi). Bi3p-

MEMO TaKy IOCIIJOBHICTb MHOXUH A4, 4,,...€ N, (a,0,Z), 10 BOHN HONApHO

o0
HE MEPETUHAIOTHCS Ta UA,, eN,(a,0,Z) . Toni icHye nocnigoBHicTh {J,} *KO-
n=1

PIAQHOBHX HiIMHOXHUH Y Z C R* raka, mo A =D a,0(/,) mmst koxuoro neN.

BiexrusHicTh BinoOpaxenus ®; , rapaHtye, O MHOXHHHE J, TeX IONAapHO He

o0
nepeTuHarTbess. MHoxuHa J = CDailQ UAn € XopaaHoBow. Jlo Toro x,
n=l1
0 o0
J = UCI)_1 (A )— U J,,. KopucTyrouuch 371i4eHHOI0 aJUTUBHICTIO MIpH A; Ha
- a,o\n)— ne P y A p k
n=1 n=l
anreOpi )KOpJaHOBHX MIAMHOXUH B Z , OTPUMYEMO

® o o ©
Gk(\/ Angkk(J)=7°k(v Jng Zkk(*]n)zzck(/ln)-
n=1 n=1 n=1 n=1
Osnauenns 5. ITapaneneninenom B R” OynemMo Ha3uBaT J0BUIBHY MHO-
KUHY BUTISNY {d + 4V +...+ 1,V :1; €[0;1],i =1,_k} , € A, Vi,..., v € R™.
Osuauenns 6 [7]. Tlapaneneminenom B R™ , HaTarHyTum Ha k BEKTOpIB
Vise..rVy € R™, HasuBaIOTh MHOXKHHY {1,V| +...+1,V; : 1, €[0;1],i =1,_k} .
Osznavenns 7. Hexait I1={a+#v, +...+1,V, :t; €[0;1],i =1,_k} — mapavie-

neminex B R™ (3rigHo 3 osxauennsm 5). Posmiprictio IT Oynemo HasuBatH
PO3MIPHICTB 1. 0. {V},...,V}; }.

Jlema 2. Hexaii {V,...,V;} — JIOBUIbHA JI. H. 3. cMcTeMa BekTopiB B R™ .
Toxi icHye Taka opToroHaiqbHa Matpuusg () PO3MIpPHOCTI mXm , WO JiHIHHU]
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oreparop :R™ - R™, 3amanuii piBHiCTIO Yo(X)=0"X, B3aEMHO O/IHO3HA-
YHO NEPEBOIUTH Lk((),lm) Ha L. 0. {V|,...,V;}.

Josenenns. Jliniiinuii npoctip L, (6,1 ) 30iraerbes 3 1. 0. {€,...,¢; } . Bu-

KOHA€MO OPTOTOHAJII3AIiI0 Ta HOPMYBaHHs CHCTEMH BEKTOpPiB {Vi,...,V; }. OTpu-
MaeMO cuUCTeMy {g,...,g;}, CKBIBaJEHTHy cHcTeMi {V;,...,V,}. Hexail
{€k+15---»&yn} — OPTOHOPMOBAaHMH 0a3UC OPTOrOHAJIBHOIO JONOBHEHHS 10

1. 0. {g},...,8x}. Toxai cuctema BEKTOPIB {g},..., 84> &+1s---»&m) YTBOPIOE Op-
ToHopMoBaHuit 6asuc R™ . YBememo 1o posrsay marpuimo Q=(g, ... &,)
(j-# croBmeus O MICTUTH 3alIUC BEKTOpa g; Y JCKapTOBHX KOOpAMHATAX,
j=1,_m) i BinoOpaxkeHHst Y, (X)=0-x. 3a Oyap-saxoro ie{l,...,m} maemo:
Vo(€)=0-¢ =g;. Taknm 4nHOM, BiTOOP@XKEHHS ) NEPEBOAUTH OPTOHOPMO-
BaHuii 6asuc {e,...,e,} B OpTOHOpMOBaHMi Oasuc {gi,...,g,,} 1 Marpuist QO €
OpPTOTOHANBHOIO. 3 opToroHansHOCTI () BUIIMBAE, mo detQ € {—1;1}, Tomy Bi-
JOOpaxXeHHs. ) B32EMHO OJHO3HAYHO BiLoOpaxae R™ wa R". Ilepesipumo,
mo J.0. {gy,...,g;} (Ika 30iraetecsi 3 . 0. {V},...,V;}) € oOpazom
1. 0. {é,...,6;,} ma niel0 BigoOpakeHHS \I/Q. e cmopaBmi Tak, amke
O(a e +...+ 0,6, ) =006 +...+ 0,06, =oy g +...+ ;. 8, V ap,...,0; €R.
Teepmkennsa 1. Hexait I1={a+#v, +...+1,v, :t; €[0;1],i =1,_k} — mapa-
neneminen posmiprocti & B R™ . Toxi icHY:OTh Taka OpTOroHaibHa Marpuis O

PO3MIPHOCTI m X m 1 Takui 3aMKHEHHI Ky0 Z B R 3 pebpamu, mapanenbHIMH
KOOpAMHATHUM ocsiM, o ITe N, (a,0,2).

Josenenns. Cuctema {vi,...,V;} — I H. 3., a;xe [1 Mae po3MipHICTb £k .
Hexait (@ — Taka oproroHalbHa MaTpUIld, IO IHIHHUA omeparop

Vo : x> Q-x nepesouuts L;(0,7,) Ha u. 0. {V,...,V;} (ICHyBaHHS BKa3aHOI
MaTpHIli TapaHTyeThes JieMoro 2). Hexait M — mapaneneninen B R, HATSTHY-
THI Ha BEKTOPH T, (Q_1\71),. c T (Q_lﬁk). I Hexali Z — Takuii 3aMKHEHHUH KyO B

R 3 pedpamMu, mapanenbHUMH KOOPIUHATHUM ocsiM, 1o M — Z . M € xopna-
HOBOIO MiJMHOXHHOK Z. MoxHa mepeBipura, mo I1=@ ao(M). Otxe,

MeN,(a,0,2).
Teepaxkenns 2. Hexait a e R™; O — oproronansHa MaTpuis po3MipHOCTI
mxm; Z — 3aMKHEHUH KyO B RF 3 pebpamu, mapanenbHUMU KOOPAMHATHUM

ocaMm. Hexait f, f eC(CT)(;’Q(Z)). Hexait v|,v, — o¢yHkuii Ha anreodpi

N, (a,0,7Z), 3apani piBHOCTAMH V| (4) = Iﬂ do, Ta v,(A4)= Ifz dc, nnd Beix
4 4
MHOXUH 4 €Ny (a,0,Z). Toni:

1) Vi, Vo _MlpH Ha mk(daQ:Z)a
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2) sKkmo Mipu V; 1 V, 30iraloTeCsi Ha BCIX MNapajieseninenax
[MeN;(a,0,Z) po3mipHocTi k, TO piBHICTE V{(A)=V,(A) BUKOHYETbCSA IS
JOBIIBHOI fomycTuMoi MHOKUHH A € Ny (a,0,Z) .

JloBenenHsi.
1. INokaxemo, mo v; — Mipa Ha M, (a,0,Z) (a1 v, MipKyBaHHS LIKOM

aHasnoriuni). @yHkuis v, HaOyBae jJuIIe CKIHUYEHHUX 3Ha4deHb. JliHCHO, SKIIO

AeN(a,0,Z), T0 AC(T)[;,Q(Z). Ockinbkn Z — xommakt B RF i

CTDB,Q e C”(R*;R™), 10 Cfba,Q(Z) — kommakT B R™ . 3a Teopemoro Beiiepit-
pacca icHye C):=max {|f1(?c)| X e (T)ﬁ,Q(Z)} <oo. Tomi |v1(A)| = jfl do,| <
4

<Ci04(A4) <. AputuBHicts v; Ha M, (a,0,Z) oueBunHa. JJoBegemo Heme-

pepBHICTh Vv, . BizbMeMo Taky mociifoBHiICTb MHOXUH {A4,} N, (a,0,Z), mwo
A>4>... 1a ()4,=0. Toui |v1(An )| <Cio4(4,). TocninoBHicTb
n=1

{C,-0,(4,)} npamye no 0, amxe HEIEPEPBHICTh MipH G yKe Bimoma. Tomy i
Vi (An) W) 0.

2. Hexait C:=max{|f;(¥)- f,(¥)|: ¥ €D, (2)}. skmo C=0,10 f;=f,
Ha éﬁ’Q(Z), ToMy V=V, Ha M, (a,0,Z). lpumycrimo, 110 C>0. Bepemo
Oynp-aky MHOXUHY A€ N, (a,0,Z). lloznaunmo: J =Cf)ai}Q (A) . Hexait €>0.
Ockinpku J — XOpAaHOBA IMIIMHOXHHA Z , TO iCHY€ MHOXHHA J < J Taka,

mwo J° € 1u3’FOHKTHMM 06’ €IHaHHSAM CKiHYEHHOI KiJbKOCTI IapaseelineiB

po3MipHOCTI k y Z 3 peOpamu, mapaieIbHAMHA OpTaM El,...,ﬁk, 1 BUKOHYETBCS
HepiBHicTs Ay (JN\J°)<e. Toxmi, 3a nemoro 1, o, (P i.0(IN\J %)) <e&. Boxmouac,
nosHaunBIm A° = &)ﬁ,Q (J%), orpumaemo éﬁ’Q OAVANES (T)ﬁ,Q (J)\&)ﬁ,Q JH =
= ANA°. Muoxuna A° € qu3’1OHKTHUM 00’ €IHAHHAM CKIHYEHHOI KiJIbKOCTI Ha-
paneneninenis posmiprocti k B @ a,0(Z). Tomy 3a yMOBOIO TBEpIKCHHS]
v,(4%)=v,(4®). 3ayBaxumo, mo i3 BKIageHHs J° c.J BUIUIMBAE BKIAIECHHS
A°C A, oMy A=A°v(ANA®). Ockimku [(fi - f2)do, =0, 10 v,(4)-
e
~vy(4) = [(fi-fr)do, . Boamouac [(h = f2)doy|<Crop (ANA%) <
ANAE ANAE

<C-¢.3 ypaxyBaHHSAM JOBUTBHOCTI BHOOpPY €>0 OTpHMaHO, 10 BETHYUHA
|V1 (4)-v, (A)| CTpOro MeHIIa 3a Oyp-ake gofaTHe uncio. Orxke, v (A4) =v,(4).
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ACOIIHOBAHA MOBEPXHEBA MIPA JJOITYCTUMHX MHOXHWH
Osznavennst 8. Mipy o} Ha amre6pi M, (d,0,Z) Gynemo Ha3UBAaTU MOBEpXHE-
BOIO MipOI0, aCOIIHOBAHOIO 3 MipOIO |, SIKIIIO BUKOHAHO TakKi B1 YMOBH:

1. IcHye Taka ¢yHKIIS (I)EC(CT)&Q(Z)), 1o G%(A)zj.(l)dcsk JUTST BCIX
4
AeN,(a,0,2).

2. Sxmo ITeMN,(d,0,Z) — napaneneninex po3miprocti k& 8 R™, 1o y
BUTIAAKY M >k BUKOHYETHCS PIBHICTH

GH(I) = lim ”(Hak) —
e20t A, (B"7(0,¢))

ay BUMAAKY m =k CHIpPaBEIINBOIO € PIBHICTH
ol (IT) = p(IT). (3)

[epeBipka KOPEKTHOCTI O3HAYCHHS 8 BKIIIOUAE B ce0€ JICKiTbKa aCIeKTiB.

)

1. IcHyBaHHS TaKOi MipH G , II0 330BOJBHSE BCi yMOBU O3HAYCHHS 8, Oy-
ne moBeneHo mam (muB. HacHimok 1). Ilokwm (akT icHyBaHHS BKa3aHOi MipH HE
JI0BEIICHO, KOPHCTYBATHMEMOCS 3aIlICOM G} Ha MO3Ha4YeHHs (yHKIII, BU3Hade-
HOT Ha MHOXUHI BCiX mapaneneninesis po3mipaocti £ B R™ i 3aganoi piBHicTiO
(2) abo (3) 3anexHO BiJ CIIBBITHOIICHHS MiXK k Ta m .

