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STRATEGY OF THE CYBER-PHYSICAL SYSTEM  

FOR THE SMALL BUSINESS ENTERPRISE GUARANTEED 

FUNCTIONING WITH THE DIGITAL TWIN SUPPORT 

N.D. PANKRATOVA, G.S. TYMCHIK, Ye.V. PANKRATOV 

Abstract. The article presents a strategy of the cyber-physical system guaranteed 
functioning for a small business enterprise (SBE), which is ensured by maintaining 
the digital twin and is due to its extremely high relevance in modern conditions. 
Business processes are linked to Industry 4.0 competencies. One of the innovations 
it implements is Digital Twin, a comprehensive facility support tool. Digital 
twin allows for tracking and effectively managing the entire cycle of an infrastruc-
ture project, from planning, procurement, and production to commissioning and 
maintenance of the facility. PEST, SWOT, SAW, TOPSIS, and VIKOR methods are 
used to build a strategy. 

Keywords: Industry 4.0, digital twin, cyber-physical systems, strategy, internet of 
things, computer, physical and mathematical models. 

INTRODUCTION 

The development and changes in industry that ensure the automation of produc-
tion and business processes in parallel with the development of computer technol-
ogy are associated with the competencies of the Fourth Industrial Revolution, 
which has become a logical stage caused by the technological progress of the 
modern world [1]. Industry 4.0, characterised by sustainability, connectivity and 
real-time data processing, is the main driver of modern digital transformation. For 
manufacturing companies, it is crucial to correctly identify the most appropriate 
Industry 4.0 technologies that meet their operational schemes and production 
goals. To address this issue, various technology selection systems have been pro-
posed, some of which are complex or require historical data from manufacturing 
enterprises that may not always be available. Paper [2] proposes an Industry 4.0 
technology selection system that uses a fuzzy analytical hierarchy process and a 
fuzzy technique for ordering preferences by similarity to the ideal solution to rank 
different Industry 4.0 technologies based on their economic, social, and environ-
mental impacts. The system is used to select the top three Industry 4.0 technolo-
gies out of eight technologies considered important for a manufacturing company. 
The results of the case study showed that cyber-physical systems, big data ana-
lytics, and autonomous/industrial robots occupy the top three places in the tech-
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nology ranking with a proximity coefficient of 0.964, 0.928, and 0.601, respec-
tively. digital twins (DTs) are used to support the guaranteed functioning of cy-
ber-physical systems, which are used both to design new and maintain existing 
technical systems.  The basic concept of a DT is the presence of a physical object, 
a virtual object and the exchange of information between them [3]. A DT can be 
created as a computer model of a physical object, using a set of forecasting proce-
dures and a powerful hardware and software system. The mathematical descrip-
tion of DTs can be obtained by statistical and analytical modelling, machine 
learning [4; 5]. The development of a DTs can be based on the use of simulation 
modelling methods that provide the most realistic representation of a physical en-
vironment or object in the virtual world. The virtual nature of the object allows 
you to experiment with the model, build scenarios instead of real experiments 
without losing resources and risks. 

The areas of application of DTs in small business include, in particular, the 
manufacturing sector: repair and production of bicycles, mopeds, household ap-
pliances, etc. The versatility of the technology allows it to be used at almost any 
enterprise. A small business enterprise’s CPS is a comprehensive integration be-
tween physical production processes and their virtual representations, which al-
lows for detailed modelling, monitoring, analysis and optimisation of SBE pro-
duction. In this context, the DTs acts as a dynamic virtual representation of the 
physical system, which is constantly updated using data from sensors and data 
collection mechanisms in production. The real-time monitoring of the physical 
system by the DTs allows for detailed process analysis, forecasting of critical 
characteristics, which makes it possible to detect deviations from the normal 
situation in a timely manner, optimise production flows and improve overall pro-
duction efficiency. 

This SBE CPS includes not only automated assembly lines, but also quality 
management systems, logistics modules, production planning modules, and secu-
rity systems. The use of DTs allows for real-time visualisation of the production 
process, analysis of various production scenarios, forecasting, and rapid response 
to changes in production conditions or orders. Such a cyber-physical system plays 
a key role in ensuring flexibility, efficiency and innovation at an SBE manufactur-
ing facility, allowing not only to improve existing processes but also to implement 
the latest technological solutions to increase competitiveness and meet current 
market trends. 

Gartner estimates that by 2027, more than 40% per cent of large companies 
worldwide will use DTs in their projects to increase revenue [6; 7]. Furthermore, 
Global Market Insight estimates that the DTs market size, which was worth $8 
billion in 2022, will grow at an estimated 25% per cent CAGR between 2023 and 
2032 [9]. According to another recent global technology research report, by 2028, 
the volume of solutions supporting diabetes in smart cities will reach $5.2 billion; 
more than 94% of all IoT platforms will contain some form of digital twinning; 
DTs will become a standard feature/functionality for implementing IoT applica-
tions; leading solutions for DTs include asset twinning, component twinning, sys-
tem twinning, process twinning, and workflow twinning; more than 96% of sup-
pliers recognise the need for IIoT APIs and platform integration with digital 
twinning functionality for industrial verticals; more than 42% of executives across 
a wide range of industry verticals understand the benefits of digital twinning, and 
59% of them plan to implement it in their operations by 2028 [10]. 
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The purpose of this paper is to develop a DTs strategy to support the guaran-
teed functioning of the cyber-physical system in the form of a small business en-
terprise.  

RELATED PAPERS 

The use of DTs technology is growing exponentially, and it is transforming the 
way we do business. For a detailed history of development, classification, appli-
cations, and prospects of this technology, see [11].  Over the past few years, vital 
business applications have been using DTs, and it is predicted that this technology 
will expand to more applications, use cases, and industries in the form of CFS. 
Among other things, organisations are implementing DTs, the main purpose of 
which is scenario analysis and support of business strategies [12]. The paper [12] 
also describes how DTs simplify intelligent automation in various industries, de-
fines the concept, highlights the evolution and development of, examines its key 
technologies, explores trends and challenges, and explores its application in vari-
ous industries. Today, this technology is used in many industries to provide an 
accurate virtual representation of objects and simulate operational processes. The 
growing scale and complexity of projects, the increasing number of stakeholders, 
globalisation, technological advancements, changing business models and declin-
ing profitability are forcing the construction industry to undergo a digital trans-
formation. The DTs and the Internet of Things (IoT) are among the most signifi-
cant digital developments of recent years. The purpose of the article [13] is to 
analyse the challenges of using the technologies of digitalisation and IoT in the 
construction sector, which offers significant benefits, such as improved project 
management, reduced errors and rework, and increased productivity and effi-
ciency. On the other hand, implementation challenges include upfront costs, inte-
grating the DTs with existing systems, managing IoT data, and a lack of stan-
dardisation and security. The growth of Internet of Things (IoT) systems is driven 
by their potential to improve efficiency, enhance decision-making, and create new 
business opportunities in various fields. The paper [14] identifies the main selec-
tion problems in IoT systems, the criteria used in multicriteria evaluation, and the 
multicriteria methods used to solve IoT selection problems. Next, a Hybrid Group 
Multicriteria Approach is proposed to solve selection problems in IoT systems. 
The approach includes the Best Worst Method (BWM) weighting method, the 
multicriteria Simple Additive Weighting (SAW) method, the Top Order Prefer-
ence by Similarity to the Ideal Solution (TOPSIS) method, the All-Criteria Opti-
misation and Compromise Solution (VIKOR) method, the Comprehensive Pro-
portional Assessment (COPRAS) method, and a method that combines the 
solutions obtained by the four considered multicriteria methods to obtain a single 
solution. The SAW, TOPSIS, VIKOR and COPRAS methods were analysed in 
terms of their advantages, disadvantages, inputs, outputs, measurement scale, 
normalisation type, aggregation method, parameters, complexity of implementa-
tion and interactivity. Technological advances in cyber-physical systems, digital 
manufacturing and Industry 4.0 are presented in [15]. It also presents some chal-
lenges and future research topics in these areas. In [16], it is argued that DCs rely 
on two key elements to create business value: digital data streams, a constant flow 
of digital images of events generated by sensors both inside and outside the phys-
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ical object, and detailed digital models. The DTs provide many new opportunities 
for creating value by transferring software strategies to the physical world. In [17; 
18], the possibility of controlling the modes of electrocuting (MCECT) was sub-
stantiated. It is shown that the peculiarities of the multifactorial influence of the 
control parameters of the melt treatment process on the structure formation of 
castings can only be revealed by numerical experiments using adequate computer 
models. The basic principles of constructing an automated MCECT system are 
formulated and the structure of an integrated three-component information system 
(ITIS) is developed for its implementation using computer models of many physi-
cal processes of EOT. Computer models serve as the system basis of the algo-
rithmic paradigm laid down in the ITIS, which includes the identification of ex-
perimental casting samples with standard prototypes and predictive algorithms for 
controlling the modes of electric current melt treatment. Paper [19] presents gen-
eral methods of DT technology and predictive maintenance technology, analyses 
the gap between them, and points out the importance of using DT technology to 
implement predictive maintenance. The article presents the method of predictive 
maintenance based on DTs, provides its characteristics and its differences from 
traditional predictive maintenance, and introduces the application of this method 
in smart manufacturing and in various industries.  

MODELS AND METHODS 

In today’s conditions of rapid technological development and competitive busi-
ness environment, the strategic identification of priority areas for the construction 
and use of a DT is becoming an integral part of the successful functioning of en-
terprises. The PEST, SWOT, SAW, TOPSIS, and VIKOR methods are used to 
build a strategy for the guaranteed functioning of the cyber-physical system of a 
small business enterprise with the support of a DT in the form of a computer 
model of a physical object. When analysing the subject area, PEST analysis [20] 
is used to identify the main factors, which is intended to identify political (P – 
political), economic (E – economic), social (S – social) and technological aspects 
of the external environment that affect the company’s business. To find the 
strengths and weaknesses of this technology, opportunities and risks that accom-
pany them, the SWOT analysis was used with further refinement by the VIKOR, 
TOPSIS methods. 

A SWOT analysis is a critical part of the strategic management process, used 
to assess the strengths, weaknesses, opportunities and threats of an organisation or 
any activity. It is a key strategic planning tool that helps analyse internal and ex-
ternal factors. The purpose of a SWOT analysis is to formulate a business strat-
egy, taking into account the existing conditions. The analysis includes four com-
ponents: “Strengths”, “Weaknesses”, “Opportunities”, “Threats”, where strengths 
and weaknesses are internal factors of the organisation, and opportunities and 
threats are external. SWOT analysis helps to develop strategies that use strengths 
and opportunities to achieve the organisation’s goals while minimising the impact 
of weaknesses and threats [21; 22]. 

The obtained results become the basis for strategic planning and implemen-
tation of the DTs, providing the enterprise with competitive advantages and sus-
tainability in accordance with modern market requirements. 
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Implementation and results of the SWOT analysis procedure 

In order to develop a strategy for the CPS of a small business enterprise with the 
support of a DT in the form of a computer model, using the results obtained by 
the PEST method, we formulate their characteristic critical strengths and weak-
nesses, opportunities and threats in the form of a SWOT matrix (Table 1). 

T a b l e  1 . SWOT-matrix for building a DTs’ strategy 

Internal controlled factors 

Strengths Weaknesses 

1S  — increased accuracy and efficiency 

of production processes: DTs allows for 
detailed modelling and optimisation of all 
aspects of the production process, increasing 
overall productivity and potentially reducing 
equipment and personnel costs. 

1W  — high cost of development and im-

plementation: the need for significant  
investments in the development and  
implementation of software and hardware, 
as well as support for their correct func-
tioning 

2S  — ability to predict and prevent failures: 

the use of DTs allows you to identify 
potential problems in equipment and 
processes in advance, reducing the number 
of breakdowns, downtime and repair costs. 

2W  — dependence on data quality and 

availability: accurate, up-to-date and structured 
data for analysis is required, and a system 
for collecting and organising it is needed, 
which can be costly and difficult to implement 

3S  — flexibility and adaptability of production: 

DTs allow you to quickly adapt production 
lines to rapidly changing market requirements, 
including the military situation, production 
conditions of small businesses, such as 
bicycle shops, household appliances, etc. 

3W  — the need for highly skilled profes-

sionals: the need to have a staff with highly 
specialised personnel with relevant pro-
gramming experience and an understanding 
of the development approaches that will be 
used. 

4S — reducing the time required to repair 

and upgrade products: modifying, scaling 
and improving software, testing it quickly 
and safely. 

4W  — the need to integrate with existing 

information systems and processes: this can 
be a complex and time-consuming process, 
due to lack of proper documentation,  
inadequate existing systems and insufficient 
support. 

5S  — improving product quality: The use 

of DTs allows for the implementation of 
automated quality control systems, which 
will reduce the percentage of defects in the 
manufacture of spare parts at all stages. 

5W  — potential difficulty in managing 

change: resistance to change on the part of 
staff who may be resistant or not ready to 
implement new technologies due to the 
need to absorb new information and gain 
additional qualifications. 

6S  — the possibility of increasing effi-

ciency. Automation of calculation and pro-
curement tasks will lead to a significant 
increase in accuracy and sreduce the impact 
of the human factor, which will reduce the 
required resources and make more efficient 
use of existing ones. 

6W  — dependence on vendors: potential 

dependence on foreign suppliers of soft-
ware, hardware and services used in the 
development and underlying operation of 
the software. 
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Continued Table 1 

External uncontrollable factors 

Opportunities Threats 

1O  — the growing popularity of digital 
technologies in the CFS sector and consumer 
demand for high-quality small business 
products. 

1T  — risks of cyberattacks and the possi-

bility of data loss from servers or disrup-
tion of DTs operations. 

2O  — use of artificial intelligence and 
analytical tools that can improve the 
efficiency of the DTs computer model and 
its analytical capabilities. 

2T  — the threat of military attacks: prob-
lems with power supply, enemy air strikes 
and sabotage, and the risk of physical de-
struction of the infrastructure that supports 
operations. 

3O  — increasing business resilience: rapid 
adaptation of the computer model of the 
DTs to changes and challenges of the mar-
ket during the war. 

3T  — the need to constantly update and 
adapt the computer model of the DTs to 
changing market conditions during the 
war. 

4O  — the potential to improve the quality 
of products and production processes 
through continuous improvement and up-
grade of the computer model of the DTs. 

4T  — the possibility of technical problems 
in the software that may cause a DTs fail-
ure and lead to data loss, business interrup-
tion and other losses. 

5O  — the ability to attract new customers 

and markets through the introduction of 
advanced technologies and increase the 
company’s competitiveness. 

5T  — insufficient support from the state 

for the introduction and use of DTs. 

6O  — government support: the opportunity 
to receive government grants or support for 
project activities in areas that are a priority 
for the state, such as the development of 
cycling infrastructure. 

6T  — economic instability: macroeco-

nomic fluctuations can affect investment 
and budgets for innovation. 

 

Let’s form a matrix of comparison internal and external components of SWOT 
analysis based on estimates of the connection strength in the range [0.1] (Table 2).  

T a b l e  2 . Matrix for comparing the components of SWOT analysis 

I/E 
components 1T  2T  3T  4T  5T  6T

 1O  2O  3O  4O  5O  6O  

1S  0.2 0.0 0.5 0.2 0.2 0.3 0.5 0.8 0.7 0.2 0.0 0.3 

2S  0.7 0.3 0.4 0.3 0.3 0.3 0.6 0.7 0.5 0.3 0.0 0.3 

3S  0.3 0.0 1 0.5 0.7 0.2 0.7 0.9 1 0.5 0.6 0.6 

4S  0.6 0.0 0.9 0.4 0.6 0.5 0.8 0.8 0.9 0.6 0.5 0.5 

5S  0.7 0.0 0.6 0.6 0.5 0.6 0.7 0.6 0.5 0.2 0.7 0.4 

6S  0.2 0.0 0.1 0.2 0.3 0.5 0.2 0.2 0.3 0.3 0.0 0.7 

1W  0.8 0.7 0.7 0.5 0.7 0.9 0.3 0.9 0.8 0.8 0.6 0.8 

2W  0.9 0.0 0.6 0.7 0.0 0.5 0.1 1 0.5 0.7 0.0 0.2 

3W  0.5 0.5 0.7 0.5 0.0 0.7 0.0 0.8 0.2 1 0.0 0.5 

4W  0.6 0.4 0.3 0.7 0.0 0.6 0.2 0.6 0.4 0.6 0.0 0.6 

5W  0.6 0.0 0.8 0.6 0.4 0.3 0.0 0.3 0.7 0.3 0.0 0.5 

6W  0.7 0.3 0.7 0.6 1 0.6 0.4 0.7 0.6 0.7 0.2 0.6 
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Let us compare opportunities with strong and weak characteristics, as well as 
compare threats with strong and weak characteristics (Table 3). 