2. €auHICTB MipH, 10 33/I0BOJILHSE BCI YMOBHM O3HAYCHHS 8, CIIJy€ 3 TBEp-
JDKCHHS 2.

3. Jlns mepeBipku KOpPEeKTHOCTI ¢opmyiu (2) moTpiOHO 3BEpHYTH yBary Ha
take. Ilo-mepiie, BapTO MEpeBipUTH, L0 Ui AOBUIBHOIO Mapaienerninena
IT muoxuna IT, nanexuts 2, . Ile cnpapai Tak, ajke Ui KOXKHOI MHOKUHU
AcR™ muoxuna A, € Bigkpuroro B R™ | BojgHOUac Bei 6OpENiBCbKi MHOKHHY
HanexaTh G -anreopi 2, . [lo-gpyre, Tpeba nepeBipuTH, MO BiANOBiAHA TPAHULT
icHye st oBisbHOTO Mapaseneninena I1eN, (d,0,Z) posmipHocti £ B R™.
Ile Oynme mokazano gaii (AWB. TBEPIKEHHS 5).

4. ®opmyna (3) € KOpekTHOIO, ajke Mapanenemninen I, sk BumimuBae 3

O3HAYEHHS 5, € 3aMKHEHOI0, a 0T)KE, 1 J1Ie0EeriBChKOI0 MHOXKHUHOIO B R™ |

5. MoxHa [noBecTH, L0 y BUNAAKYy WM=A, 3HAUYCHHI GZ‘(H), e

D={a+tV +...+4,v, :t; €[0;1],i =1,k} cR™, 306iraetbcss 3  KIACHYHUM

k -BumipauM 06’emom 1, mo 3amaeTbes GOPMYIIOK0 \/det ((v,,v j))i,j:fk (muB.

3ayBa)KEHHS 3).
Teepmkenns 3. Hexait m >k . Hexait I1={a+4v, +...+1,V, :¢; €[0;1],

i =1,_k} — napanerernines posmipHocti k B R¥ . Toxi

m—k (A
» ) 1 H(H X B (9: 8)) .
Oy (Zm( )) sir(lil-*- }\‘m—k (Bm_k (0,8))

“
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JoBenennsi. Ilo3Hauumo: = i,,(IT). OueBugno, wO = {i,,(a)+
+4i, (V) ...+ 10, (V) 8 €[051],0 =1,_k} , TOMY I e napaselnerninesoM po3Mip-
mocti & B R™. Hexait K — noBimsHmii kommakt B R” Takuii, mo K oII,
(yKa3aHMii KOMIIAKT ICHY€, amke I BCiX O >0 MHOXKHHA ﬁ& € 00MeXeHOI0
B R™). Toxi nist koxuoro ¢ € (0;1] BAKOHAHO BKJIaJAEHHS ﬁa c K . 3a reopemoro

Beitepmtpacca sup | f | = m1?x| f | <oo. Tomi
K
—max | f| < f(x) < max| ]| (5)
K K

it Beix xe€K . 3adikcyemo Taki uucna py,...,p; >0, oo a8 KOXKHOIO
€€ (0;1] icHye TakuWi BEKTOpP l;g eRf, mo s mapaienernineaa
A® = {l;g +4H(+ piey +...+ 1,1+ pre)vy o t; €[01],i = I,_k} c RF BUKOHYEThCS
BKJTJICHHSI
I, c A4° x B"*(0,¢). (6)

BisbMeMO  [OBUIBHE — YHCIIO e€(0;1]. Jlerko  Oauutm, 110
IxB"* (6,8) c ﬁ8 . Tomy i3 Bupasy (6) orpumyemo I1 < A°. 3a aguTuBHicTIO
mipn p(IT, ) = p(@x B" 7 (0,8)) + u(II,\ ([T x B (0,2))).

M N Tx B"(0,e)) =
= [ fdn,, <max|f]-2,, [\ (ITx B"(0,¢)).
T\ (xB" ¥ (0.¢)) k
I3 bopmymu (6) BUTUIMBAE, IO
= o o o
I\ (I B" ™ (0,6)) < (45 x B" ™ (0,e)\(ITx B" ¥ (0,5)) .

Bommouac (A% x B" % (0,e))\(ITx B"(0,¢)) = (45\I1)x B"*(0,¢) . Mipa
Ay 3a Oyap-sxoro s € N € s -kpaTHUM H00yTKOM A x...xA; JHiHilHOI Mipu Jle-
Gera A, [8], Tomy A, ((ANIT)xB"*(0,6)) =2, (A°N\ID)-A,, (B *(0,¢)).
Orie, (I \(ITxB" 7 (0,))) < max|f]- A (A°\ID)- &, (B"*(0,€)). Ocxi-

K

meku T A%, 10 Ay (ANIT) =L (4°) =X, (11). Kopuctyrounch iHBapiaHTHic-
TIO MipH A; BITHOCHO IapajelbHUX NEPEHECEHb Ta OAHIEI0 3 GOPMYIT KOPIAHO-

BOI MipH napasenernine/ia B R* , HATSTHYTOTO Ha kK BEKTOPIB, OTPUMYEMO:

A (A7) =|det(1+ pe), ... (1+ pe)iy)|=
k k
=|det( ... V|- T]A+pe)=r(ID-TT1+ pe).
i=l i=1
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SIKIO MO3HAYUTHU

k
M(H (1+ p;e) - IJ yepes  ¢(¢), TO MaTUMEMO:
& i=1
A(A )=, (IT)+€-dp(e), mpuaomy ¢(-) € mnomiHOMOM Big €& (TOMy

lil‘(I)l d(e)=0(0)eR). Tomi Ap(ANID) =4, (4°)—A,(IT)=g-d(g). Takum un-
mm,MﬁQquB%%@ﬁmSn?¢ﬂ£¢@)LWHBWWQQ)Aom&

pdI N1 x B" ™ (0,2)))
Ao (B"(0,)
AHaJOTIYHO 3 BHKOpUCTaHHSIM (opMynu (5) MOKHA OTPUMATH HEPIBHICTb
A NATx 8" (0,2)))
Amic (B™5(0,2))

OTxe, nns Oynp-skoro uncna € € (0;1] BUKOHYEThCS MOIBiliHA HEPIBHICTE:

R(IT\ (T B"(0,2)))
i (B" 7 (0,2))

Smax|f|-s-¢(8).
K

2—max|f|-8-¢(8).
K

—max|f|-s-¢(s)£ Smax|f|-8-¢(s).
K K

I3 piBHOCTEH lim (—max| f | -g-0(g))=0= lim (rnax| f | -g-0(g)) BUILIIMBAE,
=0+ K >0+ K

R\ (ITx B" ¥ (0,¢)))
i (B" (0, €))

pmynoro (2) of; (1) = lil‘(I)l " é’;l;l_gk)(() )
e—U+ m—k ,8

0 TPAHUILSI mpu € — 0+ icHye i nopiBaIoe 0. 3a ¢o-

. OckUIBKH

W(IT, ) = p(IIx B (0,€)) + p(II,\ (ITx B" % (0,2))),

i MAINTx 8" (0,2)) _
00 g (B"(0,2))

0,

TO 3 ypaxyBaHHsM i, (I1) = Il OTPUMYEMO OCTATOUHHUH pe3ynbTaT — Gopmymy (4).

Jlema 3 [5, c. 150]. Hexait £ c R™ — 38’a3na BuMipHa 3a JKopaaHoM MHO-
xuna. Hexait 1:E — R — nenepepsra (ynkiis. Toxi icHye Taka Touka &€ E

mo [ N(%)d¥ =n(E) 1, (E).
E
Jema 4. Hexait neN, a>0 i ne C(B"(0,a);R). Toxi

1 -
a0+ }\‘n (B (0’ S)) B" E'.()’S)

Hosenennsi. Ockinbku 3a Oyab-sikoro € >0 kyias B"(0,€) € 38’43HOK0 BHU-

MipHOIO 32 JKOpIaHOM MHOXHHOIO, TO MOKEMO CKOPHCTATHCS JIEMOIO 3 1 s
Bcix € € (0;a] oTpumaru:

[nar, =m@E@E)-1,(B"(0.6))
B"(0,¢)
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- - — 1 -
ne E=&(e)e B"(0,¢). Toxi —————- |ndhi, =n(&(e)). lpu € > 0+ kyumi
7\‘n (Bn (07 8)) B" E[()’S)

B"(0,€) craryroTbes B Touky 0eR”. Orke, &() >0 npu € —> 0+ 3aBsKku
HaJICKHOCTI E(s)eB” (6,8). A OCKiTBKH (DYHKIIiSI 1| € HENepepBHOIO B 0, To

lim n(é(s)) = n(()) . Jlemy mosezeHo.
e—>0+

Teepaxenns 4. Hexait I1={a+v, +...+1,v, :t; €[0;l],i =1,k} — mapa-
JIeNerminex po3MipHOCTI k B R* . Tomi

iy (M) = [(f 01, )61 es 5y )l .l (7)
I1

HoBenennsi. Skmo m=k, 3rigHo 3 o3HaueHHsM 8§ (dopmyna (3)),
ol (i,, (1)) = (i, (IT)) = J. fdh,, . Kpim Toro, i, € TOTOXXHHUM BiOOpakK€HHSAM
iy (D)
wa R"™ mpu m =k , Tomy popmymna (7) cripaBeiusa.
Hexait Tenep m >k . BukoHaHo yMOBH TBEpKEHHS 3, TOMY CIpaBeIIuBa
tdbopmyna (4). 3adikcyemo goBimpbHe uucmo €>0 1 mO3HAYUMO:

G :=TIxB"(0,¢).
WG = [fdr, = [ dyy..dx, [ fdx..dx,

G* ﬁm—k(GE) Gg(xk+l""’xm)
16 G (XpipserXy) i ={(xpse X)) €RE 1(xp s Xy, Xp 10ee X, ) € GE) . Ouenn-
o, mo 7, , (G*)=B""%(0,&) . Kpim toro, G*(x;,y,...,X,,)=TI1 a1 KoxKHOrO
(Xt - .,xm)T eB"* (6, €). Omke, ms Beix € >0 crpaBemmBorO € hopmyria

-k /R

n@xB " 0,e)= [ dxy...dx, [ f(x...0x,) dx..dy .
B" % 5e) 8l
BizbMeM0O  HOBUTBHE — HYHCIIO o>0 1 posrimstHEMO  (YHKIIIIO

I:B"¥[0,0] > R, 3anany pisHictio
IV s Vi) = If(xl,...,xk,yl,...,ym_k)dxl dxy
1

[Ix B"¥[0,a] € xommakrom B R” , sixuit mictute G*. Ockinbku f € C(R™),

10 f e C(I1x B"¥[0,a]), 3Binku I € C(B™*[0,a]).
Takum urHOM, 10 QyHKIIT / MOXKHA 3acTocyBatH jiemy 4. Orpumyemo ¢op-

Myiry lim ! . jl(yl,...,ym,k)dyl...dym,k=I(6). OCKITEKHT

04 L, 1 (B"F(0,8)) i o)

n(IIx B"*(0,¢)) = J.I(xkﬂ yers Xy ) dXp .. dx,, 3a Oyab-skoro ee€(0;0], a
Bm—k (6,8)

Takok [ (6) = J. F(Ox,e0x,0,...,0)dx;...dx;, TO 3 ypaxyBaHHSM pPIBHOCTI
n
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i, (), ..,xk)T) =(Xp,..0 X150, .,0)T MaeMO OCTAaTOYHHUU pe3ysbTaT — (opMy-
ny (7).

Jlema 5. Hexait (X,p), (Y,d) — Merpuuni npoctopu; ¢: X — Y — Take
BiTOOpakeHH:, 1110:

a) ¢(X) =Y (to0TO ¢ — crop’eKuis);

0) d(d(x),d(y))=p(x,y) mas Bcix x,y€ X (To0TO ¢ — i30MeTpis MeT-
puunHux npoctopiB (X,p) ta (p(X),d)).

Toni nns Oynb-skoi MHOXXHHU 4 C X Ta MOBLNBHOTO yucia €>( BHKOHY-
€TbCsl PIBHICTD O( 4, ) = ((I)(A))S .

JloBeieHHSI i€l JIeMU HEe HABOAMMO, OCKIILKM BOHO HECKJIaHe (CIiJ CKopu-

crarnes pisrocTaMu 4, = | JBY (z,8) Ta (9(4)), = (JB" (u.€)).
zeAd ued(4)

3ayBakenHs 2. bynp-ske BimoOpakeHHs ¢: X — Y, 10 Mae BKazaHi y JieMi
5 BmactuBocti, € obopotHuM. /[liticHo, (¢(x)=d(y)) = (d(d(x),d(y))=0)=
= (p(x,y)=0)= (x = y), m0 03Hauae iH €KTUBHICTH BimoOpaxenHs ¢ . OTxke, ¢

¢ Giekwiero, ToMy icHye BigoGpaxenns ¢ ' :Y —> X . Kpim Toro, ¢~ Takox 3a-
JOBOJIBHSIE BC1 YMOBH JIEMH 5.

Teepmrxenns 5. Hexait I1={a+#v, +...+1,v, :t; €[01],i =1k} — napa-
neneninen posmipuocti £ B R™ . Hexait oproronansna matpuis Q po3MipHOCTI

mxm i 3amxnenuii ky6 Z B RY 3 peGpamu, mapazensHUMH KOOpAMHATHUM
ocsim, Taki, mo I1eN; (a,0,Z) (BimnoBizni O Ta Z iCHYIOTH YHACTiJIOK TBEp-

mxennst 1). 1 mexai, six i pamime, F,:R"3X%+>¥+deR™, Vo :R"S%

> OXeR", @, 5 =F; 0y i, :R* - R™ . Toxi BUKOHYETECA PiBHICTD
Sh(I) = [(foDzp)dNy, ®)
M

ne M =@, () = (m; oy o FyH(IT).

a

Hosenennsi. [Ipumyctimo, mo m >k . Toxi 3a o3HavueHHIM 8 (Popmyina (2))

. IT . .
o) (IT) = lim H( gk) ——. Badikcyemo £€>0. Tomi p(Il,)= jf dh,, =
g0+, (B"7(0,¢)) i,
= I f(xq,...,x,,)dx,...dx,, . 3pobuMO 3aMiHy 3MIHHUX: yBEJIEMO HOBI 3MiHHI
HS
Y=5--»¥;) , HOB’sA3aHI 31 CTAPUMH 3MIHHUMU X = (Xi,...,X,,) CIIBBIJIHOLIEH-

HIM X = 17“5 (y)=y+a. detFa’ (¥)=1 B ycix Toukax y e R"™. MoxHa mokasaru,
oo  BiOOpasKeHHS 1:",{1 :X+>X—d 3al0BOJIHSE YMOBU JIEMH 5, TOMY
]7}1_1(1'[ c) = (1‘3[{1(1'1))8 . Bomnouac Muoxmna D = ]7}1_1(1'[) € TapajelelineI0oM

B R™, HATATHYTHM Ha BEKTOpH Vi,...,V; . OTKe, 32 HOPMYIIOK0 3aMiHH 3MIHHHX
y KpaTHOMY iHTeTpai,
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[£Goox,) dyydx, = | (foﬁﬁ)(yl,...,ym)-‘detﬁé(fz)‘dyl...dym,
I, Fmy)

tooro  p(Il,)= j(f o 17"5 Y Viseos Vi) dyy...dy,, . VYBegemo Temep  3MiHHI
DS
z=(z,...,2,,), TOB’s3aHi 31 3MiHHUMH Y =(),...,V,,) CIIBBIIHOIICHHIM

Y=V (Z)=0z . Ockinbkn detQ e {-L1} Ta yy(Z)=0 B ycix TouKax Zz € R™,
TO ‘det\TJ’Q(E)‘ =1 nns Beix Z € R™ . BigobpaskeHus \T/él Ve Q_1 -y 3a10BOJIb-
HSIE YMOBH JIEMH 5, TOMY \T/él (Dy)= (\T/él (D)), . MHo)uHa G := (\Tlél ° 1{1)(1_[) =
= \Tjél (D) € napaneneninenom B R” | HATATHYTHM Ha BEKTOPH Q_lﬁl,...,Q_lﬁk .

Jlo TOro X, OCKUIbKH cucTeMa {V,...,V;,} — I H. 3., CHCTeMa {Q_lle,...,Q_lﬁk}
TEX € JI. H. 3, TOMy mapaienernines; G Mae po3MipHicTh k . OTKe,

[(f o E)1sees ) dyy oy =

D£
= [ oF o)z nn2,) |detiip Bz, .. dz,,
Vo (D)
TOOTO
W) = [(f o Fy 0 p)(z1e2,) dzy ... dz,,. )
G£

Posrisiremo mipy v Ha (R™,21,,), 110 € aGCOMIOTHO HEMEpepBHOIO BifHOC-

HO A, i3 moxigHowo Pagona-Hikoguma foF; O\TJQ, sIKa, OYEBHUJIHO, € HEIIe-

pepsHo (ynkiicro na R” . Toxi 3a o3HaueHHsaM noxigHoi Pagona—Hikoauma

v(G,) = J( f olj“a °yg)dh,, . 3icrapusioun ue i3 Gopmynow (9), orpumyemo:
GS

n(ITy) = v(G,) . Tomi

()= tim — Py, V(G)

—= ——=0)(G).
>0k, (B"F(0,8) o0k, (B"F(0,e)

Ockimekn G < L;(0,1,,), 10 G =i, (1;(G)). Muoxuna M =, (G) € mapaie-
neminenom B RY, HATATHYTHM Ha BEKTOPU T (Q_lﬁl),...,nk (Q_lﬁk), IPUIOMY

cucrema {m, (Q_lﬁl),...,nk (Q_lﬁk)} € 1. H. 3. OTxe, napaneneninen M Mae pos-
MIPHICTb £ , 1 0 HOTO MOKHA 3aCTOCYBaTH TBEPKEeHHS 4. OTPUMY€EMO, 1110

S (G) =0 (i (M) = [(f 0 Fy 0 21, )z 2 ) 2y . dzy =
M

= J.(fo&)&,Q)(Z],...,Zk)le de .
M

[ocunanust Ha piBHicTs oY (I1)=0}(G) 3aBepiiye MOBEACHHS TBEPIKCHHS

B pasi, akmo m >k .
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Posrasaemo temep Bumamox m =k . Tomi, 3rimHO 3 o3Ha4YeHHIM 8 (popmy-
ma(3)), of(I)=u()=[fdh, =[f(x.....x,) dx...dx, . 3amina sminHEX
3 3

X= (13'5 °Y)(Z) NPUBOAMUTH 110 PIBHOCTI
o () = [(foFyoWo)zymnnz2,) dzy .. dz,, .
(W oF; ()
3 ypaxysanmam M =(,, oo © Fg N[1)=(Yg o Fz )ID) 12 iy, (21-..2,) ) =
=(215e.002,, )T poOuMO BHCHOBOK, 1110 (opmysa (8) crnpaBeaiuBa i y BHNAIKY

m=k.
Hacainox 1. B ymoBax TBepIKeHHS 5 BUKOHYETHCS PIBHICTD

(I = [ f do,. (10)
I1

Jlosenennsi. OCKiTbKH MapameTpusaiis @ a0 = F. °oYgoi,:M—>II na-
paneneninena [1 € OieKTUBHUM BiTOOpa)XCHHSM, TO BHKOHYEThCS PIiBHICTBH
J.f do; = J‘(focf)a’Q)-Jdetl} dt...dt, , ne I; — wmarpuusg I'pama cucremu
1 M

BekTOpiB  {®(7),...,D,()}; @;(f) — i-ii croBmenp Marpumi o).
V nosenenHi nemu 1 mokasano, mo ,/detl; =1 Ha R, Tomy J(fo(i)ﬁ’Q)x
M

x \detl; dt...dt; = _[(f ° &)ﬁ,Q) d\; = o} (I1), a omxke, piBHICTS (10) BUKOHY€ETHCS.
M

Hacmigok 1 mokasye, mo Mipa, 3Ha4e€HHS SKOi Ha MHOXKHHI 4 € N k(ﬁ,Q,Z )

JIOPIBHIOE I f do , 3a10BOIBbHSAE BCI yMOBH O3HaueHHsA 8. TakuM 4uMHOM, iCHY-
4

BaHHS acOI[iOBaHOT MOBEPXHEBOI MipU GZ‘ Ha N (a,0,Z) nosexaeHo.

3ayBaskenns 3. [lepeBipumo, mo y Bunagky f =1 (tobto p=»4,) dop-

Myna (8) mae 3BUMHHN BUpa3 \/det (v;,v | ))l. FEya k -BuMmipHOro 00’€My mna-
paneneninena Il ={a+#v,+...+1,v, :t; €[0;1],i = I,_k} posmiprocti K B R™.

3a ¢opmynoo (8) 62’" Im = jldkk =A (M), ne M=(m, O\T/él oﬁﬁ_l)(H).
M
M € napanenemimesom B RY, HaTArHyTHM Ha . H.3. BEKTOpH

T (075, (Q7), ToMy Ay (M) = [det (m (77,7 (Q7F))), ;i -
Ockinbki  Tmapanenerninesn (\T/élol*:ﬁ_l)(l'[) HaTATHYTHH Ha  BEKTOpHU
0%,,..,0%, i sxmamemmii B L,(0,1,), TO (nk(Q_l\Z),ﬁk(Q_lfzj))z

=(Q_1\7i,Q_1\7j) s Beix I, j € {l,...,k} . Kpim Toro, matpurs 0 e opToro-

HaJbHOIO, TOMY (Q7117,-,Q7117j)=(vl,17j). OTrpumyeMo OakaHy pIiBHICTb

opm (M) = Jaet (¥, g =0 (D).
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ACOIIMOBAHA NOBEPXHEBA MIPA I'JTIAJIKOI EJEMEHTAPHOI
IHOBEPXHI
[l moOy0BU acoMiifoBaHOI MOBEPXHEBOI MIpH Ha TJIAJAKUX €JICMEHTApHUX I10-

BepxHAX B R" OyneMo BUKOPHUCTOBYBATH CXEMy, IMOAIOHY 10 HABEIEHOI y Ipa-
i [6] cxeMH KOHCTPYIOBaHHS KJIACHYHOI IUIONI ABOBUMIPHOI ITapaMeTprU30BaHOl

MIOBEPXHi B R3.
. k
Jns xopnanoBoi MHOKHHE J < R™ yepe3 A Oyaemo mo3HadaTu Jesike
CKiH4YeHHe po30uTTs J Ha KOPAAHOBI MiAMHOXWHU (TOOTO TaKy CYKYITHICTh