T a b l e  3 .  Comparison of opportunities and threats with strong and weak
characteristics 

Opportunities Strengths Weaknesses 

1O  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 4W , 6W   

2O  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

3O  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

4O  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

5O  3S , 4S , 5S  1W , 6W  

6O  1S , 2S . , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

Threats Strengths Weaknesses 

1T  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

2T  2S  1W , 3 4, W W , 6W  

3T  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

4T  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  

5T  1S , 2S , 3S , 4S , 5S , 6S  1W , 5W , 6W  

6T  1S , 2S , 3S , 4S , 5S , 6S  1W , 2W , 3 4, W W , 5W , 6W  
 

To determine the most important factors, let’s calculate the impact of inter-

nal characteristics on the implementation of threats and opportunities jF , kG , 

iD , mH  using the following formulas:  

 8,1,11,1,, 

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 9,1,8,1,, 
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i , 

where 
j iS TK  is the element of the matrix at the intersection of strength jS  and 

threat iT ; 
mjOSK  is the element at the intersection of strength jS  and opportu-

nity mO ; 
ikTWK  is the the element at the intersection of the weakness kW  and 

the threat iT ; 
mkOWK  is the element at the intersection of weakness kW  and 

opportunity mO . 

The calculation results are shown in Table 4. 
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T a b l e  4 .  Calculated critical factors by degree of importance 

Strengths 
Factors S1 S2 S3 S4 S5 S6 

F 7.1 7.0 6.1 4.7 3.9 3.0 
Weaknesses 

Factors W1 W6 W3 W2 W4 W5 
G 8.5 7.1 5.4 5.2 5.0 4.5 

Opportunities 
Factors O1 O5 O3 O2 O6 O4 

H 2.5 1.0 0.7 -0.3 -0.4 -2.0 
Threats 

Factors T2 T1 T4 T6 T3 T5 
D -1.6 -1.4 -1.4 -1.2 -0.3 0.5 

 

Based on the results of the SWOT analysis, it is possible to propose SO, 
WO, ST, WT strategies for developing DTs in small business in the form of the 
TOWS matrix [23] (Table 5). 

T a b l e  5 . TOWS matrix 

S1 S2 S3 W1 W6 W2 
 

SO-strategy WO-strategy 

 

O1 

O5 

O3 

In order to build a strategy for small busi-
ness DTs CPS taking into account all as-
pects of production processes, it is neces-
sary to ensure the sustainability of 
business operations with rapid adaptation 
of the computer model of the DTs to 
changes and challenges of the market dur-
ing the war, software modification and 
fast and safe testing, availability of a 
powerful forecasting unit involving artifi-
cial intelligence and analytical tools, and 
government support. 

The high financial costs of developing and 
implementing, as well as maintaining the 
correct functioning of software and 
hardware, should be compensated by 
attracting highly qualified specialists, 
business investment, and assistance from 
friendly countries and foundations. Ac-
celerate the creation of unified technical 
standards for DTs and legislative regulation 
of digitalisation. Determine the organisa-
tional and legal forms of operation of this 
technology, as well as quality and cyber-
security standards. 

 WT-strategy WT-strategy 

 

T2 

T1 

T4 

In the event of the threat of military at-
tacks, cyber-attacks and the possibility of 
data loss from servers or disruption of the 
computer model of the DTs due to techni-
cal problems in the software, compensate 
with the ability to predict and prevent 
failures, relocate critical facilities to a pro-
tected area and attract qualified personnel, 
which allows the company to quickly 
adapt production lines to rapidly changing 
market requirements during martial law. 
This will ensure fast and high-quality pro-
ject implementation and prevent cyber-
attacks. 

To search for available financial resources 
and work on standardising DTs technol-
ogy at the legislative level and increase 
the transparency of corruption-prone proc-
esses. The state and business should estab-
lish cooperation with HEIs to train quali-
fied IT specialists and ensure comfortable 
legal conditions for their work. The prior-
ity is to prevent inappropriate responses 
from the education system and corruption, 
as well as to ensure a high level of cyber-
security. Ensure communication with in-
ternational partners on possible threats to 
production and ways to overcome them. 
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FINDING THE OPTIMAL STRATEGY FOR DEVELOPING A SMALL 

BUSINESS ENTERPRISE’S DTS CPS 

TOPSIS method. Results of calculations 

The TOPSIS and VIKOR methods have been applied to find the optimal strategy 
for developing the DTs CPS of a small business enterprise. The same results ob-
tained by both methods in most cases indicate the sustainability of the decision.  

The TOPSIS method is a multi-criteria decision-making tool that can be par-
ticularly useful for small businesses when choosing the best option from various 
alternatives. It helps small businesses find the solution that is closest to the ideal 
option and at the same time furthest from the undesirable one. The method in-
cludes the steps of data normalisation, weighting of criteria, identification of the 
ideal and worst solution options, and analysis of the distances to them for each 
proposal [24]. This allows small businesses to choose the most effective solutions, 
increase their competitiveness and efficiency. 

The TOPSIS method is used to search for compromise strategies. Using the 
alternatives for implementing strategies, taking into account the results of the 
SWOT analysis and the TOWS matrix, we form a decision matrix ,4,1,  iaij  

12,1j , where the index i corresponds to the strategy (criterion) SO, WO, ST, 

WT, and the index j determines the alternative ,,, 321 SSS , 412 ,, TTT  (Table 6). 

The SAW method (Simple Additive Weighting Method) is a method of sim-
ple additive weighting that obtains the total score of each alternative by multiply-
ing the value of the attribute for each alternative by the weight assigned to that 
attribute. The alternative with the highest score is the answer to the decision task. 
The weighting factors , 1,12,jw j   which determine the importance of the fac-

tors for the decision maker and should sum to one, are shown in Table 6.  

T a b l e  6 . Decision matrix and weights of alternatives  

Decision matrix 

i/j S1 S2 S3 W1 W6 W3 O1 O5 O3 T2 T1 T4 

SO 4.1 4.3 3.1 4.2 3.2 1.67 3.5 0.9 3.9 0.05 2.7 2.2 

WO 3.5 3.6 2.6 3.9 3.1 1.52 0.15 0.27 2.2 1.27 2.1 1.6 

ST 2.5 2.25 2.5 4.3 3.9 2.42 3.5 0.9 3.4 0.01 2.4 2.2 

WT 2.3 2.12 2.3 3.9 3.3 2.12 0.61 0.21 2.8 1.17 3.8 3.3 

Weights of alternatives 

w/j S1 S2 S3 W1 W6 W3 O1 O5 O3 T2 T1 T4 

w  0.1 0.09 0.09 0.1 0.09 0.09 0.07 0.08 0.08 0.09 0.07 0.05 
 

Next, the decision matrix is normalised and weighted using formulas  
(Table 7) 

 12,1, 4,1,  
24




ji
a

a
r

iji

ij
ij ;   
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 1,   
12

  j
j

ijjij wrwv .   

For each alternative ,,, 321 SSS , 412 ,, TTT  the ideal solution will be de-

termined by the weighted normalised decision matrix as the maximum 
jv  and 

minimum jv  values of the SO,WO,ST,WT criterion scores using formulas (Table 7) 

 12,1, min;    12,1, max   jrvjrv ij
i

jij
i

j ,   


jv  and 12,1,  jv j  can be interpreted as, respectively, the best and worst solu-

tions for each criterion.  

T a b l e  7 .  Weighted normalised decision matrix 

j/i SO WO ST WT jv  jv  

S1 0.06434 0.05492 0.03923 0.03609 0.06434 0.03609 
S1 0.06043 0.05059 0.03162 0.02979 0.06043 0.02979 
S3 0.05281 0.04429 0.04258 0.03918 0.05281 0.03918 
W1 0.05148 0.04780 0.05271 0.04780 0.05271 0.04780 
W6 0.04248 0.04115 0.05178 0.04381 0.05178 0.04115 
W3 0.03823 0.03480 0.05541 0.04854 0.05541 0.03480 
O1 0.04910 0.00210 0.04910 0.00855 0.04910 0.00210 
O5 0.05463 0.01638 0.05463 0.01274 0.05463 0.01274 
O3 0.04967 0.02802 0.04330 0.03566 0.04967 0.02802 
T2 0.00260 0.06616 0.00052 0.06095 0.06616 0.00052 
T1 0.03346 0.02602 0.02974 0.04709 0.04709 0.02602 
T4 0.02287 0.01663 0.02287 0.03430 0.03430 0.01663 

 

Let us imagine an “ideal solution” that maximises all criteria simultaneously 

 v  and a “worst case”  v , that minimises all criteria 

 ijij vvvvvvvvvv   ),,,(; ),,,( 1221 1221 . 

For each realistic alternative, the Euclidean distance to the “ideal solution” 

iD  and to the “worst solution” 

iD  is calculated using formulas, respectively: 

  )( 2
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1





   vvD ij
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i ; 

  )( 2
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1




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i . 

In the TOPSIS method, a compromise alternative is selected based on the iC  

indicator using formula. The results of the calculations are shown in Table 8. 
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T a b l e  8 .  Finding the best compromise strategy using the TOPSIS method 

Strategies in ascending order of performance 
 

SO WO WT ST 
D+ 0.06884 0.07560 0.0753c5 0.07966 
D

–
 0.08049 0.07166 0.06858 0.06953 

C 0.53903 0.48662 0.47648 0.46607 
 

According to the TOPSIS method, the best compromise strategy for the 
guaranteed functioning of the cyber-physical system for a small business 
enterprise with the support of a DT is the SO strategy. It consists in the need to 
ensure business sustainability with the rapid adaptation of the computer model of 
the DTs to changes and challenges of wartime, software modification and fast and 
safe testing, the availability of a powerful forecasting unit involving artificial 
intelligence and analytical tools, possible state suspport. 

The VIKOR method. Results of calculations 

The use of the VIKOR method for multi-criteria decision-making can be useful 
for small business development, helping to select suppliers, assess the quality of 
services or define business strategies. VIKOR allows to optimize operations or 
strategic directions based on a systematic evaluation of available options against a 
set of criteria [25].  

Let’s search for compromise strategies using the VICOR method. Let us take 
the decision matrix 12,1,4,1,  jiaij  and the weights 12,1, jw j , which 

were taken for the TOPSIS method (Table 6). For all alternatives, the characteris-
tics iii QRS  ,,  are calculated using formulas, respectively: 
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In formula (1), v  is chosen in the range [0.1]. If there are no other 
conditions, 0.5v  , is assumed to be 0.5, which was done here. Next, iQ  are 

ordered in ascending order. The strategy with the minimum iQ  is assumed to be 
the best. The results of the calculations are shown in Table 9. 

T a b l e  9 . Finding the best compromise strategy using the VIKOR method 

Strategies in ascending order of performance 
 

SO ST WT WO 
S 0.34353 0.44455 0.67679 0.74152 
R 0.08714 0.09 0.1 0.1 
Q 0 0.23801 0.91867 1 
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According to these results, the best strategy according to the VIKOR method 
is the SO strategy, since its value is minimal. In terms of all characteristics S, R, Q 
here is the same ordering of strategies SO, ST, WT, WO, with strategy SO being 
simultaneously the best in the ranking series by S  and R , which emphasises the 
stability of the solution. Additionally, for the best alternative, the acceptable dif-

ference from the other alternatives is checked 
3

1

14

1



Q� , which can be in-

terpreted as a significant advantage of one alternative over the others. For VIKOR, 

the difference between the SO strategy and the ST strategy is 
3

1
23801.0  . For 

the other alternatives, the difference is significantly greater than 
3

1
 . 

CONCLUSIONS 

The carried out research allows to draw a conclusion about building a strategy for 
guaranteed functioning of the cyber-physical system for a small business enter-
prise with the support of a DT. Using PEST-analysis, the main factors in the sub-
ject area under consideration were identified, and with the help of SWOT analy-
sis, the most significant strengths and weaknesses of the DTs technology, 
opportunities and threats associated with them were identified. Based on the re-
sults of the SWOT analysis, four strategies SO, ST, WO, WT were formed, on the 
basis of which the TOWS strategy matrix was built, and a decision matrix was 
formed. To find the optimal strategy, the multi-criteria decision-making methods 
TOPSIS and VIKOR with the involvement of the SAW method were used.  

According to the results of calculations using the TOPSIS and VIKOR 
methods, the SO strategy was found to be the best compromise strategy for the 
guaranteed functioning of the cyber-physical system for a small business enterprise 
with the support of a DT. It consists in the need to ensure the sustainability of 
business operation with rapid adaptation of the computer model of the DTs to 
changes and challenges of the market during wartime related to possible cyber-
attacks and the possibility of data loss from servers or disruption of the DTs due 
to technical problems of various nature, software modification and fast and safe 
testing, availability of a powerful forecasting unit involving artificial intelligence 
and analytical tools, and possible government support. This will ensure fast and 
high-quality execution of projects, orders, and new technical solutions. 

In the future, it is planned to use the foresight and cognitive impulse model-
ling methodologies to build scenarios for the implementation of the strategy SO 
for guaranteed functioning of the SBE with the support of the DTs. 
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СТРАТЕГІЯ ГАРАНТОВАНОГО ФУНКЦІОНУВАННЯ КІБЕРФІЗИЧНОЇ 
СИСТЕМИ ПІДПРИЄМСТВА ДРІБНОГО БІЗНЕСУ ІЗ СУПРОВОДЖЕННЯМ 
ЦИФРОВОГО ДВІЙНИКА / Н.Д. Панкратова, Г.С. Тимчик, Є.В. Панкратов  

Анотація. Наведено стратегію гарантованого функціонування кіберфізичної 
системи підприємства дрібного бізнесу, що забезпечується супроводженням 
цифрового двійника та зумовлено його надвисокою актуальністю у сучасних 
умовах. Бізнес-процеси пов’язані з компетенціями Industry 4.0. Одна з іннова-
цій, яку вона впроваджує, є Digital Twin (цифровий двійник) – всеохопний ін-
струмент супроводу об’єкта. Цифровий двійник дозволяє відстежувати та ефе-
ктивно керувати повним циклом інфраструктурного проекту: від планування, 
закупівель, виробництва, до введення в експлуатацію та обслуговування 
об’єкта. Для побудови стратегії залучаються методи PEST, SWOT, SAW, 
TOPSIS та VIKOR. 

Ключові слова: Індустрія 4.0, цифровий двійник, кіберфізичні системи, стра-
тегія, інтернет речей, комп’ютерні, фізичні та математичні моделі. 
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MULTI-FACTOR FORECASTING OF STATISTICAL TRENDS 

FOR DATA SCIENCE PROBLEMS 

O. PYSARCHUK, T. ANDREIEVA, O. GRINENKO, D. BARAN 

Abstract. The article deals with the processes of multi-factor forecasting of statisti-
cal trends for Data Science problems. Most of the classic approaches to data proc-
essing consist of studying the consequences of phenomena rather than the factors of 
their appearance. At the same time, the factors affecting the behavior of the investi-
gated process are assumed to be random and are not investigated. The article dis-
cusses the approach to forecasting the parameters of the trend of statistical time se-
ries, which consists of the study of factors that lead to changes in the dynamics of 
the studied process. This approach potentially has better indicators of adequacy, ac-
curacy, and efficiency in obtaining final solutions than classical approaches. The 
implementation of this approach is shown using an example of the analysis of ex-
change rate changes. The obtained results show the practicality of considering multi-
factoriality in forecasting tasks. 

Keywords: Data Science, multi-factor forecasting, statistical trends, currency rate 
forecasting. 

INTRODUCTION 

The development of information technologies has led to their implementation in 
many areas. One of the leading directions is the prediction of the indicators be-
havior of a certain controlled event. The examples of that can be: forecasting fluc-
tuations in currency markets; control of changes in economic performance indica-
tors of trading companies; forecasting the development of the epidemiological 
situation; forecasting parameters of the technical state of equipment of production 
lines, aviation systems, etc. All the listed applied tasks have the technological 
unity of Data Science stages: data acquisition (measurement); their accumulation 
(storage); data processing for the purpose of obtaining information about the 
models and behavior of the researched process (processing, forecasting); extrac-
tion of knowledge and its manipulation [1; 2]. Currently, the focus of Data Sci-
ence issues is not on accumulation (measurement, storage), but on data processing 
with the aim of extracting from them adequate, accurate and operational informa-
tion and knowledge. These processes in applied aspects of information technolo-
gies (IT) take place in the field of Big Data arrays and are manifested in the de-
velopment of Back-End components of distributed ERP / CRM software systems 
with intellectual properties. 