— P
{J;:i=1,p} xopaaHOBUX MiAMHOXHH J , mo J = v J;). JIpiGHicTIO po30UTTS
i=1

A={J; :izﬁ} HaszuBaroTh umcino d(A):=maxdiam(J;), ne diam(J;):=
i=l,p

:=sup {||)? - j” X,y €J;} — niamMeTp MHOXXUHHU J; .
Hexaii S =7(D) — rnagka k -BumipHa eneMeHTapHa nosepxus B R™ . He-
xait A={D;:j :G} — po36uTTs D Ha KOPIAHOBI MIAMHOXHHA. Y KOXKHIN
MHOXHHI D; ikcyemo Oyab-siky TOUKy u; € D;. BubepeMo NOBUIbHUIL IHACKC
J€il,...,p}. Marpuus 7'(ii ;) mae posmipHicTe mxk i panr k. Skmo tum xe
cumBosioM 7' (i ;) TO3HAYMTH JIHIHHUI oneparop Rf5% F(u ;) X€ R™, To
Im?’(ﬁi) 3biraerbest 3 9. 0. {7 (U ),.... 7y (u;)}, ne 7(u;),..., 7 (u;) — crosmui
MaTpHIT F’(ﬁj) . Kpim Toro, Bexropu 7i(i;),...,7 (#i;) — I H.3., TOMY
dimIm7'(ii;)=k. Posrnsamemo MuOxkumy W, :={F(i;)+7(i;) (X —i;):
XeD;}. Hexaii F ;iR > R™  —  Bimobpakenns, 3amaHe  PiBHICTIO
W = o
Fi(X)=X+7@;)—7'(u;)i;. Muoxuna F; (W;)=W,—{F(u;)—7r"(u;)u;}=
=F(u ;)(D;) BrnaxeHa B L. 0. {7 (u;),...,7(u;)} . IcHy€e OpTOroHaIbHA MATPULLL
Q; posmipHOCTI mXxm Taka, WO J.O. {fi(u;),...,7x(u;)}  30iraeTbes
3 Li(0,0;). Tomi W;cLy(rF(u;)—7'(u;)-u;,Q;). Hexat y; R" 5> R™ —
niHiliHKMA omeparop, 3ajanuii piBHicTIO Y ;(X) =0, -X. Toni \11;1(37) = Q;l -y
3a OyAb-SIKOTO yeR™. YBenemo bi() po3rasay MHOXHUHY
[ . ~ 1 =y
G;:=(mpoy; oF'(u,))D;)c R*. BinoOpaxenus 1, oj; o7 (ii;) mdeomopd-
HO TIEpPEBOJIUTH R ma R*. Ockinexu D j — JKOp/iaHoBa MiIMHOXHUHA RX , TO 1
MHOXHHA G; € )KOPIaHOBOIO B R* [5, c. 165]. Hexait Z; — Takuii 3aMKHCHHiI
KyO B R* 3 peOpamu, mapasenbHIMI KOOPAMHATHIM 0CsiM, o G; < Z ;. HeBax-
KO TIEPECBIUUTHUCS, IO Wj = éj(Gj) , IIe i)j =Fj O\T/j ol ‘R¥ 5 R™ . I3 nane-
JICHUX MIPKYyBaHb POOMMO BHCHOBOK, mo W; € My (F(ﬁj)—F'(ﬁj)-ﬁj,Qj,Zj).
Tomy 3HadYeHHS G} (W) Bu3HadeHe 1 OPIBHIOE j fdo, .

w;
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Muoxuan W, (j =G) YTBOPIOIOTH «JIYCKy», IO HPWIATA€E A0 MOBEPX-

Hi §. Ha iHTyiTHBHOMY pPiBHI 3p0O3yMiJI0, 110 IOBEPXHEBY Mipy S, acoliiioBaHy

p
3 MipoI0 L, ZOLIIBHO BBOAUTH TaK, MO0 cyMa ZG';(W/-) 3a I0OCTaTHBO APiOHO-
J=1 ‘
) p
o pO3GUTTS MHOKMHH napameTpis D = v D; anpokcuMmyBaja 3Ha4eHHs MOBep-
Jj=1
XHEBOI Mipu S'.
O3nauenns 9. Hexaii S =7(D) — rnanka k -BuMipHa eleMeHTapHA TOBe-

pxus B R™ . Hexall st KOKHOT IOCIIAOBHOCTI {A,;};2, CKiHUEHHHX pO30HUTTIB D

Ha JKOPJAHOBI MiIMHOKHHH, SIKa 33JJOBOJIBHSE YMOBY d(Ai)H—wm , TIOCITi-
pQ) .

JIOBHICTb CyM Y G} (W](’)) Ma€ TPAHUITIO TIPH [ —> 00, sIKa HE 3aJICKUTH BiJl BU-
j=1

bopy mocmimoBrocTI {A;};. (Tyr A;={D;’:j=Lp@)}, W; {r(u;”)+

+F’(ﬁ_§-i))-()?—ﬁj(-[)):)?eD_ﬁ-[)}). Tomi OymemMo ka3aTH, IO ICHYE BEIMYMHA

m . ‘o . 0
o} (§) — mnosepxHeBa Mipa S, acomifioBana 3 Mipor L. 3a 3Ha4eHHA G (S)

oo}

pQ) .
GepeMo TPaHHLIIO OCIHiOBHOCT { Y o} (W](l)) pu [ —> 0.
J=1 i=l

Teopema 1. Hexaili Dc RF — HEMOPOXHS JKOPIaHOBa MHOKUHA,
F:D—R"™ — in’ekTvBHA TapaMeTpH3allisA TIAAKOI k -BUMIPHOI eleMeHTapHOT
nosepxui S:=7(D) B R™. IlpumycrimMo, 1m0 iCHye Taka BiIKpHTa MHOXHHA
UcR¥ mo DcU, FeC'(U;R™), rang#'(i) =k B ycix Toukax i €U . Toni
3HaueHHS G} (S) iCHye i BUKOHY€EThCS PiBHICTB:

ol (S) =] f do,. (11)
s

JoBenenHsi. 3ayBaxuMo, 110 3 BUMipHOCTI D 3a YKopmaHoM BUIUIHBAE 00-
MexeHicte D, tomy diam(D)<+wo. Kpim toro, S=r(D)cr7(D), F(D) —
xommakT B R"™ | Tomy noBepxust S Tex € ooMmexenow (diam(S) < +oo).

Hexait {A;}7, — NOBiJTbHA MOCIIIOBHICTh CKIHYEHHUX PO30OMTTIBE D Ha
JKOPJAHOB1 MiIMHOXHHHU, sIKa 3aJI0BOJIbHSIE YMOBY d (Ai)i_)—oo>0. [Mpumycri-

MO, 0 A; = {D}i) :j=Lp()} mns Beix i€ N. s xoxHoro i € N Ta KOXXHOTO

je {1,...,p(i)} yBEIEMO MHOXUHY Wj-(i) = J)y) (D_E.i)) , e a)gi) ‘Rfs3

7)Y+ (3-a")eR™, @\ e DY . Bepemo nosinbHi ingexcn ie N

1a je{l...p()}. Tomi of(W )= [fdo,= [ (fo¢)@)-ydetT (@) drF ,
W](i) D§i)

ae Fj(-i)(f) — Matpund I'pamMa cuUcTeMH BEKTOPIB {((1')(]-"))1(?),...,(d)(ji))k(f)};
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((i)(j-i)) ,(f) — CTOBIENb 3 HOMEPOM § MATpHILi J)y) (f). Jlns nosinbHOIO £ € R*
BUKOHY€ETHCS PIBHICTD d;go ’ (f)= F'(ﬁ;")) . Takum 4nHOM,
T @) = (o @), A G0 g g1

ne fs(ﬁy)) — CTOBIICIlb 3 HOMEPOM § MAaTpPHIIi F’(ﬁ}i)). VYBeaemo QyHKIIiO

g:U — R pisnictio g(Z) = \/det (RER (2)))G,B=17€ . Otpumyemo

S0y =gy [(f = )7)dr. (12)
pt
J
Io3nauumo: C| = m@("?’(f)" (TyT ||17'(2)|| — omnepaTopHa HOpMa MaTpHIi
zeD

7'(Z), sika mianopsaKOBaHa €BKJIIOBIH BEeKTOpHiNA HOpMi). MOKHA JOBECTH, IO

o p(i) o pi)
diam[U U W}’)J <diam(S)+2C, -diam(D) <, tomy |J|J W{” € obmesxe-

i=1 j=1 i=l j=1

o p(i)
Horo MHOuHOIO0 B R” . Hexait K = U U W}’) . K e xommaktom B R . Ockinbku
i=1 j=1

feC@®™), o dpyukuis f 3a Teopemoro Kanropa € piBHOMIPHO HETEpEPBHOO

Ha K.
Bepemo gnoBinbHe umcio €>0. IcHye Ttake 6>0, mo (X,y€K;

||7c - )7" <9d) = (|f(fc) - f()7)| <¢g). Ockinbku d(Ai)H—w>0 , TO ICHyE Takui
Homep N € N, mo s Bcix i > N BUKOHYEThCS HepiBHICTE d(A;) < (8/C;). He-
xait i>N Tta je{l,...,p(i)}. Toxi ans KoxHOTO f € Dy) CIPaBE/IUBUM € CITiB-

BIIHOILIEHHS
H(T)S” (@) -7y )H = HF @Y+ 7@y (7 -l - F(ﬁj(.”)u =
@)@ -a)|<cere=s,
a TOMY 1 HEpiBHICTb ‘(f ° (T)S”)(f) - (f ° F)(ﬁf-i))‘ <eg.
PosrisHemo BenmmuunHy
LU TV g7 S ) () (D)
n =2 [(f @) dr =Y g@)-(f o 7)) 1y (DY),
Jj=1 p) J=1
J
skmo i> N . 3 ypaxysannsm pisrocti (f o 7#)ii\")- g (D)= [(f oF)@l")di

)
Dj

p() . L i R
OTPUMY€EMO:  M; = Zg(ﬁf»’))- J.((fod)g-’))(t)—(for)(uf- ) dif|. Tlosuaummo:
= P
J
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pl o : ~
Cy:=maxg(Z). Tori M <G| | (( fod)_(]-’))(t)—(fof)(ﬁj(-’)))dt . Bogmouac
ze =1 p)
J

o o R . p() .
[((£ o800 = (£ o @D))di| <62, (DP) . Tomy m,<Coee 3 (D).
p j=1
J
p@) . () )
Ane D= v D;’), 3BiJIKH Zkk(Dﬁ.l)):Xk(D). Takum 4MHOM, 3 ypaxyBaHHIM
= j=1
piBHOCTI (12) oTpuMyemMoO pe3ynbTar: IS KOXHOTO €>(0 iCHye Take dYHCIIo
N e N, mo nns Bcix i > N BUKOHYETHCSI HEPIBHICTh

p() o R0 v = (D) (@)
ZIGE(W/ )_Zlg(uj ) (fer)u;’)-Ai (D7)
Jj= J=

<e-Cy A (D),

npuaomy C,A; (D) — nomaTHe 4nCIO, K€ HE 3aIeXUTh Hi BiX €, Hi Bix mocii-

noerOCTI {A;}72, . lle o3nau4ae, mo

p(i) ) p(i) . . .
hm{zc;;(W}’))—Zg(ﬁﬁf’)-(fof)(ﬁ}”)M(DE”)J=0. (13)
1—>00 j:1 j:] - ;

pi) , "
TocinoBHicTs ()7, = { Y gy (f o)) iy (D_g.’))} € TocIizo-
=l i=1
BHICTIO iHTETpaJbHUX CyM iHTErpasa j( for)f)g(t)df . Ockinbku QyHKIisn
D
= (foF)t)g(t) € nenepepsHoto Ha U, BOHA € PIBHOMIPHO HENEPEPBHOIO HA

D, atomy ina D.Y TakoMy BHIGiKy ZiTI(fof)(f)g(f) dt . Toni
D
pl .
3 piBHocti (13) BumimBae, mo lim Zc% (Wj(’)) iCHye 1 TakoX JOpiBHIOE
i—0 =1

[(fPO)e@)d , e gF) = Jdet (o )y (TN i -
D

[TomiTuMO, 110 I( fo ?)(f)\/det (7, (D), 7(1)),, v df = I f do,. . Tlokasamo,
D s

o Ui Oyb-SKOT1 TOCHITOBHOCTI {Ai}?il CKIHYEHHUX po30UTTIB D Ha Xopja-
HOBI IJIMHOXXWHH, SKa 3aJ0BOJIBHSIE YMOBY d(Ai)l__)—w>0, MTOCITiTOBHICTh

pQ) .
Dok (W_}’)) Ma€ TPAHHUIO NPU [ —> 00, SIKA HE 3aJIEKUTh Bix BUOOPY {A, )7 ;.
j=l1
Otxe, 3riHo 3 o3HadeHHM 9 o} (S) icHye i mopiBHIOE j fdo, .
N
Teopemy noBeneHO.
3ayBa:kenns 4. Hexait S — rmagka k -BUMipHa eleMeHTapHa MOBEPXHA

B R", sxa 3a10BosbHsIE BCi yMOBU TeopeMu 1. OCKinbku (pakT iCHYBaHHS Kilachy-
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HOI oBepxHeBoi Mipu S Ta ii 3Ha4eHHs G (S) He 3anexars BiJl BUOOPY MapameT-

pu3aiii moBepxHi S cepell eKBIBaJICHTHUX MapaMeTpHU3allii, To i paKT iCHyBaHHS

Ta 3HAYEHHS BEIUYUHU I fdo, , axa 3rigHo 3 ¢opmyinoro (11) 30iraerscs
s

3 o} (S), Tex He 3ameKaTh Big BUOOPY napamerpusarii Sy Kiaci eKBiBaICHTHHX

napameTpH3auii.