The key requirement of consumers for the final IT product is high quality in-
dicators of the source information, which are manifested in strict requirements for 
the adequacy, accuracy and efficiency of the final solutions. It is possible to im-
plement this only in the direction of applying effective mathematical models for 
processing Big Data arrays. 
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The experience shows that most classical approaches to data processing, re-
gardless of their classes, directions of improvement and effective implementation 
to applied software systems, show their limitations [3–5]. They consist in the 
study of the consequences of phenomena, and not the factors of their appearance. 
For example, determining the trend and forecasting changes in the exchange rate 
based on the results of a retrospective analysis of their behavior. At the same 
time, the factors affecting the exchange rate are assumed to be random and are not 
investigated. 

Therefore, there is a need to implement R&D processes for the development 
of mathematical support for modern ERP / СRM software systems capable of 
meeting the high demands of consumers regarding the adequacy, accuracy and 
efficiency of final solutions. 

The article will consider an approach to predicting parameters of the trend of 
statistical time series, which potentially has better indicators of adequacy, accu-
racy and efficiency of obtaining final solutions, compared to classical approaches. 

Analysis of existing approaches. In its formulated form, we have the classic 
task of applied statistical analysis / statistical learning: to build a mathematical 
model based on a statistical sample of data, that ensures the determination of pre-
dictive values for the process being studied [1–5]. The key hypothesis in this is 
the assumption of the random nature of the factors that affect the stochastic fluc-
tuations of each discrete dimension and, accordingly, determine the behavior of 
the studied process outside the observation interval. As a rule, this happens due to 
the complex and sometimes unknown nature of cause-and-effect relationships, 
which determine the actual appearance of stochastic deviations and the develop-
ment of the situation in the future. Overcoming this a priori uncertainty is classi-
cally implemented through assumptions about the general appearance of the trend 
model and the determination of its variables using complex algorithms, but the 
principle hypothesis of randomness remains unchanged. That is, the primary sto-
chastic formalization of the problem has certain limitations in the accuracy of the 
final result, which are determined by data processing methods. 

Formulation of the problem. Therefore, the task of improving the methods 
of statistical analysis / training in the direction of a detailed description and study 
of factors that lead to the essence of the change in consequences – the dynamics 
of the researched process – is urgent. The article examines the processes for mul-
tifactor forecasting of statistical trends for Data Science tasks. This is imple-
mented in the applied field of economic analysis of exchange rate changes. The 
transition in statistical education from the analysis of consequences to factors re-
quires the implementation of a complex of R&D processes: the formation of an 
informational model of factors that influence the change in currency rates; the 
establishment of indicators (indicators describing change) of factors and criteria; 
the measurement of indicators; and the statistical processing of indexes / indica-
tors (determination of statistical characteristics, construction of a trend line, 
forecasting). 

Thus, the goal of the article is the implementation of a complex of R&D 
processes for multifactor forecasting of statistical trends for Data Science tasks 
using the example of currency exchange analysis. 
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AN OVERVIEW OF THE MAIN MATERIAL 

1. To form the infographic model of factors that influence on the change of 
the currency exchange rates. The ratio of the dollar (USD) to the hryvnia (UAH) 
was chosen as the exchange rate (hereinafter referred to as the exchange rate). On 
the basis of the cognitive analysis of primary sources [6–13] and the practice of 
currency trading, the factors affecting the exchange rate were determined. 

Table 1.  An infographic model of factors that influence the change in currency 
rates 

N Factor  
group 

N  Factor  
in the group 

Indicator Data source, frequency 
of measurement 

The official exchange rate of the 
hryvnia against the US dollar 

Saldo of transactions of the natural 
person on the sale/purchase  

of foreign currency 

The official website  
of the NBU[10], daily 

1 

Sale/  
purchase  
of foreign  
currency 

1
Volume of  

sale/purchase of 
foreign currency 

Saldo of NBU interventions The official website  
of the NBU[10], weekly 

Wheat export volume 
Barley export volume 

Rye export volume 1

Volume  
of the main  
Ukrainian  

export goods Corn export volume 

Website  
of the Ministry  

of Agrarian Policy  
and Food  

of Ukraine[8], daily 
Wheat export price  
Barley export price  

2

Export prices for 
the main  

agricultural  
products of 

Ukraine 
Corn export price  

Fenix Agro  
company website:  
fenix-agro.com;  

weekly 

Hot-rolled steel export price  
Armature export  

Scrap steel export price  

2 
Export  

of goods 

3

Export prices  
for the main  

metal products 
of Ukraine Iron ore raw materials export  

Information and  
analytical resource  

about industry:  
gmk.center, daily 

Oil global price  
3 

Import  
of goods 1

Global prices  
for the main  

imported goods Natural gas global price  

The website  
of the Ministry  

of Finance [12], daily 
The volume of hryvnia  

government bonds in circulation 
at nominal and amortized  
cost with non-residents 

The official website  
of the NBU[10], daily 

4 
Foreign  

investments 1

Participation of 
non-residents in 

trading in hryvnia 
bonds of the  

domestic state loan
The amount of funds involved 

in the state budget for placement 
of domestic government bonds 

Website of the Ministry 
of Finance  

of Ukraine [9], weekly 
Interest rates on deposits  
in the national currency 

1
The level of inter-

est rates on the 
interbank market Interest rates on deposits  

in US dollars 

The official website  
of the NBU[10], daily 

NBU Key Policy Rate 
5 

Interest  
rates 

2 Interest rates  
on deposits Ukrainian Overnight I 

ndex Average (UONIA) 

The website  
of the Ministry  

of Finance [12], daily 

1 Stock indices  
of Ukraine UX index 

The website  
of the Ministry  

of Finance [12], daily 6 
Stock  

Market 
2 World stock  

indices Dollar index Investing.com, daily 
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2. To set the indicators (parameters which describes the change) of factors 
and criteria is implemented as a result of the transformation of Table 1, based on 
the essence of a specific factor. 

T a b l e  2 .  Indicators / parameters that describe the change of the factors and
criteria 

№  Group of factors №  Indicators Denotation Criterion 

1 
The official exchange rate of the 

hryvnia  
against the US dollar 

ψ ψ→min 

2 
Saldo of transactions of the  

natural person on the sale/ pur-
chase of foreign currency 

φ φ→max 
1 

Sale/ purchase  
of foreign  
currency 

3 Saldo of NBU interventions χ χ→min 
4 Wheat export volume EVW EVW →max 
5 Barley export volume EVB EVB→max 
6 Rye export volume EVR EVR→max 
7 Corn export volume EVC EVC→max 
8 Wheat export price  EPW EPW→max 
9 Barley export price  EPB EPB→max 

10 Corn export price  EPC EPC→max 
11 Hot-rolled steel export price  EPS EPS→max 
12 Armature export  EPA EPA→max 
13 Scrap steel export price  EPJ EPJ→max 

2 
Export  

of goods 

14 Iron ore raw materials export  EP0 EP0→max 
15 Oil global price IPOIL IPOIL→min 

3 
Import  

of goods 16 Natural gas global price IPGAS IPGAS→min 

17 

The volume of hryvnia  
government bonds in circulation 

at nominal and amortized  
cost with non-residents 

INVV INVV→max 

4 
Foreign  

investments 

18 
The amount of funds involved in 
the state budget for placement of 

domestic government bonds 
INVM INVM→max 

19 
Interest rates on deposits in the 

national currency 
RDG RDG→max 

20 
Interest rates on deposits in US 

dollars 
RDD RDD→min 

21 NBU Key Policy Rate P P→max 
5 Interest rates 

22 
Ukrainian Overnight Index Aver-

age (UONIA) 
UONIA UONIA→max 

23 UX index UX UX→max 
6 Stock Market 

24 Dollar index DX DX→min 
 

3. The indicators in Table 2 were measured on June 1, 2021. – November 1, 
2022 according to the sources and frequency (discreteness) specified in Table 1. 
The result is a multidimensional Big Data array of a statistical training sample of 
24 indicators of 156 values, 5 (weekly monitoring) – of 36 values. Technological 
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efficiency of further processing processes is ensured by saving the received data 
segment in the * format. xlsx file. 

4. The statistical processing of indicators / parameters is implemented in the 
sequence of classical stages of statistical training: determination of statistical 
characteristics, construction of a trend line, forecasting. To increase the effective-
ness of statistical training, a hierarchy of interconnected alternative and innova-
tive stages is proposed (see the structural diagram in Figure). The structural 
scheme takes into account the features of multi-factor forecasting of statistical 
trends for Data Science tasks. 

The data obtaining (block 1 of the diagram, Figure) is implemented quickly 
from external sources using Web Scraping technologies. 

Determination of the statistical characteristics of the obtained samples 
(block 2) is carried out a posteriori in the format of calculation: expected value, 
dispersion, standard deviation (SD), construction of a histogram of the law of dis-
tribution of the obtained samples. At the same time, the presence of a trend line is 
taken into account, which is removed using the Least Square Method (LSM) with 
a polynomial regression model [4]. 

Block 3 is intended for cleaning the statistical sample from anomalies. The 
use of three algorithms for detecting and cleaning anomalies [15] increases the 
reliability of the implementation of this process. Depending on the number of 
anomalies, the strategy of rejecting them is used (up to 10% of anomalous meas-
urements – empirically obtained limits) and the recovery strategy (in other cases). 

Optimizing the selection of the order of the trend line model (block 4) [14] is 
implemented with the control of the values of three indicators, which also in-
creases the reliability of the final decisions. 

Structural diagram of the multi-factor forecasting process of statistical trends for Data 
Science tasks 

Trend building 

LSM polynomial  
regression 

LSM non-liner model 

5 

Forecasting

Polynomial regression 

Non-linear model 

6 

Processes for 24 indicators 

Integrated indicator  

from 24 partial indicators 

7 

АM: sliding_wind
algorithm 

АM: LSM 
algorithm 

АM: medium 
algorithm 

S
ol

ut
io

ns
 2

 o
f 

3 Recovery 
of AM 

Rejection 
of AM 

3 

Web Scraping: 
statistics of the 

* xlsx file 

Finding statistical 
characteristics 

1 

2 

Analysis and processing  
of abnormal measurements (AM)

 

Global  
deviation 

Control of 
derivatives 

Reliability of 
approximation 

S
ol

ut
io

ns
 2

 o
f 

3 

4 

Optimization of the model 
order 

Processes for i-indicator 
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The global linear deviation of the estimate is one that compares across 
multiple options: 
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The derivatives of the higher orders are the controls of obtaining small values: 
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Determination of the trend line and forecasting (blocks 5, 6) is carried out 
using the algorithm of the least squares method (LSM) in classical polynomial 
[3; 4] or R&D nonlinear forms [4; 5]. 

For the presented research results, a nonlinear in parameters – transcendental 
model was chosen 

 tbtactf  sincos),( 00 , 

where },,{ 00  bac  are the unknown parameters of the model. The procedure 

for determining the parameters of a nonlinear model consistent with the measured 
values is discussed in detail in [4; 5]. 

The calculation of the integrated assessment (unit 7) of the effect of factors 
on the controlled parameter — the exchange rate is carried out according to the 
scheme of multi-criteria / multi-factor assessment (SCOR) according to the 
nonlinear scheme of compromises [16]. The data format is a multidimensional 
discrete set of functions of 24 indicators. 

According to the structural diagram of Fig. 1, an alpha version of the com-
puting unit (Backend component) of the ERP system layout was created to sup-
port currency trading processes. The software component is implemented in the 
high-level python programming language with the use of technologies and librar-
ies: Web Scraping, pandas — for obtaining data; numpy — for “raw” program-
ming of data processing algorithms; matplotlib — for visualization of calculation 
results. 
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THE RESULTS OF THE CALCULATIONS AND THEIR ANALYSIS 

1. The official exchange rate of the hryvnia against the US dollar 

2. Saldo of operations of physical persons on the sale/purchase of foreign 
currency 

The indicator is calculated as the difference between the sale of foreign cur-
rency and its purchase. 

3. Saldo of NBU interventions 

The indicator is calculated as the difference between the purchase of US 
dollars and their sale. 

The volume of the main agricultural products of Ukrainian exports (indica-
tors 4, 5, 6, 7) was calculated as the total volume of exported products, starting 
from June 1, 2021 (the beginning of the study)). 



O. Pysarchuk, T. Andreieva, O. Grinenko, D. Baran 

ISSN 1681–6048 System Research & Information Technologies, 2024, № 2 28

4. Wheat export volume 

5. Barley export volume 

6. Rye export volume 

7. Corn export volume 
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8. The export price of wheat 

9. The export price of barley 

10. The export price of corn 

The export prices for all key agricultural products of Ukraine currently have 
a positive trend. 

11. Export price of hot rolled steel 
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12. The export price of armature 

13. Export price of scrap metal 

14. Export price for raw iron ore 

15. The global oil price 
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16. The global natural gas price 

17. The volume of hryvnia government bonds in circulation at nominal and 
amortized cost with non-residents 

18. The amount of funds involved in the state budget for placement of do-
mestic government bonds 

19. The interest rates on deposits in the national currency 
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20. The interest rates on deposits in the USA dollars 

21. NBU Key Policy Rate 

22. Ukrainian Overnight Index Average (UONIA. 

23. UX index 
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24. The dollar index 

CONCLUSIONS 

The real data obtained and processed allow us to identify useful features. 
Statistical properties: parameters 1, 2, 3, 10, 11, 12, 23 (see histograms of distri-
bution laws) are characterized by a normal distribution law, the others have 
combinatorial laws. This demonstrates the decomposition of the factors 
influencing the exchange rate into unitary and combinatorial components. Inher-
ent natural presence of anomalous values of controlled parameters. The trend of 
the studied indicators is non-linear, and the dynamics of change may be conflict-
ing according to the minimax analysis; that is, the improvement of certain indica-
tors may be accompanied by the deterioration of others. So, once the infological 
model is formed, multifactorial consideration of the forecasting problem is appro-
priate. Further research will include the formation of an integrated indicator from 
partial factors and a comparison of its dynamics with the dominant effect, the ex-
change rate. At the same time, one should expect an increase in the accuracy and 
adequacy of predictive estimates of the studied parameters. 
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БАГАТОФАКТОРНЕ ПРОГНОЗУВАННЯ СТАТИСТИЧНИХ ТРЕНДІВ ДЛЯ 
ЗАДАЧ DATA SCIENCE / О.О. Писарчук, Т.В. Андреєва, О.О. Гріненко, Д.Р. Баран 

Анотація. Розглянуто процеси багатофакторного прогнозування статистичних 
трендів для задач Data Science. Більшість класичних підходів до оброблення 
даних полягають у дослідженні наслідків явищ, а не факторів їх появи. При 
цьому фактори, що впливають на поведінку досліджуваного процесу, вважа-
ються випадковими та не досліджуються. Розглянуто підхід до прогнозування 
параметрів тренду статистичних часових рядів, який полягає в дослідженні 
факторів, що призводять до зміни динаміки досліджуваного процесу. Такий 
підхід потенційно має кращі показники адекватності, точності і оперативності 
отримання кінцевих рішень порівняно з класичними підходами. Наведено реа-
лізацію цього підходу на прикладі аналізу зміни курсу валют. Отримані ре-
зультати розрахунків показують  доцільність розгляду багатофакторності 
у задачах прогнозування. 

Ключові слова: Data Science, багатофакторне прогнозування, статистичні 
тренди, прогнозування курсу валют. 
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POLARIZATION-BASED TARGET DETECTION APPROACH TO 

ENHANCE SMALL SURFACE OBJECT IDENTIFICATION 

ENSURING NAVIGATION SAFETY 

M. STETSENKO, O. MELNYK, I. VOROKHOBIN, D. KORBAN, 
O. ONISHCHENKO, V. TERNOVSKY, I. IVANOVA 

Abstract. This research introduces a groundbreaking approach to significantly en-
hance the performance of navigation radars under adverse weather conditions. Tra-
ditional ship radars, relying on horizontal polarization, encounter difficulties in ef-
fectively suppressing rain interference. In response, this study proposed an 
innovative method employing circular polarization for detecting navigation targets. 
This technique capitalizes on the distinct polarization properties exhibited by stable 
navigation targets and fluctuating interfering objects. Theoretical analysis and model 
experiments substantiate consistent ellipticity parameter values of scattered waves, 
independent of rain intensity, for both rain interferers and surface metallic objects. 
The practical implications of our research are highly promising. They enable detec-
tion irrespective of the noise-to-signal ratio by integrating an additional channel of 
circularly polarized waves and applying straightforward mathematical functions. 
This advancement marks a significant stride towards overcoming the challenges 
posed by rainy conditions in maritime navigation radar systems. 