BUCHOBKMH

VY po6oTi moOy0BaHO KOPEKTHY KOHCTPYKIIFO MOBEPXHEBOI MIpH, acoLiiOBaHOI
3 TakoI Miporo u y mpoctopi R™ (B3araii kakyuu, HEIHBAPiaHTHOIO), IKa € ab-
COJIIOTHO HENEPEPBHOIO BiTHOCHO iHBapiaHTHOI Mipu JleGera A,, 3 HemepepBHOIO

noxigHoto Pamona—Hikonmnma. CriouaTky acolilioBaHa MOBEpXHeBa Mipa BBO-
MATHCS Ha KUTBII JOMyCTUMHX MHOXXHH Kk -BUMIpHOTO a(iHHOTO MiAIPOCTOPY

B R" (k<m). 3nayenns uiei Mipu Ha mapaneneninenax B R” mocrymoerscs
SBHOKO (hopMyioro. TTicst IbOro MOHSATTSI acOIiOBaHOT MOBEPXHEBOI MipH Tepe-

HOCHUTBCS Ha TNaKi k -BUMIpHIi enemenTapHi moBepxui B R™ .
[Tokazano, 1m0 3amponoOHOBaHa acolliifoBaHa MMOBEPXHEBa Mipa y3arajlbHIOE
KJIACHYHY KOHCTPYKLIIO MIOBEPXHEBOI MipH TNIaAKOI MapaMeTpU30BaHOl MOBEPXHi

B R™, 10070 332 yMOBH W =), acouiiioBaHa MOBepXHEBa Mipa 30iraeThcs 3 Kia-

cruHoro. KpiM Toro, 3Ha4eHHsI acoliifOBaHOT MipH TJIaJKOi eIeMEHTapHOI IIOBEPXHi
HE 3MIHIOETBCS BiJl 3aMiHM ii mapameTpu3allii Ha eKBiBAJICHTHY.

OTpuMaHi pe3yiabTaTH Jal0Th 3MOTY Hajami MOCHIIKyBaTH €KBIBaJICHTHICTh
KOHCTPYKIIi1 MOBEpXHEBOI MipH, acoIiifOBaHOI 3 HEIHBapiaHTHOIO MipOI0 y CKiH-
YEeHHOBUMIPHOMY TPOCTOPI, 3 aIbTEPHATUBHUMH ITIIX0aMHU 10 TOOYAOBH T10-
BEPXHEBOI MipH, HAIIPHUKIAJ, 3 KOHCTPYKIIEI0 Mip Ha MMOBEPXHSAX CKIHYEHHOI KO-
PO3MIpHOCTI, BKJIaJIEHUX y OaHaxiB 0araTOBUJ 3 PIBHOMiIPHOIO CTPYKTYPOIO.
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PE®EPATHU ABSTRACTS

MPOTPECUBHI IHOOPMALIITHI TEXHOJIOTTI, PROGRESSIVE INFORMATION TECHNOLOGIES,
BHCOKOITPOJYKTHBHI KOMIT'FOTEPHI HIGH-EFFICIENCY COMPUTER SYSTEMS
CHCTEMH

YK 519.004.942

AHaJli3 HeraTHBHOIO NOTOKY rpasitaniiinux xsmwib / Manyxi ., Bimox ILI // Cucre-
MHI JTocTiKeHHs Ta iHdopMartiiai TexHomorii. — 2019. — Ne 4, — C. 7-18.

ITomano MareMaTH4HE IOSCHEHHS aHTUIPABITAUiHUX XBHJIb, 3yMOBIJIEHE CIIOCTE-
PEXEHHSIM TO3UTPOHA B KOCMIYHUX MpoMeHsX. [IpoaHanizoBaHO MaTeMaTHYHY Pi3HUIIIO
MDK [MO3MUTUBHUMH Ta HETaTHBHHMH MOTOKaMH I'paBiTalliiHUX XBWJIb; 0OYMCIEHO 00ep-
TaHHS HEraTMBHOTO IOTOKY I'paBiTalliiHUX XBWIb, SIKUH mHoisArae B crabumizamii pyxy
XBWIb. Y MaTeMaTW4yHuX (OpMyJiax BHSBJIICHO, IO MO3MTHBHI Ta HETaTWBHI IOTOKH Y-
XaloThCs Yy 3BOPOTHOMY OZIMH JI0 OZHOTO HAIpPSIMKY, TOMY, SIKIIO CITiH (0OepTaHH:) XBHIIb
BiJl TUIAaHETH, sIKa BUITyCKA€ XBHJI, TIO3UTHBHUN ITOTIK 00EPTAETHCS IPOTH TOJMHHUKOBO]
CTPUIKH, TOJI SIK HETraTMBHUM MOTIK — 32 TOJAMHHUKOBOIO CTPLIKOIO. JlOCIHiIKEHO MOX-
JIMBE TTOXOJDKEHHS TPaBITAIlIfHAX XBIJIB 1 3pOOJIEHO BUCHOBOK: HETAaTUBHUM MOTIK MOXKE
BUHUKATH, KOIIU 3'SBISETHCS TIO3UTUBHUN MOTIK, SIKAN 3aJIAIIa€ OTBOPH B TpaBiTallifHOMY
MOJIi, MO IHIMIFOETBCS pyXaMmH BENIHKOi Macu maHetd. Puc.: 2. Tabm.: 2. Bibmiorp.:
6 Ha3B.

YK 519.004.942

AHaIN3 HEraTUBHOTO MOTOKA I'PABHTAIMOHHBIX BOJH / Mamyku fI., bumox I1.K. //
CucremHi gociipkeHHs Ta iHpopMariiiai TexHouorii. — 2019. — Ne 4. — C. 7-18.

[IpuBeneHo maremMaThdeckoe OOBSCHEHHE AHTHUTPABHTAIIIOHHBIX BOJH, 00yCIIOB-
JICHHOE HaONIO/IEHHEM MO3UTPOHA B KOCMUYECKUX Jrydax. [IpoaHanmu3upoBaHa MatemMaTu-
YyecKasi pa3HHUIa MEXIY HMOJOKHUTEINbHBIMA M OTPUIATEIBHBIMHA [TOTOKAMH T'PaBUTALIMOH-
HBIX BOJIH; BBIYHUCJICHO BpalﬂeHI/le HCTATUBHOI'O IIOTOKA [‘paBI/lTaIJ,l/IOHHbIX BOJIH, KOTOpLIﬁ
3aKJII0YaeTCsl B CTa0MIIM3allMK JBIDKEHUS] BOJH. B Maremarnueckux ¢opmynax oOHapy-
JKCHO, YTO TOJIOKUTEIBHBIC U OTPUIATEIbHBIC TTOTOKH JBIDKYTCS B OOpaTHOM HarpaBiie-
HUH JPYT OT JPyTa, IO3TOMY, €CJIH CITHH (BpAIlCHHUE) BOJH OT IUIAHETHI, HCITYyCKAIOIICH
BOITHBI, MTOJIOXKUTEIBHEIN IIOTOK BPAIIaeTCs MPOTHB YAaCOBOW CTPENKH, TOTIAa KaK OTpPHIIA-
TEJIbHBIA MOTOK — IO 4acoBOM cTpenke. McciaenoBaHo BO3MOXKHOE MTPOUCXOXKACHHUE Tpa-
BUTAIIMOHHBIX BOJH W CHENAH BBIBOJA: OTPHIATENBHBINA IMOTOK MOKET BO3HHUKATh, KOTIA
TOSIBIISICTCS TTOJIOKUTEIIBHBIN ITOTOK, KOTOPBI OCTaBISAET OTBEPCTHS B TPAaBUTALIMOHHOM
T0JIe, YTO MHULIUUPYETCS ABIKECHUAMHU OONBIION Macchl mianeTsl. Puc.: 2. Tabx.: 2. bub-
nmorp.: 6 Ha3B.

YAK 621.313
MogaennpoBaHue pe:KMMOB PaGoThI IBYXMAIIMHHOIO ACHHXPOHHOIO arperara B TpH-
(daznoii cucreme xkoopaunar / Jiyupo B.B., CuabBectpoB A.H., Cnunya JLIO. // Cuc-
TEMHI TOCHiKeHH Ta iH(opmaniiiHi TexHomoril. — 2019. — Ne 4. — C. 19-29.
Pa3paboTtka sKkcriepruMeHTaIbHBIX 00Pa3I0B HOBBIX BUIOB DJIEKTPUIECCKUX MAIINH, a
TaKXKe MOWCK Hamboliee MEpCIeKTHBHBIX HAIMPAaBICHUN WX HCIIOIB30BaHHUS TPEOYIOT OC-
HOBATEJIbHBIX TEOPETUYECKUX HCciaeqoBaHuid. Hanuue anexkBaTHOM MaTeMaTHYeCcKOM
MOJIENIN TI03BOJISICT PEABUIETh BO3MOXKHBIE OMIHOKH B paboTe Oyaymmx oOpas3IoB U u3-
OexaTh MX Ha dTane MPOeKTUPOBKHU. [IpemnokeHa MaTeMaTHUECKash MOJIENb IByXMAaIlIiH-
HOTO aCHHXPOHHOTO arperara [1] ¢ Bpamaromumcs UHIYKTOPOM B Tpex(a3Hoil cucreme
KOOpAuHAT. Mojeny NepBHYHOM 1 BTOPHYHOIN aCHHXPOHHBIX MAIllMH Pa3JelieHbl Ha JIBE
OTJICNIbHBIC CTPYKTYPHBIC CIUHHIBI. B MOJETH BTOPHYHON MAIIMHBI OTOOPAXKEHO BIIUS-
HHE BpAILAIOIIErocsl MHAYKTOpa Ha JBIXKEHUE POTOpa U oOecriedyeHa CBs3b C IEePBUYHON
MAIIMHOW 10 CKOPOCTH M 3JIEKTPOMAarHUTHOMY MOMeHTY. Ilonydens! rpaduku nepexon-
HBIX TPOLECCOB ISl pabOTHI AByXMAIIMHHOTO aCHHXPOHHOTO JIBUTATElsl B PEKMMaX XO-
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JIOCTOTO XOJIa M I0J] Harpy3KoH, a TakXke Ipru podoTe OTAEIHHO BTOPUYHOI MammHbl. Ha
OCHOBE I'pa)KOB NPOAHATM3UPOBAHBI BAPHAHTHI ITyCKa Y3JIOB JABYXMALIMHHOTO MOTOPA.
IMoctpoennas B cpene MatLab cTpykTypHas cxemMa MOJENH HATJIIHO OTOOpakaeT CBSI3b
MEPBUYHOMN ¥ BTOpHYHOUN MamuH. Puc.: 8. bubnmorp.: 6 Ha3B.

UDC 621.313

Modeling of operating modes of two-machine induction motor in three-phase coordi-
nate system / Lutso V.V., Silvestrov A.M, Spinul L.Yu. // System Research and Informa-
tion Technologies. — 2019. — Ne 4. — P. 19-29.

The development of experimental prototypes of new types of electric machines as
well as searching for them the most effective application areas demands the profound
theoretical research. An availability of an adequate mathematical model allows to predict
possible errors in operating of upcoming prototypes during the design stage. The mathe-
matical model of two-machine induction motor with the rotary inductor [1] in three-phase
coordinate system is given in the article. Models of primary and secondary machines are
divided into two structural units. An influence of a rotary inductor on the movement of a
rotor is described in the model of the secondary machine, as well as the connection with
the primary machine is provided through parameters of torque and rotating speed. Tran-
sient response plots are obtained for a two-machine induction motor operating under no
load and under nominal load, as well as for the case when only the secondary machine is
operating. Based on the plots, the different variants of starting of various motor parts are
analyzed. The structure diagram of the model built in MatLab programming environment
clearly shows the connection between the primary and secondary machines. Figs: 8. Refs:
6 titles.

YK 004.8

IIpornozyBanns emicii SO, Byn1kana Kinayea 3 BUKOPpHCTAHHSAIM iHTEJIEKTyaJIbLHOIO
MmeToay aHauizy nanux / 3abeqin C.1. // Cucremni gocnimkeHHs ta iHGopMalliiHi TeXHO-
aorii. — 2019. — Ne 4. — C. 30-38.

Kinayea € oqHuM 3 HallakKTUBHILIMX 1 BIIOMHX BYJIKaHIB y CBITI, 1 BeJIMKa YacTUHA
3HaHb PO BYJIKaHI3M IPYHTY€EThCS Ha iforo mociimpkeHHsX. [1in yac TpuBajIoro BUBUCHHS
BYyJIKaHIB 3aIlpOIIOHOBAaHO 0araTo pi3HUX METO/IB IPOTHO3YBAHHS IX aKTUBHOCTI, BiX
CEIICMOJIOTIYHOTO aHaJIi3y A0 CTATUCTHYHOIO aHami3y iX BUKHAIB. OIHAK KOMIUIEKCHUHA
aHaJli3 MacHWBIB JaHUX 3a JIOIIOMOTOI0 IHTENEKTYaIbHUX METOIIB aHANi3y JaHUX PaHille
HE TNPOBOJMBCS. [3 BHKOPHCTaHHSM HEUITKHX METONIB OOpOOJIEHHS NaHuX, HEHPOHHOI
Mepexi, ByJIKaHIYHHUX 1 aTMOC(EpHHUX TOKa3HHUKIB CIIPOrHO30BaHO Bukuan SO, Ha mepion
Bil OTHOTO 110 TpbOX MicswiB. Puc.: 6. Tabum.: 1. bioumiorp.: 11 Ha3zB.

YK 004.8
IIpornozuposanue 3muccnu SO, Byakana Kunaysa ¢ ncnosib30BaHHeM HHTELIEKTya-
JILHOTO MeTofAa aHaiau3a anubix / 3adeaun C.HU. // CucteMHi nociipkeHHs Ta iHpopMa-
wiiHi rexnonorii. — 2019. — Ne 4. — C. 30-38

Kunay»a siBisiercss OJHUM U3 CaMbIX aKTHUBHBIX M M3BECTHBIX BYJIKAHOB B MHpE, H
OoutbIIast 4YacTh 3HaHUH O BYJIKaHW3ME OCHOBBIBACTCS HA HMCCIeloBaHUAX. Bo Bpems mm-
TCJIBHOTO M3YYCHUS BYJIKAHOB 6bIJ'IO MPEAJIOKEHO MHOI'0 pas3jIMdHbIX METOAOB MPOTrHO3U-
POBaHMA MX aKTHBHOCTH OT CEHCMOJIOIMYECKOTr0 aHalu3a A0 CTaTUCTHYECKOrOo aHalM3a
uX BbIOpOCOB. OJJHAKO KOMIUIEKCHBIN aHaJM3 MacCHBOB JaHHBIX C IIOMOIIbIO WHTEIJICK-
TyaJbHBIX METOJIOB aHaJIM3a JAHHBIX paHee He mpoBoamics. C UCIONb30BaHHEM HEYeT-
KUX METOZOB OOpa0OTKM NAaHHBIX, HEHPOHHOH CETH, BYJIKAaHWYECKUX U aTMOCQEpHBIX
moKasarteJieil CIpOrHO3UpOBaHbl BEIOpockl SO, Ha MEpHO OT OJHOTO IO TPEX MECSIIEB.
Puc.: 6. Tabxn.: 1. bubmuorp.: 11 Ha3B.
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NPOBJEMU MPUMHATTSA PILIEHG TA DECISION MAKING AND CONTROL IN

YIPABJIIHHS B EKOHOMIYHUX, TEXHIYHHUX, ECONOMIC, TECHNICAL, ECOLOGICAL AND
EKOJIOTTYHHUX I COLIAJIBHUX CUCTEMAX SOCIAL SYSTEMS
YK 004.93"11

3umxenns mymy B KT 300paeHHi Ha 0CHOBI afanTHBHOIO IOPOTrOBOro 00pod/1eHHs /
Ierpo M., // CuctemHi qociikeHHs Ta iHpopMmartiitai Texaonorii. — 2019. — Ne 4, —
C.39-48.

[ym y 3pi3ax pekyHCTpyioBaHOi peHTreHiBchbkoi koMl rotepHoi Tomorpadii (KT) e
CKJIaJIHUM, HECTalliOHApHMM 1 HEBU3HAa4YeHO po3noaiieHHM. OOpoOJieHHs 300pakeHHs
NOTpiOHE IS TOCTaBJICHHS SIKICHOrO MEIMYHOrO JiarHo3y. Lle morpedye nocuTh Bennko-
T'O BiJHOIICHHS JETAIbHUX KOHTPACTIB JI0 aMILIITYIH IIYMOBOI CKIamoBoi. Ilogano axan-
TUBHMH MeTOJ| 3HIKeHHs nrymy Ha KT 300pakeHHsX, 10 IPYHTYETHCS Ha JIOKaJIbHIN cTa-
TUCTUYHIHM OLIHII IIyMOBOI CKJIaJ0BOi B JOMEHI penaryJisipHOro BEHJIBET-IIEPETBOPEHHSL.
YpaxoBylo4n MPOCTOPOBY 3AJICKHICTh IHTEHCHBHOCTI LIyMy, ITOpOrOBa KOHCTaHTa IS
00pOOIICHHST BUCOKOYACTOTHHX KOE(]IIi€HTIB y 3aIpOIIOHOBAHOMY CIIOCO01 CTHCKAHHS €
(hYHKIIi€F0 JIOKATBHOTO CTAaHJAPTHOTO BIAXWICHHS IIyMy AJIS IiKcela 300paxkeHHs. Exc-
MIEPTHE TOCIIKEHHS MPOBEACHO 3 BUKOPHCTAHHIM Pi3HUX 300pa’keHb M OIiHIOBAaHHS
e(peKTUBHOCTI 3aIIPOIIOHOBAHOT0 airoputMy. Puc.: 6. Tadux.: 1. bibuiorp.: 24 Ha3s.

VIK 004.93'11

Ionmxenue myma B KT uzoOpaxkeHun Ha OCHOBe JIOKAJbHO AJANTUBHOM NOPOroBOM
oopadotku / MerpoB M.J. // Cuctemui pocnijmkeHHs Ta iHpoOpMauiiiHi TexXHoJorii. —
2019. — Ne 4. — C. 39-48.

IIym B cpe3ax peKOHCTPYHPOBAHHOW PEHTI€HOBCKOW KOMIIBIOTEPHOM TOMoOrpadun
(KT) sBisieTcst ClIOXKHBIM, HECTAIIMOHAPHBIM U HEOTPEACICHHO pacipeneieHHbpM. O0pa-
60TKa M300pakeHNsT He0OXOIMMa /sl TOCTAHOBKHM KAaue€CTBEHHOTO MEIMIMHCKOTO JHar-
HO3a. OTO TpeOyeT NOCTaTOYHO OOJBIIOr0 COOTHOIICHHS MEXIy AeTalbHBIMU KOHTpa-
CTaMd U aMIUIMTYJIOM IIyMoBOM cocrtapistowiedl. IlpencraBieH aganTUBHBIA METOJ
cHmwkeHns mryma Ha KT n300paskeHHsIX, OCHOBAaHHBIA Ha JIOKANFHOW CTAaTHCTUYECKOH
OIIEHKE IIYMOBOH COCTABIIIOMICH B JTOMEHE pEMaryisipHOTO BEHBIET-TIpeoOpa3oBaHUs.
Y4uThIBast IPOCTPAHCTBEHHYIO 3aBUCUMOCTh HHTEHCUBHOCTH IIyMa, IIOPOrOBasi KOHCTaH-
Ta U 00pabOTKHM BBICOKOYACTOTHBIX KO3(D(PHUIIMEHTOB B MpeaIaracMoM CIOCo0e CHKATHS
ABIsAeTCS (PyHKIMEH JTOKaJIbHOTO CTaHAAPTHOTO OTKJIOHEHHMS IIyMa VIS KKIOTO IMHKCETIs
143o6pa>1<eH1/1;1. 3KCHepI/IMeHTaﬂbHI)Ie HCCIICAOBaHN MPOBCIACHBI C MCIIOJIB30BaAHUECM pPa3-
HBIX M300pakKeHHH Il OUEHKH 3(PQEKTUBHOCTU NPEIJIOKEHHOro anroputma. Puc.: 6.
Tab6u.: 1. bubauorp.: 24 Ha3B.

YK 62-519.8

IIpoexTyBanHs cucteM BigeocmnocTepe:xxeHHs / Aoaynxamin M., Mypyuri M. // Cuc-
TEMHI JOCTiKeHHs Ta iHpopMatiiHi TexHomoril. — 2019. — Ne 4. — C. 49-58.

OnucaHo KPOKH MPOEKTYBAaHHS CHCTEMH BileOCTIOCTepeKeHHS. PO3TIsIHYTO Teopito
TUTIB CHCTEM BiIEOCIIOCTEPEKEHHsI, iX KOMIIOHEHTH, BHOIp HalKkpamoro o0OjagHaHHSA, a
TaKOXX JeTanbHU BipTyampHui 1u3aiiH. Ilicng  yBemeHHS KOHIEMIT CHCTEM
BIZIEOCIIOCTEPEIKEHHSI 00TOBOPEHO MPOEKTHI MipKyBaHHs Ta Bepudikauii quzaiiny. Cuc-
TeMy MPHU3HAYCHO JJIs1 KOHTPOJIO OJHOTO MOBEPXy OAaHKY; Ha MOHITODI BiOOpakaeThCcs
OaxcaHe 300pakeHHs 3 iMiTOBaHOI peanizauii cucremu. Puc.: 4. Tabmn.: 1. BiGmiorp.:
4 Ha3BHU.

YK 62-519.8
IIpoexTupoBanne cucrem BuaeoHadonenust / Adgyaxamun M., Mypynru M. // Cuc-
TeMHI JOCHipKeHHs Ta iHpopManiiiai TexHouorii. — 2019. — Ne 4. — C. 49-58.

OnwmcaHbl mark MpoeKTHPOBAHUS CUCTEMBI BUeoHaOmoaeHus. PaccMoTpeHs! Teo-
pHS THUIOB CHCTEMbI BHCOHAOIIOACHHS, NX KOMIIOHEHTHI, BHIOOp JIydlero obopyaoBa-
HUS, @ TakKe NETaJbHbIM BUpPTyasbHbIM ausaiiH. Ilocine BBeAEHUS KOHLENLMH CHCTEM
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BU/I€OHAOTIOIEHNS 00CYK/IEHBI TPOEKTHBIE COOOpakeHNs ¥ Bepudukanuu qusaiiHa. Cuc-
TeMa NpeJHa3HayeHa Uil KOHTPOJIS OIHOrO dTaka 0aHKa; Ha MOHHUTOpPE OTOOpakaeTcs
KenmaeMoe M300paKeHne ¢ MMHUTHPOBAaHHOW peanm3anueil cucremsl. Puc.: 4. Tabm.: 1.
bubaworp.: 4 Ha3B.

VJIK 004

O0paboTka nHpopManuu B cUCTeMe YNPABJIeHHs] 0eCUIOTHOTO JIeTaTeJbHOr0 amnma-
para / I'pa¢ M.C., KBacaukos B.II. // CucremHi nociipkeHHs Ta iH(opmaliiHi TeXHO-
aorii. — 2019. — Ne 4. — C. 59-65.