Keywords: safety of shipping, navigational safety, maritime transportation, radar in-
terference, unfavorable weather conditions, rain and snow interference suppression, 
navigational targets, automonous surface vehicles, radiolocation principles, ship de-
tection principles framework, radar accuracy. 

INTRODUCTION  

In today’s global transportation landscape, approximately 80% of cargo is trans-
ported via oceangoing vessels, constituting a fleet of nearly 100 thousand units. 
Given this extensive maritime activity, ensuring navigation safety is paramount 
and involves adherence to specific technical requisites and construction guide-
lines. Central to these regulations is the inclusion of a navigation radar as standard 
equipment aboard seagoing vessels, serving as a critical tool for safeguarding 
navigation. The operator’s ability to make precise decisions regarding vessel posi-
tioning, collision avoidance, and grounding prevention hinges significantly on the 
accuracy of radar-derived data. 

Regrettably, the quality of data received is not consistently optimal. Opera-
tors frequently encounter challenges, particularly in adverse weather conditions 
such as heavy seas, rain, and snow. These atmospheric conditions introduce inter-
ference that affects radar performance. Presently, there exist various methods to 
mitigate rain and snow interference. The hardware approach employs a gain func-
tion, enabling operators to manually adjust signal strength to filter out low-
amplitude signals. However, this manual intervention often results in unintended 
consequences, potentially filtering useful signals from small surface targets like 
small boats and floating objects. 
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To address this dilemma, contemporary radars employ algorithms designed 
to suppress rain and snow interference. Typically, interference from precipitation 
follows an even distribution pattern. The intensity of interference correlates with 
the severity of rain or snowfall. This interference can be effectively suppressed 
using a Constant False Alarm Rate (CFAR) approach. In low-resolution radars, 
the interference probability density aligns with a Rayleigh distribution. In high-
resolution radars, it can be modeled by a Weibull distribution. 

The CFAR mechanism enables the adjustment of interference control 
thresholds, allowing for a specified false alarm rate and enhancing target tracking 
capabilities. However, in scenarios where substantial noise fluctuations occur, the 
likelihood of false alarms rises. To sustain a consistent false alarm rate, it be-
comes imperative to elevate the detection threshold proportionally, subsequently 
augmenting the input signal-to-noise ratio. This adaptation, while crucial, does 
introduce a trade-off in the form of a potential loss of the consistent false alarm 
rate (LCFAR). 

The literature review encompasses a diverse array of sources that signifi-
cantly contribute to the radar technology field. Bohren and Huffman’s seminal 
work, “Absorption and Scattering of Light by Small Particles” (1998), provides 
fundamental insights into the behavior of light with small particles. Their earlier 
1983 paper underscores their enduring impact in the field. Reference [2] intro-
duces a signal processing algorithm specifically tailored for ship navigation radar, 
with a focus on azimuth distance monitoring. Scientific work [3] delves into po-
larization invariants within the scattering matrix, emphasizing stability in aperture 
synthesis. Paper [4] critically distinguishes between forward propagation and 
backscattering in formulating the proper polarimetric scattering matrix for radar 
systems. Reference [5] demonstrates the practical application of polarimetric ra-
dar technology in target detection through a method based on polarimetric Syn-
thetic Aperture Radar (SAR). Source [6] lays the foundation for understanding 
radiolocation principles, potentially exploring pivotal concepts and theoretical 
frameworks. Paper [7] centers on antenna miniaturization for radiolocation, sug-
gesting advancements in antenna technology for enhanced radiolocation applica-
tions. Source [8] introduces a novel radiolocation method applicable to depth es-
timation, with potential applications in groundwater level analysis. Reference [9] 
discusses beamforming techniques within radio-telescope technology, signifying 
its relevance in radiolocation applications. Study [10] offers insights into radio-
location experiments within urban environments, potentially addressing chal-
lenges specific to this setting. Papers [11; 12] explore the directional radio re-
sponse of a specific device guided by radiolocation, potentially contributing to 
advancements in device localization. They also introduce an algorithm for simul-
taneous radiolocation of multiple sources, indicating advancements in source lo-
calization techniques. Works [13; 14] present lightweight radar-based ship detec-
tion frameworks, potentially offering innovative methods for ship detection. They 
propose a unified approach to ship detection, combining optical and radar data, 
potentially advancing ship detection methods. Source [15] introduces a novel ap-
proach for estimating ship speed and heading using radar sequential images, po-
tentially advancing ship tracking technology. Articles [16–18; 43] discuss inshore 
ship detection methods based on multi-modality saliency, potentially enhancing 
ship detection accuracy. They present a network designed for small ship detection 
in synthetic aperture radar imagery, indicating progress in ship detection algo-
rithms. Additionally, they introduce a method for assessing the motion state of 
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ships and selecting appropriate radar imaging algorithms, potentially improving 
ship detection accuracy. Source [19] delves into calibration methods involving 
ground-based, ship-based, and spaceborne radars, potentially enhancing radar ac-
curacy. In [20], the authors focus on estimating ship berthing parameters using a 
fusion of Multi-LiDAR and MMW radar data, potentially advancing ship docking 
technology. Articles [21–23] underscore the critical role of situational awareness 
in ensuring ship safety, addressing the optimization of ship speed for secure heavy 
cargo transportation under diverse weather conditions, and exploring the concept 
of autonomous ships and their steering control using mathematical models. Works 
[24–27] present assessment methodologies based on Markov models for naviga-
tional safety, offering a comprehensive approach to evaluating the vulnerability of 
critical ship equipment and systems. They examine information security risks in 
shipping to ensure safety in maritime transportation and investigate the environ-
mental impact of ship operation in relation to efficient freight transportation. In 
[28–30], discussions encompass the use of fuzzy controllers in ship motion con-
trol systems for automation, the identification of energy-efficient operation modes 
for propulsion electrical motors in autonomous swimming apparatus, and the 
presentation of a straightforward technique for identifying parameters of vessel 
models. 

Papers [31–33] introduce a decision support system concept for designing 
combined propulsion systems, explore challenges in creating energy-efficient po-
sitioning systems for multipurpose sea vessels, and investigate risk management 
mechanisms in higher education institutions using innovative project information 
support. Work [34] discusses a method for managing human resources in educa-
tional projects of higher education institutions. The article [35] focuses on model-
ing the creation of organizational energy-entropy. In [36], a model for creating a 
roadmap for enterprise development is constructed and analyzed. In [37], the dy-
namics of project portfolio structure in organizational development are examined, 
considering information entropy resistance. A model depicting the energy entropy 
dynamics of organizations is constructed and investigated in [38]. Studies on var-
ious forms of cooperation among participants in inland waterways cargo delivery 
in the Dnieper region and the development of a strategy for modernizing passen-
ger ships by optimizing fund distribution are presented in [39; 40]. 

Recent advancements in system research and information technologies high-
light significant developments across various domains where [41] introduced a 
novel modified kernel fuzzy c-means algorithm to enhance the detection of cotton 
leaf spots, demonstrating improved accuracy in agricultural diagnostics. The au-
thors in [42] developed a multi-level decision-making framework for predicting 
and recommending treatments for heart-related diseases, providing a robust tool 
for healthcare applications. The work [43] proposed an interval type-2 generaliz-
ing fuzzy model for monitoring the states of complex systems using expert 
knowledge and [44; 45] applied optimal set partitioning theory to solve problems 
in artificial intelligence and pattern recognition, advancing methodologies in AI 
research. 

In light of the aforementioned considerations, the research aims to enhance 
radar detection of navigation entities amidst atmospheric precipitation, irrespec-
tive of its intensity. A novel approach is proposed, focusing on recognizing and 
categorizing the polarization attributes of partially polarized waves to augment 
the information capacity of electromagnetic waves. This approach draws from 
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successful applications of statistical methods in the polarization analysis of rain 
clouds and precipitation, providing a basis for extending this methodology to the 
complex task of detecting and tracking intricate objects. By “complex object”, we 
refer to a navigational entity situated against a backdrop of spatially dispersed 
reflectors that remain consistent throughout radar observations. The primary ob-
jective of this study is to establish a statistical correlation between the invariant 
characteristics of a polarized electromagnetic wave and an object on the sea sur-
face, enveloped by spatially distributed reflectors like rain or other forms of pre-
cipitation. Resolving this requires determining the Stokes parameters for the scat-
tered wave upon irradiation of the complex object. This transition from the energy 
traits to informative parameters such as polarization degree, azimuth, and elliptic-
ity of the polarized wave holds significant promise. 

MATERIALS AND METHODS  

To describe all possible polarization states of a quasimonochromatic plane wave, 
four Stokes parameters can be used, which are determined through the compo-
nents of the transverse electric field. 

Let us write the electric vector of a plane monochromatic homogeneous 
wave in the form 
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where yx AA ,  denote amplitudes, and yx  ,  denote phases of the components 

of plane wave. 
Time-averaged values for the amplitude and phase of the parallel and transverse 

components of the vector E


 determine the known Stokes parameters I, Q, U, V: 
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The first component of the Stokes vector I characterizes the intensity of the 
light flux, the second component Q characterizes the degree of polarization 
(Fig. 1) [1; 2]. V component defines the direction of rotation of the polarization 
ellipse: a positive sign means right-handed rotation, and a negative sign means 
left-handed. The components of the Stokes vector are associated with ellipsomet-
ric parameters and have the following properties: 
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It is known that the Stokes parameters of a scattered wave are determined by 
the Muller scattering matrix. In general terms, the model of scattering of an elec-
tromagnetic wave by an arbitrary surface is described by the operator equation: 
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 is the Stokes vector of scattered radiation; M is the scattering 
matrix characterizing the reflective properties of the scattering surface and the 
angle of incidence of the electromagnetic wave [2; 3; 4].  

To compose the matrix of the linear scattering operator M, we consider the trans-
formation of the components of the Stokes vector of the incident radiation according to 
the Fresnel formulas. 

The intensities of the incident and scattered radiation are defined as 
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Fig. 1. Polarization ellipse of an electromagnetic wave 
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In turn, the amplitude Fresnel coefficients 
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equal to the ratio of the amplitudes of the reflected and incident electromagnetic 
waves parallel and perpendicular to the scattering plane, respectively [4]. 

For the coefficients 1  and 2  the following expressions are true: 
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where 1m  is the complex refractive index of the first medium; 2m  is the complex 

refractive index of the second medium;   is the angle of incidence of the elec-
tromagnetic wave; φ is the angle of refraction of the electromagnetic wave. 

Given the law of refraction for the refraction angle   we write:  
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The second component of the Stokes vector of the scattered radiation is 
expressed through the components of the Stokes vector of the incident radiation 
as follows: 
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We express the third component U of the Stokes vector through the compo-
nents of the Stokes vector of the incident radiation: 

 0
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*
21 ) () ( VUU  . 

And finally, for the fourth component of the Stokes vector of reflected radia-
tion, we write 
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Thus, for the Stokes vector of scattered radiation, the following expression is 
obtained: 
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We compose the Mueller scattering matrix for reflective metal surfaces: 

  )  0 0   0 0 0 0   0 0  ( 4443343322211211 MMMMMMMMM  ,  
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Mueller scattering matrix for a raindrop with a spherical shape 

It is convenient to decompose the vector of the incident electric field incE  into 

parallel incE  and perpendicular incE components, and present the relationship 

between the incident and scattered fields in the matrix form: 
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where k  is the wave vector, r is the path travelled by the wave, and jS  

)4 ,3 ,2, 1( j  are the elements of the amplitude scattering matrix that depend on 

the scattering angle θ and azimuth .  

Then, for scattering of an electromagnetic wave by a spherical particle, tak-
ing into account the principle of reciprocity, expression (3) can be written as 
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In formulas (5), (6), the coefficients of the scattering series na  and nb  are 
found using the following expressions: 
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where )( xn  , )(xn  are the Riccati–Bessel functions, and x and m denote the 

diffraction parameter and relative refractive index, respectively. 
Where in 
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where a  is the particle radius, 1m  and 2m  are the refractive indices of the 

particle and medium (air), respectively. 
We expand the functions included in the coefficients na  and nb  in the pow-

er series and save only the terms of order 6x . The first four obtained coefficients 
are as follows: 
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If 1xm , then 11 ab  ; under this assumption, the elements of the ampli-

tude matrix up to terms of the order of 3x  are equal to 
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From (4) follows the relation connecting the Stokes parameters of the inci-
dent and scattered electromagnetic waves: 
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In view of (9), (10), the scattering matrix for a spherical particle takes the 
form 

 





     coscos 0 0 0 0   coscos 0 0 0 0) 1(

2

1
) 1(

2

1
 0 0) 1 (

2

1
) 1(

2

1

4

9
22

2

rk

a
.  (12) 

Note that if the incident electromagnetic wave of intensity I0 is not polarized, 
then the law of Rayleigh scattering determines the intensity of the scattered wave 
from (12): 
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The relationship between the rain intensity and the radius of the drops is 
conveniently represented as an empirical function of the average size distribution 
of raindrops, and written as follows: 
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where the function )(aF  characterizes that part of the total volume of water that 
falls on drops of radius from 0 to a; η is the constant equal to 2.25. 

The parameter   depends on the rain intensity rI  as listed below: 

 
74.222.289.161.13.111.1

25100.55.20.15.0/,
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hourmmIr  
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Determining the complex refractive index of water and metal object 

The complex refractive index and the complex dielectric constant are related to 
each other as follows: 

 ;; 2mi      (14) 

 ,m n i    (15) 

where    is the real part of the complex dielectric constant and    is the imagi-
nary part of it, n is the refractive index,   is the extinction coefficient. 

From (14), (15) we obtain following expressions: 
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In order to use formulas (14) and (15) for calculating complex refractive in-
dex of water drop, we need to look at dipole theory. 

According to the Debye dipole theory, the real part of the complex dielectric 
constant is expressed by the following formula: 
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and the imaginary part is 
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where 0n  is the optical refractive index, ε0 is the permittivity of free space,   is 

the wavelength, and s  is the so-called “shocks wave” which corresponds to the 
maximum value of the imaginary part of the dielectric constant. 

Numerous measurements show that 8.800  , 8.12
0 n  and 6.1s . 

Above expressions allow to calculate complex refractive index for water drop. 
For metal object, complex refractive index is often expressed as  
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where f is the wave frequency, σ is the relative conductivity of a material, µ is the 
relative permeability of a material, µ0 is the magnetic permeability of free space, 

6
0 102566.1   H/m.  

Neglecting the real part in (20), which is true for navigation radar frequen-
cies, complex refractive index for metal objects is obtained as follows: 
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Generalized Muller matrix for a composite target 

Suppose that against the background of precipitation in the form of rain with in-
tensity rI , there is a navigational target, the radar cross-section (RCS) of which is 
less than or comparable with the total RCS of rain drops. In this case, expression 
(4) in Cartesian dimensions is written as follows: 
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where N  is the number of rain drops in the irradiated volume,   is the azimuth. 

It is easy to determine the number N  from the considerations that in one cu-
bic meter the number of raindrops and drizzle drops rarely exceeds 1000. Then 
for N  we find, 
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where irrV  is the irradiated volume, A  is the effective area of the radar antenna, с 

is the speed of light, τ is the duration of the probe pulse, and ][  sign denotes 
ceiling function. 

RESULTS AND DISCUSSION 

Using formulas (7)–(11) and (13)–(19), we have estimated numeric values of re-
fraction and extinction parameters as well as scattering coefficient 1a  for a typical 
rain drop sizes. Results are summarized in Table 1 for both X-band and S-band 
radar frequencies. 

As expected, extinction and scattering rise with the carrier frequency. Within 
same wavelength, size of rain drop is directly proportional to the scattered wave 
amplitude.  