[TokazaHo co3paHMe SKCHEPTHOW cUCTEMBI Uit 00paboTKH MH(GOPMALIH B CHCTEME
yIpaBJieHUs] OECIMIIOTHOTO JIETATENIBFHOT0 arapaTa J100 AUCTAHIMOHHO MMIOTUPYEMBIX
ABUALIMOHHBIX CUCTEMax, 3aJlaHHE M BBINOJHEHHE. PacCMOTpeH alropuTM MOCTPOCHHS
y4eOHOTO MOAYJISl SKCTIEPTHOIM cHCTeMBbl. [IpHBENEeHBI COCTaB M OCHOBHBIE KOMITOHEHTBHI
9KCIEPTHBIX CHCTEM, HA OCHOBAHMH KOTOPBIX MOCTPOEHBI CTPYKTYpa M CXeMa B3anMOeH-
CTBHS €€ KOMIIOHEHTOB C yYETOM y4acTHs YelIOBeKa B CTPyKType npu oOydeHun. [Ipen-
CTaBJICHO B3aUMOJCHCTBHE CHCTEMBbl C HCTOYHHUKAMH BXOJHBIX JAHHBIX U (OpMYIHPOB-
Kol pemeHuid. [lpemyioxkeHo mpencTraBlieHHEe B BUIE MHOXKECTB, KaXI0€ U3 KOTOPBIX
OTBEYACT ONPENCICHHOMY OJIOKY, IPUBEICHBI OTHOLICHUS, KOTOPbIE OTBEYAIOT 3a B3aH-
MOJICUCTBHE SKCIIEPTHOW CHCTEMBI BO BpeMeHH. Puc.: 2. bubnuorp.: 24 Ha3s.

UDC 004

Information processing in the control system of an unmanned aerial vehicle / Graf
M.S., Kvasnikov V.P. // System Research and Information Technologies. — 2019. — Ne 4.
— P. 59-65.

The creation, specification, and operation of an expert system for processing infor-
mation in the control system of an unmanned or remotely operated aerial vehicle is
shown. The algorithm for constructing the training module of the expert system is consid-
ered. The composition and main components of expert systems are given, on the basis of
which the structure and the interaction scheme of its components are built, taking into
account the participation of a person in the structure during training. The interaction of the
system with the sources of input data and the formulation of solutions is presented. A rep-
resentation in the form of sets is proposed, each of which corresponds to a certain block,
relations are given that are responsible for the interaction of the expert system in time.
Figs: 2. Refs: 24 titles.

YK 004.89

Metoau aGcTpakTHOro pedepyBanHsi TekctiB: orjsia Jireparypu / umik [.B., bi-
mok ILIL. // Cucremni mocmimkeHHs Ta iHopmaniitai Texnomorii. — 2019. — Ne 4. —
C. 66-76.

MicTuTe OIS JiTepaTypu, MPUCBSYEHOI MeTomaM aOCTpaKTHOTO pedepyBaHHS
TeKcTiB. PosrmsiHyTo kiacugikaiiro MeTojiB abcTpakTHOro pedepyBaHHs. [3 MOSBOO
meroniB pedepyBanHs TekcTiB y 1950-x pp. TeXHIKH CTBOpEHHSs pedepariB MOCTIHHO 1o-
KpallyBaJlUCh, alle OCKUIbKK abCTpakTHe pedepyBaHHs NOTPeOye MOTY)KHUX TEXHIK LIS
00po0eHHs/TeHepaii TeKCTy, HalOLIbIIMK Tporpec JOCSITHYTO B OcTaHHi poku. [Torou-
HUH IIBUJIKUI PO3BUTOK y cdepi sk 0OpoOIeHHs IPUPOJHOT MOBHU B IIJIOMY, TaK i aBTO-
MaTHYHOTO pedepyBaHHs 30KpeMa poOUTh 0COOIMBO HEOOXITHUM aHAJI3 MPOrpecy B Iii
coepi. Hanano 3aranbHe ysBIEHHS SIK PO HOMNEpeIH] MiAXOAM, Tak 1 HalHOBIII, BKIIIO-
YalOYd TOSCHEHHS METOJIB 1 miaxomiB. JI0JaTKOBO MOMAHO KiJIbKICHI OIIHKM METOJIB,
3aIlpOIIOHOBAHUX B OTJIIHYTHX Jukepenax. Taom.: 4. bibmiorp.: 36 Ha3B.

V]IK 004.89

MeToab! aGCTPAaKTHOTO ped)epupPOBaHNUA TeKCTOB: 0030op aurepatypsl / Innux /1.B.,
Bumok I1.H. // Cucremni mociimkeHns Ta iHGopMariiai Texaosorii. — 2019. — Ne 4, —
C. 66-76.
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CopnepHT 0030p JINTEPATYPBHI, TOCBAIEHHOH MeToaaM abCTpakTHOro pedeprupoBa-
HUS TeKCTOB. PaccmoTpeHa kiaccupukaius MeTomoB adcTpakTHOTO pedepupoBanus. C
TOSIBIICHIEM METOJIOB peeprpoBaHUs TEKCTOB B 1950-X IT. TEXHUKH co3maHUs pedepa-
TOB TIOCTOSIHHO YJIYYIIaJHCh, HO IIOCKOJBKY aOCTpakTHOE pedepupoBaHue TpedyeTr Mo-
IIHBIX TEXHUK U1 00pabOTKH/TeHepauy TeKCTa, HAaNOOJIBIINN IPOTpece OBLT TOCTUTHYT
B nociegHue roapl. Tekyiiee ObICTpoe pa3BUTHE B chepe Kak 00paboTKH eCTECTBEHHOTO
A3bIKa B 11€JI0M, TaK ¥ aBTOMAaTHYECKOro peeprpoBaHus B YaCTHOCTH JENaeT 0COOCHHO
HEOOXOAMMBIM aHaIM3 Tporpecca B 3Toi cdepe. [laHo obuiee mpencraBiieHHe Kak Ipo
Ootee mpeAbIAYIIHE OAX0/bI, TAK U IIPO HOBBIE, BKIIIOYAs 00bSICHEHHE METOIOB U ITOJX0-
JI0B.JIOTIOJTHUTENBHO TIPEICTABIICHBI OLIEHKH METOJIOB, NPE/IOKEHHBIX B PACCMOTPEHBIX
paborax.Tabmn.: 4. bubnumorp.: 36 Ha3B.

TEOPETHYHI TA IPUKJIATHI TIPOBJIEMHA THEORETICAL AND APPLIED PROBLEMS OF
IHTEJIEKTYAJIbHUX CUCTEM NIITPUMAHHSA INTELLECTUAL SYSTEMS FOR DECISION
MPUHATTS PILIEHD MAKING SUPPORT

YK 004.056.53

CpaBHenne 3 (peKTHBHOCTH KIACCHPUKATOPOB MAIIMHHOIO 00y4eHHs] B KOHTEKCTe
rojiocoBoii onomerpun / Janunos B.S1., I'pymko S1.B. / Cuctemui 1ocmiikeHHs Ta iH-
(opmauiiini rexHouorii. — 2019. — Ne 4. — C. 77-84.

BrImoHEeHO CpaBHEHHE CEMH MOIYJSIPHBIX KiaccudukaropoB Python-Ombmorexn
scikit-learn B koHTeKkcTe 3((HEKTUBHOCTH PabOThI CHCTEMbI TOJIOCOBOM Onometpuu. s
BBIJICJICHUS] BEKTOPOB TPH3HAKOB I0JIOCA JIMIA, TPOXOASIIEr0 BepH(UKAILNIO, UCII0JIB30-
BaH Metox MFCCs (Mel Frequency Cepstral Coefficients). B uccienosanuu ucnosib3oBa-
HbI cnenyronue kinaccuduratopsl: K-NN (K-Nearest neighbours classifier), MLP (Multi-
layer perceptron), SVM (Support vector machine), DTC (Decision tree classifier), GNB
(Gaussian Naive Bayes classifier), ABC (AdaBoost classifier), RFC (Random forest clas-
sifier). B kadecTBe aHAMM3MpPyEeMOil BRIOOPKH B3STHI rojioca 40 4eoBeK IHTEIEHOCTHIO B
CpelHeM JeBATh MUHYT Ha delioBeka. Kpurepun 3¢ pekTHBHOCTH KIacCH(pHKATOPOB BbI-
OpaHbI B COOTBETCTBHUH C MOTPEOHOCTSAMHU CHUCTEM TOJIOCOBOI OmomeTpuu. B pamkax pa-
0OTHI IIPOBEACHO MOJEIMPOBAHHE MOIICHHMYECTBA B Ipolecce ayTeHTH(UKanuu. Hau-
6osee 3¢ GeKTHBHBIM B TOJIOCOBOM paclo3HaBaHWW oOKaszayicsi kKiaccupukatop K-NN,
KOTOPBIH, NPH HYJEBOM KOJIHMYECTBE HEBEPHO JOIYLICHHBIX YeJOBEK, o0ecredns Ha
3-85% BbICIIYIO TOYHOCTH BepH(HKalMK, YeM Apyrue kinaccudukaropsl. Puc.: 3. Taomn.: 1.
bubauorp.: 14 Hazs.

UDC 004.056.53

Comparison of the effectiveness of machine learning classifiers in the context of voice
biometrics / Danilov V.Ya., Grushko Ya.G. // System Research and Information
Technologies. — 2019. — Ne 4. — P. 77-84.

The purpose of this work was to compare the seven popular classifiers of scikit-learn
python-based library in the context of the performance of the voice biometrics system.
The MFCCs (Mel-Frequency Cepstral Coefficients) method was used to compute the fea-
ture vectors of the person's voice undergoing verification. The classifiers involved in this
study are the following: K-NN (K-Nearest neighbors classifier), MLP (Multilayer percep-
tron), SVM (Support vector machine), DTC (Decision tree classifier), GNB (Gaussian
Naive Bayes classifier), ABC (AdaBoost classifier), RFC (Random forest classifier). As
the data, we used voice samples from 40 individuals with an average duration of 9 min-
utes per person. The performance criteria of the classifiers were dictated by the needs of
voice biometrics systems. Thus, in the framework of this work, the fraud simulation was
conducted during authentication. The most effective in voice recognition was the K-NN
classifier, which, with zero number of incorrectly admitted persons, provided 3-85% bet-
ter accuracy of verification than other classifiers. Figs: 3. Tables: 1. Refs: 14 titles.
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YK 004.855.5

BukopHcTaHHS 3rOPTKOBHUX HEHPOHHUX MepexX /s JIarHOCTYBAHHS PAKy MOJIOYHON
3aj03u / Hagepan M., 3aiiuenxo 1O.I1., Hamoui A. // CucremHi nocimimkeHHs Ta iHOp-
MarttiHi Texgonorii. — 2019. — Ne 4. — C. 85-93.

[IpoTsToM OCTaHHIX KUJIBKOX POKIB 3rOPTKOBI HEMPOHHI MEpEXi IMIMPOKO BHKOPHC-
TOBYIOTHCSI B KOMIT IOTEpHill TIarHOCTHUIII Ta aHANi31 MEIUYHUX 300pakeHs. OCHOBHA inest
poboTu mossirana B po3pooiieHHi MoaudikoBaHoi apxitektypu CNN s nocsirieHHs Oi-
JBIIOT YYTIAMBOCTI 1 TOYHOCTI JUISI BUABIICHHSA PAaKy MOJIOYHOI 3aJI03M HA PAHHIX CTamifx
HOPIBHSHO 3 yKe iCHyrouMMH MeTonaMu. /s nporo nepen HaByaHHAM CNN po3risHyTo
JIeKibKka (aKTOPiB, TAKUX SIK MOIEPEIHE OOPOOIICHHS JaHUX, MOJICIb, HA0Ip JaHMX 1 T.iH.
VY 3anpornoHoBaHil MozieNli BUKOPHCTOBYBaHCs rinepnapamerpu dropout rate 0,2, epoch 38
i batch size 33, a Tako JBa MOBHO3B s13H1 1apu B MoaudikoBaniit mozeni. CepenHiii mo-
Ka3HUK ITOBHOTHU (YyTJIMBOCTI) B OCTaHHIX Hpausix craHoBUTh 74%. TouHicTh i moBHOTa
3aIrporoHoBaHoi Mojeni kiacudikanii paky MoOJOYHOI 3a503u ckinana 66,66% i 85,7%
BiqnoBigHO. Puc.: 4. Tab6mn.: 4. bibmiorp.: 20 Ha3B.

YK 004.855.5

Hcnoab3oBanne cBEPTOYHBIX HEHPOHHBIX ceTel /ISl TMATHOCTHKH PaKa MOJOYHOM
skene3nbl / Hagepan M., 3aituenxo FO.IL., Hamoau A. / CuctemHi A0oCTimKeHHS Ta iHDO-
pmartiiiHi TexHonorii. — 2019. — Ne 4. — C. 85-93.