T a b l e  1 .  Influence of raindrop size on permittivity, refraction, extinction, and 
scattering coefficient for X-band and S-band radar frequencies 

a, mm a1 λ, cm     ε m2 

1.5 3.794·10-4 + 0.02i 
2 8.994·10-4 + 0.047i 
3 3.035·10-3 + 0.159i 

3 63.461 32.803 81 8.213 − 1.997i 

1.5 3.072·10-6 + 5.379·10-4i 
2 7.282·10-5 + 1.913·10-3i 
3 2.458·10-5 + 4.564·10-3i 

10 79.023 12.324 81 8.916 − 0.691i 

 

As an example, let us calculate the scattering matrix for 1 m3 of rain drops 
with radius of 1.5 mm irradiated by plain wave with wavelength of 3 cm and 

scattering angle 0  over the time  . Refractive index for air is 11 m . 
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Muller matrix coefficients have been obtained as follows: 

   0 0 045.0 526.892(
1

 )   (
22rk

VUQI ssss  

  ).    )(526.892 0 0 0 0 526.892 0 0 0 0 526.892 045.0 iiii VUQI   (23) 

As can be seen from (23), scattering matrix has six nonzero elements, and 
only two independent ones. Since the main contribution is done by diagonal ele-
ments of the matrix, we can consider it diagonal.  

Now, if radar beam will meet a metal object, the scattering matrix (23) will 
transform in new one:  

   0 0 684.59 587.891 0 0 0 0 583.893 126.1 0 0 126.1 583.893(
1

 )   (
22rk

VUQI ssss  

  ).    )(587.891 684.59 iiii VUQI   (24) 

Numerical values of 1  and 2  from (22) were obtained using formulas (20), 

(1) and (2). In (20), the relative conductivity was taken 7690000  Ohm 11m , 
and the relative permeability of the metal material is 100  (carbon steel). 

It can be seen from (24), another pair of nonzero elements has appeared. 
This suggests practical improvement of the navigation target detection method. 
By determining ellipsometric parameters of the scattered wave within radar’s sig-
nal processing algorithm, target existence would be discovered easily.  

For this purpose, circular polarized (CP) or 45  polarized ( 45 P) 
incident probing radiation is required. As can be seen from Table 2, CP and 

45 P X-band probing results in zero values for azimuth and ellipticity 
irrespective to the rain intensity, if target is not available. However, presence of 
target results in nonzero values for those two parameters. 

T a b l e  2 .  Ellipsometric parameters of scattered circular and 45° polarized 3 
cm waves at different environmental and navigational conditions 

Ir, mm/hour 0.5 1 2.5 5 

Azimuth (CP) 0 0 0 0 
Rain 

Ellipticity (CP, ±45°P) 0 0 0 0 

Azimuth (CP) 2 2.1 2.2 2.5 
Rain + object 

Ellipticity (CP, ±45°P) 0.134 0.056 0.029 0.017 
 

Improving navigation safety through statistical target detection in atmos-
pheric precipitation involves the use of advanced radar technologies and data pro-
cessing techniques. For Maritime Autonomous Ships (MAAS) in particular, this 
approach can significantly improve situational awareness and collision avoidance 
capabilities: 

 Advanced radar systems. MAAS are equipped with advanced radar sys-
tems capable of operating in a variety of weather conditions, including rain and 
snow. These radars utilize special technologies to distinguish between real targets 
(such as other vessels) and interference caused by precipitation. 

 Statistical signal processing. This method is based on statistical signal 
processing algorithms. These algorithms analyse radar signals and use statistical 
models to distinguish between real targets and interference caused by precipitation. 
Statistical models are created based on extensive data analysis and experimentation. 
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 Constant False Alarm Rate (CFAR). A key component of this method is 
the use of constant false alarm rate (CFAR) technology. CFAR algorithms dy-
namically adjust the target detection threshold based on the statistics of received 
radar signals. This maintains a constant false alarm rate even in the presence of 
interference. 

 Probability Density Functions. In low resolution radars, the probability 
density function of interference often follows a Rayleigh distribution. For high 
resolution radars, the Weibull distribution may be more appropriate. These probabil-
ity density functions are used to model the statistical behaviour of radar signals. 

 Adaptive thresholding. The radar system continuously adapts its detection 
threshold depending on the prevailing environmental conditions. When heavy 
precipitation is detected, the system dynamically raises the detection threshold to 
screen out interference. This ensures that targets of interest remain visible. 

 Integration with sensor fusion. Radar data processed using the statistical 
target detection method is integrated with data from other sensors on board the 
MAAS. These can be cameras, LiDAR, GPS and AIS (automatic identification 
system). This integration of data from multiple sensors increases overall situ-
ational awareness. 

 Real-time decision-making. The processed information is fed into the 
MAAS decision-making algorithms. These include collision avoidance, route 
planning, and other navigation functions. When a potential collision hazard is de-
tected, MAAS can autonomously take evasive action. 

 Continuous Learning and Adaptation. Statistical models and algorithms 
are designed to learn and adapt over time. As MAAS encounters different envi-
ronmental conditions and navigation scenarios, the system refines its statistical 
models to achieve even greater accuracy. 

This enables MAAS to navigate safely even in unfavourable weather 
conditions where traditional radar systems may encounter interference from 
precipitation. The integration of statistical signal processing and CFAR 
techniques enhances MAAS’ ability to accurately detect and respond to potential 
collision risks, which significantly improves navigation safety. 

CONCLUSIONS 

The findings presented in this study unveil a remarkable phenomenon in electro-
magnetic wave scattering: when a spherical raindrop is illuminated at different 
angles, there is an absence of depolarization in the incident wave. This stands in 
stark contrast to the partial depolarization exhibited by a metal target, resulting in 
distinct azimuth and ellipticity characteristics of the scattered wave. Leveraging 
this polarization contrast holds tremendous promise for advancing navigation ra-
dar technology, offering a notable boost in the precision and reliability of target 
detection. 

One of the most significant merits of this method lies in its capability to fa-
cilitate target detection regardless of atmospheric precipitation intensity and the 
accompanying noise-to-signal ratio. This resilience stems from the invariant na-
ture of the parameter, which remains unaffected by Radar Cross Section (RCS) 
variations. 

However, it is important to note that the implementation of this method ne-
cessitates a navigation radar station equipped with at least two channels, specifi-
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cally with horizontal polarization and 45° polarization. While this may entail in-
creased costs and operational complexity for shipboard radar systems, the benefits 
in terms of heightened navigational security significantly outweigh this drawback, 
particularly in the realm of high-speed maritime transportation. The potential 
gains in safety and accuracy of navigation far outweigh the associated investment, 
marking a substantial step forward in maritime technology. 
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ВИКОРИСТАННЯ ПОЛЯРИЗАЦІЙНОГО ПІДХОДУ ДО ВИЯВЛЕННЯ 
ЦІЛЕЙ З МЕТОЮ ПІДВИЩЕННЯ ЕФЕКТИВНОСТІ ІДЕНТИФІКАЦІЇ 
МАЛИХ НАДВОДНИХ ОБ’ЄКТІВ ТА ЗАБЕЗПЕЧЕННЯ БЕЗПЕКИ 
СУДНОПЛАВСТВА / М.С. Стеценко, О.М. Мельник, І.І. Ворохобін, Д.В. Корбан, 
О.А. Онищенко, В.Б. Терновський, І.М. Іванова 

Анотація. Досліджено новаторський підхід, що дає змогу значно підвищити 
ефективність навігаційних радіолокаційних станцій за несприятливих погод-
них умов. Традиційні суднові радари, які використовують горизонтальну по-
ляризацію, стикаються з труднощами в ефективному придушенні дощових пе-
решкод. Запропоновано інноваційний метод, що використовує кругову 
поляризацію для виявлення навігаційних цілей. Цей метод використовує від-
мінні поляризаційні властивості, які демонструють стабільні навігаційні цілі і 
флуктуаційні об’єкти, що заважають. Теоретичний аналіз і модельні експери-
менти обґрунтовують узгоджені значення параметра еліптичності розсіяних 
хвиль, незалежні від інтенсивності дощу, як для дощових перешкод, так і для 
поверхневих металевих об’єктів. Практичні наслідки таких досліджень є дуже 
перспективними, адже вони уможливлюють виявлення об’єктів незалежно від 
співвідношення шум/сигнал шляхом інтегрування додаткового каналу цирку-
лярно поляризованих хвиль і застосування простих математичних функцій. 
Такий підхід знаменує собою значний крок до подолання проблем ідентифіка-
ції малих надводних об’єктів, пов’язаних із метеорологічними умовами в мор-
ських навігаційних радіолокаційних системах. 

Ключові слова:  безпека судноплавства, навігаційна безпека, морські переве-
зення, радіолокаційні перешкоди, несприятливі погодні умови, придушення 
перешкод, навігаційні цілі, автономні надводні транспортні засоби, принципи 
радіолокації, виявлення суден, точність радіолокації. 



 

 Yu. Zaychenko, T. Starovoit, 2024 

52                                    ISSN 1681–6048 System Research & Information Technologies, 2024, № 2 

TIДC  

ТЕОРЕТИЧНІ ТА ПРИКЛАДНІ ПРОБЛЕМИ 

ІНТЕЛЕКТУАЛЬНИХ СИСТЕМ ПІДТРИМАННЯ 

ПРИЙНЯТТЯ РІШЕНЬ  

UDC 004.02, 004.67, 004.891.3 
DOI: 10.20535/SRIT.2308-8893.2024.2.04 
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INTEGRATED INTO GIS FOR PREDICTING ACCIDENTS  

IN WATER SUPPLY NETWORKS 

Yu. ZAYCHENKO, T. STAROVOIT 

Abstract. The search for an effective and reliable model for predicting accidents on 
water supply networks by determining their exact locations has always been impor-
tant for effectively managing water distribution systems. This study, based on the 
adaptive neuro-fuzzy logical inference system (ANFIS) model, was developed to 
predict accidents in the city of Kyiv (Ukraine) water supply network. The ANFIS 
model was combined with genetic algorithms and swarm optimization (ACO) meth-
ods and integrated into a GIS to visualize results and determine locations. Forecasts 
were evaluated according to the following criteria: mean absolute error (MAE), root 
mean square error (RMSE), and coefficient of determination (R2). Depending on the 
amount and type of input data, ANFIS optimization with genetic algorithms and 
swarm optimization (ACO) can, on average, increase the accuracy of ANFIS predic-
tions by 10.1% to 11%. The obtained results indicate that the developed hybrid 
model may be successfully applied to predict accidents on water supply networks. 

Keywords: ANFIS, ACO, GA, spatial objects, geodatabase, metaheuristics, spatio-
temporal analysis, water loss. 

INTRODUCTION 

Forecasting accidents in water distribution systems is important in the manage-
ment of water resources, as it makes it possible to identify problem areas in the 
network and eliminate them in advance. Intelligent predictive systems are models 
and algorithms that provide valuable information about the future performance of 
a system as a decision support system. With the development of supervisory con-
trol and data acquisition (SCADA) systems, real-time monitoring of pressure and 
data flows is commonly used to detect pipe bursts. Machine learning [5] and clus-
ter analysis models were developed for optimal assessment. Failures in the net-
work can also be analyzed using hydraulic models [6]. 

The techniques mentioned above were successful in detecting accidents, but 
not in pinpointing their exact locations [7]. The model-based approach relies 
heavily on the accuracy of hydraulic models [8] and may not be suitable for larger 
water supply systems. Other methods that utilize pressure/flow measurements and 
GIS have also been proposed. For instance, [9] utilized triangle-based cubic inter-
polation to establish a pressure drop surface during network breaks to locate the 
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source of the problem. In [10] the measuring zone’s rupture location in the water 
supply network was identified by assessing the sensitivity of various pres-
sure/flow measurements in relation to emergency leaks. [11] employed a multi-
variate graphical model that utilized data from multiple pressure gauges to iden-
tify potential accident locations, employing a combination of Gaussian and 
geostatistical methods. Typically, fluctuations in demand can make it difficult to 
detect hydraulic indicators resulting from accidents. Therefore, these methods can 
only provide a general idea of where network breaches may occur, with an error 
range of hundreds of meters and several pipes. Unfortunately, this is not precise 
enough to quickly locate and fix network issues, resulting in delayed system res-
toration. 

A more accurate method is needed to locate pipe bursts, which involves 
gathering detailed information about the water system’s behaviour in potential 
locations to detect anomalies. This can be achieved by placing accelerometer sen-
sors and analyzing acoustic signals, which can automatically determine the loca-
tion of the rupture or leak [12]. However, the reliability of this method depends 
on the characteristics of the leakage conditions, such as pressure and flow rate, 
and the detection range is limited by the clarity and correlation of the acoustic 
signals. Another approach is based on transient processes [13], which analyzes 
characteristic transient waves to determine the location of accidents. However, 
background noise or other activities in the system can interfere with transient sig-
nals caused by discontinuity, especially if the number of channels to be analyzed 
increases [7]. Hence, methods based on transient processes may not be suitable 
for locating pipe breaks with exact precision. 

Many researchers have explored the use of machine learning in water re-
sources research [14], but there is no consensus on the best model for predicting 
water supply network emergencies. To address this, a forecasting model was de-
veloped that can pinpoint the exact location of potential emergencies. Artificial 
neural networks are commonly used in water resource assessment due to their 
computational efficiency [15–17], but they may produce errors in some cases due 
to poor prediction or overtraining [15]. Therefore, it is necessary to optimize the 
ANN and look for new approaches and new classes of neural networks. 

Studies [18–20] have proposed a high-precision hybrid model called ANFIS, 
which combines artificial neural networks (ANN) and fuzzy logic. The hybrid 
ANFIS model has better performance than the two separate models, but it has cer-
tain limitations in finding the best weight parameters, which greatly affect the 
prediction performance [15]. Furthermore, different optimization algorithms yield 
varying results based on the geoenvironmental factors of the area being studied. 
Therefore, developing new hybrid algorithms to determine the best weights and 
produce reliable results is fundamental for flow modeling processes. 

The purpose of this work is the development of a new model of artificial in-
telligence and the study of its effectiveness in the tasks of predicting accidents on 
water supply networks with the determination of exact locations. This research is 
conducted for the first time on the water distribution system of the city of Kyiv. 

MODEL DEVELOPMENT AND TRAINING METODOLOGY 

Data set collection for spatial modeling 

The proposed modeling method is applied to the GIS water supply system of the 
city of Kyiv (Ukraine). The length of the water supply networks in the city is in-
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creasing due to the inclusion of street and intra-quarter networks from enterprises. 
As of 2019, the total length of the networks was 4,284.8 km. 

In the structure of the city’s water supply networks, the main part is street 
networks — 2614.8 km or 61% of the total length of pipes; intra-quarter 
networks — 1275.1 km or 29.8%; water pipes — 394.9 km or 9.2%. The vast 
majority of pipelines, namely 65.9%, are made of cast iron; 30.5% — from steel 
and only 3.6% — from plastic materials. 

21.4% of the pipes of the water supply network have been operated for more 
than 50 years and another 33.2% — about 50 years; the service life of 27.1% is up 
to 35 years, 12.3% — up to 25 years, 4.6% — up to 15 years, and only 1.4% — 
up to 5 years. According to the degree of wear, 50.4% of the pipes are worn by 
more than 90%; 24.3% of pipes — by 50–75%; 15.5% — by 75–90%; 6.3% — 
by 25–50%; 3.5% — less than 25%. 

Pipelines made of cast iron have the longest average age — 46.8 years, 
pipelines made of steel — 45.4 years, the smallest — made of plastic — 15 years. 
According to the pipe depreciation indicator, the water distribution system is 
characterized as follows: the average degree of wear of steel pipes is 90%, cast 
iron pipes are 75%, and plastic pipes are 23%. 

The accident rate, which is determined by the number of accidents per unit 
length of the network, has fluctuated in the range of 2.0–2.2 accidents/km in re-
cent years, and the tendency to increase the number of accidents was observed 
specifically for water pipes. 

The methodology of this study is shown in Fig. 1, and includes the following 
stages: 

1) preparation of input data; 
2) separation of data into training (70%) and test (30%) sets; 
3) training of ANFIS neuro-fuzzy network; 
4) optimization of the ANFIS model by genetic algorithms and the swarm 

optimization algorithm (ACO); 
5) checking the accuracy of ANFIS, ANFIS-GA and ANFIS-ACO models. 

ANFIS 

 Elevation 
 Pipe diameter 
 Pressure 
 Demand 
 Year 
 Type of 

accident 
 Pipe length 
 Flow 
 Soil type 
 Soil 

corrosion 
index 

 Pipe material 
 Pipe stiffness 
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railway 
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on the water supply network 
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GA ACO
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Fig. 1. Structural diagram of the development and optimization of the ANFIS model 
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It is important to consider how the problem occurs in relation to other factors 
to make accurate spatial predictions. Table 1 shows the data used in our predictive 
model, with some entered into the GIS and the rest determined through hydraulic 
modeling based on the GIS model. 