B TeueHne nmocnegHUX HECKOJIBKHMX JIET CBEPTOYHBIC HEHPOHHBIE CETH IIMPOKO HC-
HOJIB3YIOTCS B KOMIIBIOTEPHOH TMAarHOCTHKE M aHAJIHM3€ MEAULMHCKUX n3o0paxeHuit. Oc-
HOBHasl uzes paboThl cocTosuia B MoauduuupoBanuu apxutekrypsl CNN 11st mocTioke-
HHUs 60HbHJeI>1 YYBCTBUTCJIBHOCTU W TOYHOCTHU B HEJIAX BBIABICHHUA pakKa MOJIOYHON
JKEJIE3bl HAa paHHUX CTAaAUAX MO CPAaBHCHUIO C YK€ CYHICCTBYIOIUMH METOJaMU. I[J'Iﬂ 9TO-
ro nepen odydenneM CNN paccMOTPeHO HECKONBKO (PaKTOpPOB, TAaKMX Kak IpeiBapu-
TeNbHass 00paboTKa JaHHBIX, MOJIETb, HA0Op MAaHHBIX M Jp. B mpeanokeHHOH Monenu
UCIIONB30BaINCh runepnapamerpsl dropout rate 0,2, epoch 38 u batch size 33, a Taxxke
JIBa MIOJIHOCBSI3aHHBIX CJI0s1 B MOAM(MUIUPOBaHHOM Monenn. CpenHuil moKka3aTenb MOIHO-
T (YyBCTBHUTENBHOCTH) B MOCIEAHNUX paboTax cocTtaBiseT 74%. To4HOCTH M ITOJIHOTA
npeaTaraeMol MOJENM KJIacCH(HKALMKM paka MOJIOYHOH Xkee3bl cocTaBuwin 66,66% n
85,7% cootBerctBeHHoO. Puc.: 4. Ta6un.: 4. bubmmorp.: 20 Ha3B.

MATEMATHYHI METOJH, MOJEJII, ITPOBJEMMU I MATHEMATICAL METHODS, MODELS,
TEXHOJIOT'Ti JOCJIJIKEHHS CKJIAJTHUAX PROBLEMS AND TECHNOLOGIES FOR
CUCTEM COMPLEX SYSTEMS RESEARCH

YK 004.891.2

Hccnenopanne aieKBaTHOCTH MHTEPBAJILHBIX HeYeTKHX Mojeneil THna 2 B 3agavax
uaeHTH(UKaIN ca0xkHBIX 00bekTOB / KonapaTtenko H.P., Cauryp O.A. // Cucremsi
JoCHiKeHHs Ta iHdopMatiiiai TexHomnorii. — 2019. — Ne 4. — C. 94-104.

[IpennoxkeHn MeTOx MOCTPOSHMS MHOXKECTBA HEYETKMX MOJENEH THma 2 ¢ WHTep-
BaJIBHBIMH (PYHKIIMSMH TIPHHAIIIC)KHOCTH, O0JIAMAIONINI CBOHCTBOM 00OOIIEHUST KOHEY-
HBIX PE3YJIbTATOB M a/CKBAaTHBIH AKCIIEPUMEHTAIbHBIM AaHHBIM. IIpeanoxkeHa Taxke
npoueaypa 0OOOLICHUS] MHTEPBAIBHBIX BBIXOJOB HEYETKMX MOJENEH M3 IOIyYEHHOTO
MHOKecTBa. [IOMHMO BCEX NMPEMMYILECTB ITOCTPOCHUS] HEUETKUX MOJENEH W3 IKCHEepH-
MEHTAIIbHBIX JAHHBIX, NMPEJIOKECHHBII MOIXO0J AAeT BO3MOXKHOCTh YYHTHIBATH MHEHHE
HECKOJIBKUX JKCIIEPTOB M HA €€ OCHOBAHMH OCYIIECTBIISITh KOPPEKLIUIO BXOJHOTO BEKTOPA
JaHHBIX. Koneunsrii pe3yIbTaT UMECT BUJ MHTEpBaAJia, 110 MIUPHUHE KOTOPOIro0 BO3MOKHO
c/ienaTth BBIBOJA 00 a/IeKBaTHOCTH OTOOPa)KEHUsI MOJIEJIbIO MpeaMeTHON obnactu. [Tytem
SKCIIEPUMEHTAIIBHBIX UCCIENOBAHUMN, CBSI3aHHBIX C IIPUKJIAJHON 3aaueil OLIEHKU apTe3u-
AQHCKOM CKBaXHMHBI C TOYKHM 3PEHHSI NEPCIIEKTHBHOCTH €€ NajibHEHIeld SKCIUTyaTaluH,
MOKa3aHOo, YTO C IIOMOIIBIO MOJYYEHHOTO HHTEPBaja, 0000IIAIOIEro pe3yabTaThl paboTh
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BCEX MOJIeNiel, BO3MO)KHO HAaHTH BBIXOJHOE 3HAYCHHUE, IPUTOHOE JUIS PEILCHHUS [TOCTaB-
neHHoi 3amaun. Puc.: 3. Tab6mn.: 1. bubmmorp.: 12 Ha3B.

UDC 004.891.2

Investigating adequacy of interval type-2 fuzzy models in complex objects
identification problems / Kondratenko N.R., Snihur O.0. // System Research and
Information Technologies. — 2019. — Ne 4. — P. 94-104.

A method of building a set of type-2 fuzzy models with interval membership func-
tions is proposed. The resulting set possesses the ability to generalize final results and is
supported by experimental results. A procedure of generalizing interval outputs of fuzzy
models from the obtained set is proposed. Apart from all the advantages of building fuzzy
models based on experimental data, the proposed approach allows to account for multiple
experts’ opinions, and based on that, to perform the correction of the input vector data.
The final result is presented as an interval. Based on the interval’s width, it is possible to
make conclusions on how adequately the model reflects the subject area. Using experi-
mental research related to a practical problem of evaluating of how promising an artesian
well is, it is shown that based on the obtained interval, that generalizes results of all mod-
els’ operation, it is possible to find an output value that would be satisfactory for solving
the presented problem. Figs: 3. Tables: 1. Refs: 12 titles.

YK 004.852; 004.94

Hrposble cTpaTerny NpUHATHS pelieHUii B nepapxudeckux cucremax. II. Komnbrore-
pHoe MoaenupoBanue croxactuyeckoi urpol / Kpasen I1.A. // CucreMHi pociimKeHHS
Ta iHpopmariiHi TexHomnorii. — 2019. — Ne 4. — C. 105-118.

Pa3paboTaH airopuT™M penieHus] CTOXacTHUECKOH WIPBI Ul MPUHSTHS PELICHUH B
MEepapXUIECKUX CHCTEMax B YCIOBHSX HEONPEIEICHHOCTH. BhIMOMHEH aHamu3 pe3ynbTa-
TOB KOMIIBIOTEPHOTO MOJICIIUPOBAHMUS CTOXAaCTHYECKOW WIPHI JUIS aBTOKPATHYECKOMH,
AHAPXUYECKOM M JIEMOKPATHYECKON HEpapXUYECKUX CHCTEM MPHUHATHS PELIEHUH Cco
CTPYKTYpoil OMHapHOTO AepeBa. Y CTaHOBIEHO, YTO HAMMEHBIINH MEePHOA 0O0ydeHHs I
JOCTHXKEHUSI ONM3KOTO K KOHCEHCYCHOMY pPELICHHIO HMEIOT aBTOKPaTHYECKH-
LEHTPUYHBIE HePapXUUIECKUE CHCTEMbl. M3ydeHO BIMSHME MapaMeTpoB Ha CXOIUMOCTb
UTPOBOTO METO/A B IPOLIECCE MOMCKa KOHCEHCYCHOTO WJIM Ma)KOPUTapHOTO KOJUICKTHB-
Horo pemenus. Puc.: 15. bubmumorp.: 20 Ha3s.

UDC 004.852; 004.94

Game strategies for decision making in hierarchical systems. II. Computer simulation
of stochastic game / Kravets P.A. // System Research and Information Technologies. —
2019. — Ne 4. — P. 105-118.

An algorithm for solving a stochastic game for decision making in hierarchical sys-
tems under uncertainty is developed. An analysis of the results of computer modeling of a
stochastic game for autocratic, anarchic and democratic hierarchical decision making sys-
tems with the binary tree structure is performed. It has been established that autocratic-
centric hierarchical systems have the smallest training time for achieving a close-to-
consensus solution. The influence of parameters on the convergence of the game method
in the process of finding a consensus or a majoritarian collective solution is studied. Figs:
15. Refs: 20 titles.

HOBI METOJAU B CUCTEMHOMY AHAJII3I, NEW METHODS IN SYSTEM ANALYSIS, COMPUTER
TH®OPMATHMIII TA TEOPIi IPUMAHSTTS PIIIEHD SCIENCE AND THEORY OF DECISION MAKING

YIAK 517.518.11+517.518.18

IToBepxHOCTHBIE MepbI, ACCOIMMPOBAHHbIE ¢ HEHHBAPHAHTHOIT Mepoii B KOHeYHOMeP-
HOoM npoctpaHcTBe / CHe:kko B.H. // Cuctemni nocmimkeHHs Ta iHGOpMaIiiiHi TeXHOIO-
rii. —2019. — Ne 4. — C. 119-137.
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[MpennoxeHo oboOIIeHNEe KIIACCHYECKOH KOHCTPYKIMH MOBEPXHOCTHOH Mephl JUis
TJIAIKAX DJIEMEHTAPHBIX MOBEPXHOCTEH MPOU3BOJIBHOW KOPA3MEPHOCTH, BIOXKEHHBIX B
KOHEYHOMEPHOE E€BKJIMIOBO NPOCTPAHCTBO, & MIMEHHO: MPEICTaBJICH MMOAXO0/ K IOCTpOe-
HUIO TIOBEPXHOCTHOW MEpHI, aCCOIMMPOBAHHOW C MEpPOH B MPOCTPAHCTBE, aOCOIIOTHO
HeNpepbIBHOI OTHOCUTENbHO MHBapuaHTHOI mepbl JleOera. [IprBeneHHass KOHCTPYKIIMS
aCCOILMUPOBAHHON MOBEPXHOCTHOM MEPHI SBISAETCS KOPPEKTHOW B TOM CMBICIIE, YTO 3HA-
YeHHe yKa3aHHOW Mepbl IIOBEPXHOCTH HE 3aBUCHT OT BBIOOpA €€ NapaMeTpU3aluy B KJiac-
C€ SKBMBAJICHTHBIX MapaMeTpu3alui. AJIEKBaTHOCTh MPEATIOAKEHHOTO MOIX0Aa MOATBEp-
JKAAeTCsl TeM, UYTO IOBEPXHOCTHAs Mepa, acCOLMUPOBaHHAs C HHBAPHAHTHONH Mepoit
JleGera, coBmamaeT ¢ M3BECTHOM KIIACCHMYECKOW KOHCTPYKLHEH IOBEPXHOCTHOH MEpBI,
YacTHBIA CiTydail KOTOpo#H (IUIoIanb ABYMEPHOH INIaJKOHW MapamMeTpu30BaHHOM MOBepX-
HOCTH B TPEXMEPHOM IIPOCTPAHCTBE) pacCMaTpUBaeTCsl B Kypce MaTeMaTHYeCKOTO aHallH-
3a. bubmmorp.: 8 Ha3B.

UDC 517.518.11+517.518.18

Surface measures associated with a non-invariant measure in a finite-dimensional
space / Snizhko B.M. // System Research and Information Technologies. — 2019. —
N4.—P. 119-137.

A generalization of the classical surface measure construction for smooth elemen-
tary surfaces of the arbitrary codimension embedded in a finite-dimensional Euclidean
space is proposed. Namely, an approach to constructing a surface measure associated with
a measure that is absolutely continuous with respect to the invariant Lebesgue measure is
presented. This construction of the associated surface measure is correct in the sense that
the value of the indicated surface measure does not depend on the choice of its parame-
terization in a class of equivalent parameterizations. An adequacy of the proposed ap-
proach is confirmed by the fact that the surface measure associated with the invariant
Lebesgue measure coincides with the well-known classical surface measure construction,
a particular case of which (area of a two-dimensional smooth parameterized surface in
a three-dimensional space) is considered in the calculus course. Refs: 8 titles.
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