T a b l e  1 . Factors and conditions used in the model that impact the emergence 
of issues in the water supply network 

Factors/conditions Units Description 

The degree of proximity  
of the location to railway tracks/

m 
When trains are in motion, the ground 

vibrates, causing pipes to crack and gate 
valves to be damaged. 

Age year Year of laying the pipe 
Length m Length of a  pipe 

Diameter mm Size of a pipe 
Soil type index NA Soil type 

Geoposition NA Geospatial location 
Accident date year Accident date on network 

Pressure bar Pressure from hydraulic calculation results 
Volume of consumption m3/hour Volume of water consumption per hour 
Volume of consumption m3/month Volume of water consumption per month 

Demand NA Water demand 
flow rate NA Flow rate according to hydraulic calculation 

Pipe materials rigidity NA rigidity coefficient 
Consumers NA Individuals and legal persons 

 

It is probable that certain factors may affect the occurrence of pipe ruptures 
or damages in specific parts of the network, while leaving other areas unaffected. 
One such factor could be the presence of railway tracks. The vibrations caused by 
freight trains passing by can lead to frequent failures in the water supply network, 
resulting in pipe ruptures or damage to fittings. Additionally, the type of pipe ma-
terial used also plays a significant role in determining its lifespan. Steel pipes typ-
ically last for 25 years, while plastic or cast iron pipes can last up to 50 years. 

PREPARATION OF DATA SET FOR TRAINING AND TESTING 

In order to check if the model is practical, the data set for analysis should be split 
into two groups: one for building the model (called the training data set) and the 
other for testing it (called the test data set) [21]. To create the training data set, 
70% of locations with and without previous accidents on the network (a total of 
313 locations) were randomly chosen and combined. 

The remaining 30% were then used to create the test dataset. Both data sets were 
originally in vector format but were converted to csv format for further analysis. 
For both data sets, the value 1 was assigned to indicate the presence of an accident 
on the network, while 0 was assigned to indicate the absence of accidents. 

We conducted a statistical analysis to thoroughly examine the data and im-
prove the intelligent model. 

We performed a statistical analysis of spatial data in order to determine the 
parameters of the membership function for training the ANFIS network and its 
optimization (Fig. 2). 
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DEVELOPMENT OF THE ANFIS MODEL AND ALGORITHMS FOR ITS 

OPTIMIZATION 

Adaptive neuro-fuzzy logical inference system 

ANFIS (Adaptive Network Based Fuzzy Inference System) is an adaptive fuzzy 
logical inference system proposed by Sugeno based on IF-THEN rules. It is a 
method that combines artificial neural networks (ANNs) with fuzzy ones. This 
neural network is used for membership function tuning and rule base tuning in a 
fuzzy expert system. Below is the Sugeno model of fuzzy logic inference (Fig. 3). 

The layers of this fuzzy neural network perform the following functions. 
Layer 1. Membership Function Layer 
In this layer, each neuron uses a membership function (fuzzifier) to trans-

form the input signal x or y. The most commonly used functions are the bell-
shaped function or the Gaussian function: 
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Layer 2. Antecedent Layer 
Each neuron is represented by the symbol . It performs an intersection be-

tween sets of input signals, which simulates a logical AND operation. The neuron 
then sends an output: 

 niiyxw
ii BAi ,..,2,1),()(  .  

In fact, any T-norm operator that generalizes the AND operation can be used 
in these neurons. 
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Fig. 3. Sugeno’s fuzzy logic model 
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Layer 3. Normalization Layer 
Each neuron in this layer calculates the normalized strength of the rule: 

 ni
w

w
w

ii

i
i ,..,2,1, 


.  

Layer 4. Consequent Layer 
The values of output variables are formed in neurons: 

 )(4
iiiiiii rybxawfwO  .   

Layer 5. Aggregation Layer 
We receive the output signal of the neural network and perform defuzzifica-

tion of the results: 
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The neural network of the ANFIS architecture is trained using the gradient 
descent method. 

OPTIMIZATION OF ANFIS WEIGHTING COEFFICIENTS AND OFFSETS BY 

THE ANT COLONY ALGORITHM 

Ant Colony Optimization (ACO) is a probabilistic method for solving complex 
computational problems that find optimal parameters in a search environment. 
This algorithm, which was proposed by Marcus Dorigo in 1996, imitates the be-
haviour of ants in finding the optimal path from their nest to a food source. In 
[22; 23], the author optimizes the weighting coefficients of an artificial neural 
network using ACO and investigates the performance of the network. In the 
search space, a population of weights is created which is considered as an objec-
tive function and is found according to the formula: 

 SEP = 100
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,   

where  p
it  and p

io  are the expected and actual value of the output neuron and for 
the template p. 

The terms maxO , and minO  represent the highest and lowest values of the 

output signal from a specific neuron, while on  and pn  refer to the number of 

output neurons. 
The ACO algorithm is a tool for optimizing neural network parameters such 

as synaptic weights, number of layers, and number of hidden neurons. It begins 
by randomly selecting decisions from a predefined set of data, which are then 
evaluated and assigned to the decision space based on their fitness values. New 
solutions are created using information from previous iterations, with a higher 
likelihood of selecting values with a greater concentration of pheromones [23]. 
This process generates a matrix of size M × N, where M represents the decision 
population size and N represents the number of decision variables. 
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where jX j -th solution, xji – i-th solution variable for the j-th solution, and M is 

the size of the number of solutions. The value xji is chosen randomly from the set iV : 

 1 2{ , ,..., , }i i i id i iV v v v v D , 1,2,...,i N ,   

where iV  set of predefined values for the i-th decision variable, idv d -th pos-

sible value for the i-th decision variable, and iD  total number of possible values 
for the i-th decision variable [23]. 

GENETIC ALGORITHMS 

Genetic algorithms develop optimal solutions by sampling from all possible solu-
tions. The best of these solutions are then combined using the genetic operators of 
crossover and mutation to generate new solutions. This process continues until a 
certain termination condition is met [4]. The diagram of the GA process is shown 
in Fig. 4. The first step is the initial state in which we want to find the Hamilto-
nian cycle with the smallest sum of weights.  In the second step, the fitness func-
tion estimates the Hamiltonian cycles, with lower cost functions indicating the 
best individuals. Finally, in the third step, the most adapted individual is 
identified. 

GA can be used to optimize various parameters in water distribution sys-
tems. It uses the following mechanisms: crossover, mutation, selection. The goal 
of training is to minimize the root mean square error: 
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Fig. 4. Scheme of the process of genetic algorithms 
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We set the initial population in which any individual is represented by the 
corresponding weights of N individuals: )]0(),...,0(),...,0([ NiI WWW . 

We calculate the fitness index (Fitness Index) and evaluate the quality of 
forecasting: 

max)()(  ii WECWFI , 

where С — constant. 

IMPLEMENTATION OF THE MODEL 

The technique of forecasting with a combination of GIS and artificial intelligence 
methods were applied to predict accidents on the water supply network of the city 
of Kyiv. The Sugeno method was used, as it shows better accuracy. The optimal 
membership function was chosen by trial and error. The ANFIS method was op-
timized by GA and ACO to improve accuracy. 

The performance of the ANFIS, ANFIS-GA, ANFIS-ACO models was de-
termined from the resulting mean absolute error (MAE), which indicates a risk 
metric corresponding to the expected value of the absolute error loss or the loss 
rate: 
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The mean squared error indicates the risk indicator corresponding to the ex-
pected value of the squared error or loss: 
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The 2R  function calculates the coefficient of determination, which repre-
sents the proportion of variance (y) that was explained by the independent vari-
ables in the model: 
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The function explained variance calculates the estimate of the explained 
variance: 

 explained_variance 
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RESULTS 

Spatial-temporal assessments and prediction of the occurrence of accidents 
on the water supply network of the city of Kyiv 

Spatiotemporal GIS analysis and modeling are essential for studying and predict-
ing future events. For modeling, we used the ESRI GIS package: ArcGIS Pro 2.7. 
The first step was data acquisition and preparation. The obtained information was 
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summarized in the netCDF data structure, which was used for spatial statistical 
analysis and creation of a space-time cube (Fig. 5) [24] . 

A space-time cube is a well-known model in ArcGIS that combines spatial 
data and time into a three-dimensional data structure of the netCDF (total network 
shape) format, containing an array of bins with absolute location and absolute 
time [24]. So, we aggregated incidents of accidents on the water supply network 
within a grid size of 500 × 500 m2 (distance interval) with an absolute step inter-
val of 1 month. This approach made it possible to investigate cases of accidents 
on the water supply network of the city of Kyiv (Ukraine). 

We applied the space-time cube to a forest-based prediction model, which 
generated a 2D object class indicating the predicted locations within the original 
space-time cube. Each location is predicted individually (as shown in Fig. 5) and 
has its own schedule (as seen in Fig. 6). 

In Fig. 6, the graph displays the input, data gaps restored as a result of calcu-
lations, predicted values and confidence intervals. Confidence intervals are cre-
ated for each predicted time step, which are presented as fields of output objects. 

The upper and lower bounds of the confidence intervals for the first pre-
dicted time step are calculated using quantile random forest regression. To predict 
values for a future time, observations from each leaf of the tree are averaged to-
gether. The confidence interval of the second forecast is calculated in a similar 
way, but is adjusted taking into account the confidence interval of the first fore-

Fig. 5. The result of spatial forecasting 

Fig. 6. Graph of the values of the locations of the space-time cube 
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cast [25]. The real confidence interval of the second forecast is calculated by add-
ing the lengths of the limits of the confidence interval of the two forecasts. Subse-
quent time steps are calculated by adding previous predictions. The real confi-
dence level of these intervals is at least 90%, but in reality the accuracy may be 
higher [25]. 

The result of the assessment of the total accuracy of the forecast in different 
locations, using the forest-based method, is shown in Table 2. 

T a b l e  2 . The result of the overall assessment of forecast accuracy in different 
locations 

Category Min Max Mean Median Mean sq. dev. 
RMSE of the prediction 0.00 1.25 0.26 0.24 0.15 

RMSE of validation 0.00 2.89 0.56 0.48 0.45 
 

This forecasting method is best used for time series with a complex shape 
and trends that are difficult to model using simple mathematical functions. The 
correct selection of time steps during model validation is important. The more 
time steps that are excluded, the less time it takes to evaluate the validation mod-
el. However, if too few time steps are included, the RMSE value will be estimated 
using less data and may be misleading. Also, this tool can produce unstable and 
unreliable forecast results if the same value is repeated too often in time series 
[25]. To optimize and improve the accuracy of the predictive model, we com-
bined GIS methods with hybrid artificial intelligence methods. 

Configuration of hybrid models 

In this study, we integrated the ANFIS model with GA and ACO algorithms, and 
compared the performance of the models. The algorithms are implemented in the 
Spyder environment (Anaconda 3). In order to test the model with different opti-
mization algorithms, the data were organized into separate training and test data-
sets, which were divided into 70% and 30% (Fig. 7).  

Fig. 7. Results of model training 

ANFIS ANFIS-GA ANFIS-ACO 
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Fig. 7 shows the result of model training: change in error frequency during 
training; comparing predicted values with actual data on the training set and com-
paring predicted values with actual data on the test set. 

The first step was to import the training data into the ANFIS, ANFIS-GA, 
ANFIS-ACO models to reveal the hidden relationships between the factors affect-
ing the emergency of the water supply network. As a next step, the validation data 
were used to test the performance and predictive capabilities of the models. MAE, 
RMSE, R2, and explained_variance were used to measure accuracy. Table 3 
shows the result of learning hybrid models (the first 5 iterations in GA and ACO). 

T a b l e  3 . Comparison and performance testing of models 

Test data Train data 
Model 

MAE RMSE R2 Cov MAE RMSE R2 Cov 
0.043 0.094 0.613 0.613 0.062 0.125 0.576 0.578 

ANFIS 
Study time: 0:00:06.19 

0.041 0.097 0.599 0.600 0.061 0.124 0.575 0.574 
Study time: 0:00:08.31 

0.042 0.098 0.583 0.585 0.061 0.124 0.575 0.577 
Study time: 0:00:08.98 

0.041 0.098 0.587 0.589 0.061 0.125 0.575 0.577 
Study time: 0:00:09.09 

0.044 0.098 0.585 0.587 0.062 0.124 0.573 0.575 
Study time: 0:00:08.41 

0.042 0.098 0.584 0.586 0.061 0.125 0.575 0.576 

ANFIS-GA 

Study time: 0:00:08.24 
0.041 0.096 0.593 0.595 0.061 0.124 0.573 0.575 

Study time: 0:00:11.96 
0.042 0.097 0.585 0.587 0.061 0.124 0.574 0.576 

Study time: 0:00:11.86 
0.043 0.098 0.585 0.586 0.062 0.125 0.572 0.575 

Study time: 0:00:12.22 
0.041 0.098 0.586 0.588 0.061 0.125 0.576 0.577 

Study time: 0:00:11.92 
0.042 0.097 0.585 0.587 0.062 0.125 0.573 0.575 

ANFIS-ACO 

Study time: 0:00:12.21 
 

The MAE values for the ANFIS, ANFIS-GA, and ANFIS-ACO models were 
calculated for both the test and training data. The results show that the ANFIS-
GA model had the best performance with a MAE value of 0.042 for the test data 
and 0.061 for the training data. The GA algorithm was found to be more efficient 
than the ACO algorithm, which had a similar performance but required twice as 
much training time. It’s important to note that these results may vary based on the 
input data. Overall, the ANFIS-GA model is stable, efficient, and has a fast con-
vergence rate. 

CHECKING AND COMPARING MODELS 

We used three different optimization models, namely ANFIS, ANFIS-GA, and 
ANFIS-ACO, which were developed and implemented in Spyder (Anaconda3). 
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The results obtained from these models were then visualized in ArcGIS Pro 2.7. 
To train these models, we divided the pointed objects of accidents into two cate-
gories: 30% for training and 70% for testing. We used the training data set to es-
tablish relationships between the occurrence of accidents (1) and the absence of 
accidents (0).  

We checked the accuracy and performance of hybrid intelligent models by 
calculating the mean absolute error of MAE. Fig. 8 shows the membership func-
tions of the input variables of the ANFIS model. Fig. 9 illustrates the graph of the 
change in the loss function depending on the number of iterations. Membership 
functions indicate the fuzziness of the inputs. A comparison of the accuracy 
scores in Fig. 8 shows that the ANFIS network performs well. 

As a result, the accuracy of the ANFIS model was 95.49%. The accuracy de-
creases when the number of inputs increases, so to increase the accuracy, it is 
necessary to improve the network with optimization algorithms. 

The result of training the ANFIS-GA and ANFIS-ACO models was not 
much better than the classic ANFIS, moreover, the ANFIS-ACO model required 
much more time. In ANFIS-GA, the training time was the same as in ANFIS (one 
iteration on average 0:00:06.24), while in ANFIS-ACO the total training time 
took 0:58:19.69 (0:00:12.38 one iteration). Overall, the predictions aligned well 

Fig. 8. Membership functions of the used input variables 

Fig. 9. The graph of the change of the loss function depending on the number of
iterations 
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and matched the experimental data accurately. It’s worth mentioning that the test 
results demonstrate the developed models’ proficiency in forecasting data beyond 
the training range. 

Compared to GIS forecasting methods, developed artificial intelligence 
models provide an opportunity to expand and increase forecast accuracy, and in-
dicate specific problematic pipes. Also, the developed models can be easily inte-
grated into ArcGIS Pro in the form of geoprocessing tools, and published on cor-
porate geoportals. 

CONCLUSIONS 

Adaptive neural fuzzy logic inference system (ANFIS) and its hybrid learning 
methods: ANFIS-GA, ANFIS-ACO were used to predict water supply network 
accidents. This model was integrated into GIS (ArcGIS Pro) to visualize and de-
termine the exact locations of possible accidents and was verified in practice (all 
predicted accident locations for the next three days coincided with accidents that 
occurred on the Kyiv water supply network). The following conclusions can be 
drawn from the forecasting model described above: 

 Performance evaluation and model validation results of selected metrics: 
R2, RMSE, and MAE for both training and testing on a small amount of data 
showed that the hybrid models did not outperform ANFIS model. 

 When the amount of input data increased, the accuracy of the ANFIS 
model decreased and it became necessary to optimize the ANFIS with genetic 
algorithms and the swarm optimization algorithm (ACO). This optimization 
increased the accuracy of ANFIS prediction by 10.1%, 11%. 

 The results of ANFIS, ANFIS-GA, and ANFIS-ACO intelligent models 
combined with GIS indicate a large information potential that can support real-
time operational control of water supply systems. Fuzzy models of emergency 
forecasts have a significant advantage as they require less information about water 
supply systems than conventional probabilistic models. In addition, this informa-
tion may be vague and inaccurate. The ANFIS model is suitable for modeling 
complex problems, especially when the relationship between factors is unknown. 
It is especially useful for identifying threats and providing advance warnings 
about the likelihood of an accident. 
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ГІБРИДНА МОДЕЛЬ ШТУЧНОГО ІНТЕЛЕКТУ ІНТЕГРОВАНА В ГІС 
ДЛЯ ПРОГНОЗУВАННЯ АВАРІЙ НА МЕРЕЖАХ ВОДОПОСТАЧАННЯ / 
Ю.П. Зайченко, Т.В. Старовойт 

Анотація. Пошук ефективної та надійної моделі прогнозування аварій на ме-
режах водопостачання з визначенням їх точних розташувань завжди був важ-
ливим для ефективного керування системами розподілу води. Дослідження, 
засноване на моделі адаптивної нейронечіткої системи логічного висновку 
(ANFIS), розроблено для прогнозування аварій на мережі водопостачання міс-
та Києва (Україна). Модель ANFIS поєднано з генетичними алгоритмами та 
методами ройової оптимізації (ACO) та інтегрували в ГІС для візуалізації ре-
зультатів і визначення їх розташування. Прогнози оцінювали за такими крите-
ріями: середньої абсолютної похибки (MAE), середньої квадратичної похибки 
(RMSE) та коефіцієнтом детермінації (R2). Залежно від кількості та вигляду 
вхідних даних оптимізація ANFIS генетичними алгоритмами та алгоритмом 
ройової оптимізації (ACO) може в середньому збільшувати точність передба-
чення ANFIS на 10,1%, 11%. Отримані результати свідчать про те, що розроб-
лена гібридна модель може бути успішно застосована для прогнозування ава-
рій на мережах водопостачання. 

Ключові слова: геоінформаційні системи, ANFIS, ACO, GA, просторові 
об’єкти, просторово-часовий аналіз, втрати води. 
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INTERACTIVE DECISION SUPPORT SYSTEM FOR LUNG 

CANCER SEGMENTATION 

V. SYDORSKYI 

Abstract. This paper studies Clinical Intelligent Decision Support Systems 
(CIDSSs) for lung cancer segmentation, which are based on deep neural nets. A new 
interactive CIDSS is proposed and compared with previous approaches. Addition-
ally, the purpose uncertainty problem in building interactive systems is discussed, 
and criteria for measuring both quality and amount of user feedback are proposed. In 
order to automate system evaluation, a new algorithm was used to simulate expert 
feedback. The proposed interactive CIDSS outperforms previous approaches (both 
interactive and noninteractive) on the task of lung lesion segmentation. This ap-
proach looks promising both in terms of quality and expert user experience. At the 
same time, this paper discusses a bunch of possible modifications that can be done 
to improve both evaluation criteria and proposed CIDSS in future works. 

Keywords: clinical decision support systems, deep learning, open system, interac-
tive segmentation. 

INTRODUCTION 

Decision support systems (DSS) stand out as instrumental across various domains 
of human activities [1–3]. These systems combine the advantages of big data, sta-
tistical models, big informational systems, classical machine learning, and deep 
learning technologies. Of particular academic and practical interest are the emerg-
ing Intelligent DSS. Characterized by their reliance on neural networks, these sys-
tems promise enhanced analytical depth and precision, setting the stage for trans-
formative applications across diverse sectors. 

A significant portion of recent research [4] has been dedicated to the applica-
tion of machine learning and deep learning in medical imaging. These studies 
primarily focus on architecting neural networks and formulating optimization 
policies to improve diagnostic accuracy. However, it is important to consider deep 
learning models as part of DSS systems and sub-systems in medical applications. 
Being a part of IDSS, they can benefit from advances in computer science, system 
analysis, and decision-making in scientific and practical spheres. IDDS, based on 
neural nets, can provide accurate medical insights, a user-friendly interface, and 
an interactive and adaptive mechanism for decision-making.  

To address the problem of building IDSS based on deep learning ap-
proaches, using expert feedback to improve the initial results of the proposed sys-
tem, the task of lung cancer segmentation is considered. The main contributions 
of this paper are: 

 Integration of a segmentation neural net into an interactive intelligent de-
cision support system.  
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 Adaptation of the previous interactive segmentation approach [5] to the 
task of lung cancer segmentation. 

 Improvement of the previous approach by the usage of two types of seg-
mentation neural nets.  

 Formulate a purpose uncertainty problem [6] in the construction of such 
a DSS and propose a set of criteria for DSS assessment, including a special algo-
rithm for expert feedback simulation.  

Also, it is important to mention that the proposed system can be adapted for 
other types of cancer diagnosis. Such adaptions will be considered in future 
works. 

RELATED WORK 

The application of clinical decision support systems (CDSS) was proposed in re-
cent studies in order to help with the diagnosis and treatment of oncology diseases 
[7], modifications in order to adapt to cancer treatment in developing countries 
[8], and specialized DSS, for example for brain tumors treatment [9]. All these 
works are focused on building complete decision support systems. Still, at the 
same time, they focus less on particular intelligent subsystems, which hugely 
benefit the precision of the overall system. 

The latest research in computer science proposes a wide variety of deep 
learning algorithms [10], which can be utilized in order to improve the quality of 
CDSS. Starting from classical U-Net [11], FPN [12], and  DeepLab [13] architec-
tures, which made a breakthrough in semantic image segmentation in the sphere 
of medical imaging, ending with the latest Unet++ [14], UNet 3+ [15] and 
UNETR [16] architectures, which rely on complex skip and residual connections 
and on processing the whole image volume altogether  (3D Nets). Additionally, 
different Hybrid and Neuro-Fuzzy Networks were applied to the task of lung and 
brain tumor segmentation and detection in combination with classical 2D, MIL, 
and 3D approaches [17]. 

At the same time, interactive segmentation methods propose guiding deep 
learning algorithms with user feedback. Segment Anything Model [18] proved 
that neural nets can generalize to the segmentation of many different objects in 
completely different scenarios. However, there is doubt that it can segment pre-
cise medical images, especially in the presence of very tiny and hard distinguish-
able objects, like lung cancer lesions. Other more specialized approaches were 
proposed [19; 5] and showed success in medical image segmentation.  

INTERACTIVE INTELLIGENT DECISION SUPPORT SYSTEM FOR LUNG 

CANCER SEGMENTATION 

This work considers modern deep learning algorithms to build an interactive intel-
ligent decision support system for lung cancer segmentation. The proposed ap-
proach operates on CT scans from different manufacturers and incorporates user 
feedback to increase the segmentation quality. Finally, three possible architectures 
of DSS are compared by several criteria. 
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First, let’s formalize the main problem that the segmentation system should 
solve. This system receives a pre-processed CT scan — x , which is a 3D image, 
where dimensions refer to the width, height, and depth of the image matrix:  

 slicesnkwidthjheightixx ijk _,...,0,,...,0 ,,...,0 },{  . 

In the proposed approach, the Multi-Instance Learning (MIL) [17; 20] ap-
proach is used, where each instance refers to a slice of the scan. So, the basic deep 
learning model — H  should approximate mask pixel distribution for each slice 
based on several scan slices: 

 ,, ,)(    

IJkykIJKKkK yxxyxH   

 },...,,{ },,...,1,0{}, ,...,1,0{ 21 lkkkKwidthJheightI  , 

where K  refers to some set of indexes that define slices, which are used for the 

prediction of each slice mask, k  refers to some fixed slice index, and 


ky  refers 
to an approximated slice mask. 

In order to make the system interactive, it is required to introduce additional 
input to the network, which refers to the expert feedback on initially approxi-
mated slice masks. One of the ways to incorporate such feedback is to allow ex-
pert to select pixels that, he thinks, are misclassified. An expert can simply click 
on pixels that he thinks should be assigned to foreground — lesion region or 
background — non lesion region. Also, an expert can erase the whole slice mask. 
Formalization of expert’s feedback: 

 Two sets of clicks are provided by the expert: pc _  — “positive” clicks, 

which refer to the foreground ( }, ,{_ jipc   },,...,1,0{ heighti  

} ,...,1,0{ widthj ) and nc _  — “negative” clicks, which refer to the background 

( } ,...,1,0{},,...,1,0{ },,{_ widthjheightijinc  ).  

 Click mask — cm  ( },{ ijcmcm   , ,...,0 heighti   , ,...,0 widthj   

), 0[ ijcm ). 

 Algorithm for encoding clicks into click mask MC2  
( _)_(2 OR _)_(2 ncmncMCpcmpcMC  ). 

 New model —  IH _  (


kKxk fyyncmpcmIH _),_,_(_ ,  ). 

It is important to mention that IH _  takes the previous predicted mask 


ky  
on input, which allows to incorporate both information from the previous step and 
expert feedback. The interactive procedure can be applied several times: redefine 


ky :=


kfy _  and ask expert for new pc _  and nc _ . Such an iterative procedure 
creates a certain trade-off: more iterations result in better segmentation masks 
while taking more expert’s time. Also, to receive the initially predicted mask, two 

approaches can be used: predicted masks from H  or initialize 


ky  as zero mask 
and ask an expert to define foreground areas without the initially predicted mask. 

So there are three possible structures of segmentation DSS: 
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1. Noninteractive (Fig. 1). 

2. Interactive, without the initially predicted mask (Fig. 2). 

3. Interactive with initially predicted mask, received from H  (Fig. 3). 

2. Non Interactive IDSS 

Input and Process 
Image 

x

H 

Expert

y_f

Fig. 1. Structure of noninteractive IDSS 

Fig. 2. Structure of interactive IDSS, without the initially predicted mask 

2. Interactive, without the initial predicted mask IDSS 

Input and Process Image

x 

H_I 

Expert 

c_n and
c_p C2M 

cm_p and
cm_n 

y_f

Fig. 3. Structure of interactive IDSS with initially predicted mask received from H 
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3. Interactive with Initial predicted mask, received from H, IDSS 
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y_f

H_I 
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Although, it is important to mention that proposed segmentation DSSs are 
open systems because they explicitly have information exchange in the form of 
user feedback. While utilizing this user feedback, entropy in the system is de-
creasing. This can be easily tracked by the improvement of quality metrics, which 
will be discussed in Experiments section. 

Purpose uncertainty problem. One of the problems in building such an 
IDSS is purpose uncertainty [6] because there is a trade-off between the amount 
of user interaction and the quality of the final mask. In this task, different ways of 
expert interaction require different amounts of effort: 

– Making a positive click is the most challenging action because it requires 
an understanding of precise lesion location, while the initial mask, produced by 
DSS, can bias the expert. 

– Making negative clicks requires less effort because, in most cases, finding 
a healthy region is an easier task. 

– Erasing the whole mask is the most straightforward action because it does 
not require selecting a particular region.  

Considering quality metrics, there is also some uncertainty because the pro-
posed systems will be tested on a series of CT scans, but it is important to track 
both average quality results and a number of poorly segmented masks. In order to 
handle this problem, median metric values and the whole metric distribution will 
be considered in Evaluation section. 

DETAILED NEURAL NET SETUP 

First of all, K  set for selecting input instances should be defined. In the proposed 

approach kkkkkkK  },2,1,,1,2{   refers to target slice. 
So, the neural net will operate on the target slice and two previous and next 

slices. Initial experimental results proved that using more slices does not improve 
segmentation quality and only leads to optimization and inference overheads and 
overfitting. To feed selected slices in regular 2D Convolutions, slices will be 
stacked on channel dimension so the resulting input will have the following form: 

 },...,1,0{ },,...,1,0{,__ widtJheightIKIJxkx  . 

In this paper, classical Encoder-Decoder segmentation neural nets will be 
used: EfficientNet B3 [21] encoder and Unet++ [14], DeepLabV3+ [22] decoders. 
Different setups will be evaluated in Experiments section, and the best one will be 
chosen according to the proposed criteria. After the final fully connected layer, 
the sigmoid will constraint outputs of each pixel prediction to [0; 1] range, and 
thresholding by 0.5 will be applied. 

To design click-to-mask transformation, “Gaussian” masks will be used, as 
proposed in [5] — equations: 

 )), ,(( },{ lijijc cjidddDM
l

 ; 

 0else  _ if },{
))2/(( 22

radiusclipdecmcmCM ij
sigmad

ijijc
ij

l
 

; 

 cl
c

CMCM
l

 , 
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where 
lcDM is a distance transform for each click lc ; d  — euclidean distance; 

lcCM — click mask for each click lc ; sigma  — “Gaussian standard deviation”;  

radiusclip _  parameter, which zeros out mask pixels, which are too far from the 

center; CM  final click mask for several clicks. In the proposed approach, sepa-
rate masks for positive and negative clicks are used. Finally, to feed clicks masks 
and previously predicted masks to an interactive neural net IH _ , all inputs are 

stacked channel-wise, so IH _  has three more additional input channels com-
pared to H . 

DETAILED OPTIMIZATION SETUP 

For training both H  and IH_  Adam optimizer [23] and reducing the learning 
rate with the OneCycleCosine learning rate scheduler, starting with 1e-3 and fin-
ishing with 1e-6, are used. Neural nets are trained for 191000 steps. Batch size is 
set to 32, and a distributed data parallel [24] mechanism on two A100 GPUs is 
used. 

It is important to consider the data distribution of masked regions, which is 
typical for most medical segmentation tasks. In most cases, regions with lesions 
take only a very small partition of the whole image area, so there are many more 
negative pixels than positive ones. This work proposes to sample slices with and 
without lesions with equal probability to reduce class imbalance for the optimiza-
tion procedure. 

In order to optimize both neural nets, the sum of BCE and Jaccard [25] 
losses is used. 

Also, a transfer learning mechanism is used, and the encoder is initialized 
with weights received from a noisy student learning procedure [26]. 

For training noninteractive net ( H ) horizontal and vertical flip augmenta-
tions are used, and on the inference stage, the same test time augmentation [27] is 
applied to improve prediction quality. For training interactive net ( IH _ ) any 

augmentations are not used.  
Another important part is the click-sampling strategy. This work mostly fol-

lows strategies proposed in [5] but with several modifications specific to the 
medical imaging domain. Initially, there are not previously predicted masks, so 
first clicks should be initialized by some “cold start” strategy. For positive clicks, 
the center masses of each lesion are selected; if there are several lesions on one 
slice, the lesion with the biggest area is picked. For negative clicks, random points 
within 0d  distance from the lesion are selected. Other negative click sampling 

strategies from [5] were not considered because of task specifications: 
 Sampling from another object is not possible in this task because there is 

only one type of object to segment. 
 Sampling from the target object border is also inefficient because the le-

sion area is pretty tiny, and its border may contain a big part of this area.  
After sampling clicks, a click mask for the current interaction can be created 

and saved to the click cache for the next interactions. Predicted masks for click 
sampling are used only after the first epoch. Having previously predicted masks 
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and previous clicks, it is possible to use other sampling strategies. For selecting a 
positive click, the algorithm uses false negative pixels connected regions and se-
lects the biggest area region and sample click, which is located on the largest dis-
tance both from the region border and previous clicks: 

 ))),(min), ,(min(min(maxarg cprppl ppdppdc
ct

 ,  (1) 

where lc  refers to click to select; p  — all possible points; tp — points of the 

region; cp — previous clicks from the cache. The algorithm follows the same 
logic for negative clicks, but here, false positive masks are used as mislabeled 
masks. To introduce diversity and ensure that the neural net can work only with a 
few clicks, the algorithm randomly resets the click cache for each image with a 
probability of 0.3. Also, the maximum number of positive and negative clicks is 
constrained to 12 separately. It is done to reduce RAM overhead and ensure that 
the neural netdoes not abuse the usage of lots of clicks. 

EXPERIMENTAL RESULTS 

In this section, the following points are described: 
– Lung lesions dataset, which is used for training neural networks and testing 

proposed DSSs; 
– Metric that is used for evaluation and solution for purpose uncertainty issue; 
– An algorithm for simulating feedback from an expert; 
– Results of the proposed approach. 
Dataset. To experiment with the proposed IDSS, the Lung Image Database 

Consortium image collection (LIDC-IDRI) [28] is used, which consists of diag-
nostic and lung cancer screening thoracic computed tomography (CT) scans with 
marked-up annotated lesions. In this research, only CT scans and marked-up an-
notated lesions are used. 

The whole dataset contains 1018 scans from 1010 unique patients. So, in 
most cases, there is one CT scan for one patient. The dataset annotation was ob-
tained from four independent experts. To get the final mask, the consensus of the 
majority of annotators [29] was used. The examples of original and masked im-
ages are presented in Fig. 4. 

All CT scans have 512512  height and width, but they all differ in the 
number of slices. Slices distribution can be seen in Fig. 5. 

Fig. 4. Examples of CT scans with annotation. First row — original scans. Second row
— annotation 
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As mentioned before, the biggest problem in lesion segmentation is a severe 
class imbalance — most of the pixels are background pixels. Moreover, most of 
the slices do not contain lesions: the median number of slices in the scan is 203.5, 
and the median number of slices with lesions is 40. Also, the area of lesions is 
pretty small; the median of the relative area of the foreground area to the whole 
scan area across all dataset images is 8.7683e-06. So, such class imbalance should 
be considered during model optimization and evaluation. 

Evaluation. Two main criteria to evaluate results will be considered: quality 
and amount of expert feedback. 

For quality evaluation, the Intersection over Union (IoU) [30] metric is used, 
which is computed for each scan separately and averaged across all scans. If the 
scan does not contain lesions and the predicted mask is empty — IoU is equal 
to 1. This work also outlines the median, first ( 1Q ), and third ( 3Q ) quartiles of 

IoU scores and overall distribution. 
For the amount of expert feedback evaluation, three types of feedback, out-

lined in Purpose uncertainty problem section, are considered. The feedback score 
equation (2) includes different weights for feedback types. These weights are pro-
posed based on personal perception of the process and can be tuned in future work. 
         ClicksPositiveofNumberScoreFeedback  

   85.0 *     clicksNegativeofNumber  

 75.0 *     erasementsMasksofNumber .  (2) 

This score should be minimized. 
The dataset is split into train and test sets with stratification by relative area 

of foreground area and grouping by patients (so scans of one patient are only in 
the test or train set). After the split, there are 203 scans in the test set and 815 
scans in the train set, so approximately 20% of the data is used for model assess-
ment.  

Algorithm for simulating expert feedback. This algorithm is needed to test 
our second and third types of IDSS. The proposed algorithm behaves as an 
“ideal” expert. The algorithm makes one optimal click for each slice in each scan 

Fig. 5. Distribution of the number of slices across the dataset 
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on each iteration. Such an approach is impossible in the real scenario, but profes-
sional radiologists should behave near the “ideal” behavior. This work proposes 
possible improvements for future work: 

 Introduce the probability of making positive, negative clicks or mask 
erased.  

 Introduce some probability distribution of click coordinate.  
 Condition both previous distributions on lesion size, number of ground 

truth, and predicted lesions in the particular CT scan. 
 Reduce the probability of correct feedback with iteration number.  
Let’s formalize optimal positive and negative clicks. First, false positive pix-

els connected regions for positive click and false negatives connected regions for 
negative are computed. If there are no such regions for a particular scan or the 
whole region consists only of its border (single-pixel line), the algorithm just 
omits clicking. Otherwise, it selects the biggest mislabeled region using the tech-
nique proposed in equation (1).  

If no feedback was done for a particular slice, a mask from the previous it-
eration or an empty mask if we have a “cold start” scenario is used.  

Experiments. Both different systems and different decoders for neural net-
works H  and _H I  will be compared by evaluation metrics proposed in 

Evaluation section  
Quality metrics are outlined in Table 1. 

T a b l e  1 .  Quality metrics 

System and Decoder  Mean IoU    Median IoU  1  Q IoU   3  Q IoU   

System 1 
Unet++ Decoder 

0.4083 0.4385 0.1507 0.5993 

System 1  
DeepLabV3+ Decoder 

0.3929 0.4104 0.1202 0.6103 

System 2 
Unet++ Decoder 

0.7031 0.6904 0.6154 0.7729 

System 2 
DeepLabV3+ Decoder 0.6868 0.6679 0.5925 0.7587 

System 3 
Unet++ Decoder 0.7182 0.7039 0.6351 0.7945 

System 3 
DeepLabV3+ Decoder 

0.6986 0.6833 0.6063 0.7844 

 

DeepLabV3+ and Unet++ decoders are compared because the first one was 
used in [5]. From the IoU score, it is obvious that Unet++ outperforms the Dee-
pLabV3+ decoder for all systems, which is logical because the model can benefit 
from lots of skip connections in Unet++ architecture. Bootstrapped cross-entropy 
[31] loss was also tested in this work, but the results were worse than the pro-
posed loss setup. Comparing different systems, the proposed System 3 outper-
forms all other systems by all quality metrics and with all proposed decoders. It is 
essential to pay attention to IoUMean , and  IoU1Q : we can see that the 
interactive approach introduces more than 0.3 improvements in mean score and 
a bit less than 0.5 improvement in 1Q  score, which is a huge increase in quality. 
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Next, we can observe IoU scores distribution for System 1 Unet++ Decoder, 
System 2 Unet++ Decoder, and System 3 Unet++ Decoder in Fig. 6. 

Obtained results show fewer scans segmented with very poor scores and 
many more scans segmented with nearly ideal scores. 

Visual results of segmentation can be seen in Figs. 7, 8. 
According to visual results, the model correctly reacts to positive and nega-

tive clicks. Additionally, the model does not remove the correct segmentation if 
negative clicks are placed near correctly segmented regions. However, there is 
still space for improvement. As we can see from Fig. 7, the model is pretty con-
servative in segmenting additional areas after a positive click for some scans. 

Feedback Score (equation (2)) is outlined only for interactive systems 
(second and third) in Table 2. 

T a b l e  2 .  Number of all feedback types and resulting Feedback Score 

System and Decoder 
Number of  

Positive  
Clicks  

Number  
of Negative 

Clicks  

Number  
of Masks  

Erasements  

Feedback  
Score  

System 2 
Unet++ Decoder 3024 0 0 3024 

System 2 
DeepLabV3+ Decoder 3024 0 0 3024 

System 3 
Unet++ Decoder 1637 284 1384 2916.4 

System 3 
DeepLabV3+ Decoder 1730 248 1344 2948.8 

 

1 2

3
Fig. 6. IoU scores distribution for Systems 1, 2, and 3 with Unet++ decoder 
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From Table 2: System 2 requires only positive clicks because there is no ini-
tial mask approximation, while System 3 requires correction of initial results, so it 
has all types of feedback. Considering weighting coefficients from equation (2), 
we see that System 3 again outperforms System 2 with all decoders. 

Considering both quality and feedback criteria, we can conclude that System 
3 with Unet++ decoder is a rational choice for the lung cancer segmentation task. 

Finally, let’s investigate the systems’ performance on more interactive feed-
back iterations in Fig. 9.  

From the received plots, System 2 outperforms System 3 in mean IoU only 
from the third feedback iteration while still losing in feedback score. These results 
are logical because System 2 always relies on expert feedback, while System 3 
has initial mask approximation, which is not conditioned on feedback. On the 
other hand, there is still an issue with the “ideal” behavior for users’ feedback 
simulation, and this issue will be addressed in future works. 

Fig. 7. Results of segmentation from Sytem 3 Decoder Unet++. First row — original 
scans. Second row — annotation. Third row — initial masks from H . Fourth row —
positive clicks. Fifth row — corrected masks with IH _  
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CONCLUSIONS 

This paper has studied different IDSS for lung cancer segmentation, proposed 
evaluation criteria, and the algorithm for users’ feedback simulation. Finally, a 

Fig. 8. Results of segmentation from Sytem 3 Decoder Unet++. First row — original 
scans. Second row — annotation. Third row — initial masks from H . Fourth row —
negative clicks. Fifth row — corrected masks with _H I  
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Fig. 9. Mean IoU and Feedback Score depending on feedback iteration number for
Systems 2 and 3 with Unet++ Decoder 
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system that outperforms previous approaches by all criteria is proposed. However, 
it may have less quality increase with feedback iterations compared to previous 
systems. This issue will be addressed in future works. It is important to mention 
that the proposed system is a combination of 2 other systems, so it is possible that 
there is a huge room for improvement. Another issue that requires further research 
is the users’ feedback simulation algorithm. Its behavior is too “ideal,” and there 
should be randomness conditioned on previous mask approximation results.  
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ІНТЕРАКТИВНА СИСТЕМА ПІДТРИМАННЯ ПРИЙНЯТТЯ РІШЕНЬ ДЛЯ 
СЕГМЕНТАЦІЇ РАКУ ЛЕГЕНІВ / В.С. Сидорський  

Анотація. Досліджено клінічні інтелектуальні системи підтримання прийняття 
рішень (ІСППР) для сегментації раку легень, які базуються на глибинних ней-
ронних мережах. Запропоновано нову інтерактивну ІСППР і порівняно її з по-
передніми підходами. Обговорено проблему невизначеності цілей під час 
створення інтерактивних систем і запропоновано критерії для оцінювання яко-
сті та кількості зворотного зв’язку від експерта. Для автоматизації оцінювання 
системи використано спеціальний алгоритм для симуляції зворотного зв’язку 
експерта. Запропонована інтерактивна ІСППР перевершила попередні підходи 
(як інтерактивні, так і неінтерактивні) у завданні сегментації раку легень. Цей 
підхід перспективний як щодо якості, так і зручності використання експертом. 
Водночас обговорено низку можливих модифікацій, які можна виконати для 
покращення як критеріїв оцінювання, так і запропонованої ІСППР у майбутніх 
працях. 

Ключові слова: клінічні системи підтримання прийняття рішень, глибинне 
навчання, відкрита система, інтерактивна сегментація. 
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Abstract. Mobile edge computing is an important element in ensuring the efficiency 
of the 5G network as a whole, as it enables data storage and computing at the net-
work edge. Existing solutions do not fully address the issues of load distribution be-
tween computing nodes, and most solutions do not offer methods for verifying com-
putations and controlling errors. Accordingly, this paper aims to develop an 
approach to the organization of mobile edge computing in a 5G mobile network that 
would authenticate distribution servers and computing nodes, manage the process of 
distributing computing nodes, have a procedure for verifying the correctness of cal-
culations, and take into account the parameters of computing nodes during distribu-
tion. To achieve this goal, we propose to use the developed method. The method of 
load balancing and selection of computing nodes for edge computing via 5G allows 
for identifying available nodes and distributing computing blocks among them. It 
also provides mutual authentication of elements and includes a method of data veri-
fication and error detection for the MEC system. The provided solution allows for 
controlling errors during calculations and protecting the server from incorrect data. 
These methods are optimized according to minimum network resources and comput-
ing time criteria. These improvements increase the efficiency of mobile edge com-
puting in a 5G network. 

Keywords: 5G network, mobile edge computing, task allocation scheme, call flow, 
load balancing, task verification. 

INTRODUCTION 

The new 5G cellular networks are expected to face a sharp increase in mobile 
traffic and IoT user demands due to the massive growth in the number of mobile 
devices and the emergence of new computing applications. Running resource-
intensive computing applications on resource-constrained mobile devices has re-
cently become a major challenge, given the stringent requirements for computing 
time and the limited storage capacity of the devices. 

Cloud computing allows you to store and process data on remote servers. 
A large number of different applications that generate an ever-increasing amount 
of data, which significantly increases network latency, uses them and places 
differentiated demands on data security and manageability. Mobile Edge 
Computing (MEC) technology can help prevent these problems from getting worse.  
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Mobile edge computing has recently emerged as a key technology to over-
come these challenges, as it enables the provision of cloud computing services 
such as data storage and computing at the edge of the network. MECs have the 
potential to run computationally intensive applications such as augmented and 
virtual reality [1]. MEC is also an important component of the Internet of Things 
(IoT), as it allows to reduce the power consumption of mobile devices. 

Mobile edge computing is a data management technology that involves stor-
ing and processing data close to the source. This allows for faster response to real-
time computing needs and helps to guarantee the availability of information.  In 
general, MEC is a decentralized computing infrastructure in which some signal 
processing, storage, management and computing applications are distributed in 
the most efficient and logical way between the data source and the cloud [2]. Mo-
bile edge computing extends the concept of cloud computing by bringing the ben-
efits of the cloud closer to users in the form of the network edge, which provides 
lower end-to-end latency. 

The goal of the presented work is to organize mobile edge computing in 
a 5G network by performing authentication of distribution servers and computing 
nodes. It is also necessary to ensure the management of the process of distributing 
computing units, including the procedure for checking the correctness of calculations 
and taking into account the parameters of computing nodes during distribution. 

In this regard, the following tasks were solved within the framework of an 
improved approach to the organization of mobile edge computing in the 5G net-
work: 

 Development of a method for load balancing and selection of computing 
nodes for MEC. The implementation of this method should not require additional 
physical elements in the network. 

 Developing a method for data verification and error detection, as a com-
puting node may report incorrect calculation results. 

 Determining a method of mutual authentication for different types of 
equipment in the 5G network for the process of mobile edge computing without 
the use of a trusted third party. 

At the same time, there are currently no existing technical solutions that 
would solve all of the above problems. 

ANALYSIS OF EXISTING SOLUTIONS FOR MEC IN THE 5G NETWORK 

The problems that arise when organizing mobile edge computing covered in a 
large number of publications. For example, [3] describes a typical MEC architec-
ture and its main elements, as well as the problems associated with the distribu-
tion of computing tasks. Paper [4] focuses on the problems of transmission delay 
and computation delay with a large number of IoT devices. It also analyses the 
possibility of overloading peripheral clouds due to the spatially heterogeneous 
distribution of IoT tasks. To address these issues, it use game-theoretic methods 
to investigate load balancing problems to minimize transmission and computation 
delays in the task distribution process, given the limited bandwidth and comput-
ing resources in the edge clouds. 

Work [5] solves a more complex problem of parallel offloading and load 
balancing with several shared MEC servers and delay-sensitive load. A similar 
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problem is solved in [6], but it proposes a two-level model of task distribution 
with delay minimization and computational cost estimation. In [5], a long-term 
stochastic programming problem with an average system cost is formulated under 
the conditions of stability of the battery level and delay constraints. 

Another work by the same authors [7] partially solves one of the problems 
studied in proposed research — it helps to create a secure reward mechanism us-
ing blockchain technology that can help to balance the load between computing 
nodes. 

Some works [8] propose to solve the problem of clustering and load balanc-
ing based on the charge level of computing nodes and geolocation tags. 

In addition to the solutions that solve the problem of load distribution be-
tween the computing nodes of the MEC and which are presented in the above 
publications, it is necessary analyzing patented solutions separately. For example, 
patent [9] proposes a cloud platform with a pool of resources that connects to the 
main network via a transmission network. This solution requires a special distri-
bution hub (RRH). In this article, to eliminate this drawback, it is proposed to use 
a flat structure divided into zones and use the base station as an arbiter (no addi-
tional equipment is required). 

Patent [10] proposes a solution based on the availability of a map that stores 
information about the location, computing power and available storage of each of 
the computing nodes. The disadvantage of the solution is the need for a dynami-
cally updated map with a list of nodes. This disadvantage can be overcome by 
using a broadcast of the request from the MEC server. In this case, the response of 
the base station to the computing nodes allows not to use the map, route table or 
database — saving network resources. 

The patent [11] is devoted to determining the optimal number of required 
physical resource blocks during distribution, while the procedure for selecting 
computing nodes is not described. In [12], the distribution of computing tasks and 
resources is based on reducing the failure rate during handover, but the procedure 
for allocating network resources is also not described and there is no data verifica-
tion and error control. The solution [13] offers a centralized implementation of 
edge computing, where a central computer or a cloud macro base station will per-
form the main distribution tasks. This requires additional costs. In addition, this 
solution uses only delay as a distribution criterion. The patent [14] also requires a 
hierarchical structure and does not provide for the identification and authentica-
tion of computing nodes. In addition, this solution lacks data verification and er-
ror control. 

The patent [15] describes only the process of creating a session for mobile 
edge computing, does not provide solution for data verification and error control, 
and does not describe procedures for load balancing and selection of computing 
nodes. 

Solutions [16; 17] do not provide for security measures (no identification 
and authentication). In addition, in both cases, a central database is required. In 
[18], it is described how a computing node should be rewarded for a completed 
operation, but the data verification procedure is not described and there is no sup-
port for the 5G network, as well as no secure channel for transferring rewards. 

To summarize, most solutions for selecting computing nodes and load bal-
ancing use additional physical elements, which requires additional costs. The con-
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sidered technical solutions require dynamically updated maps or databases, which 
requires additional network resources and increases the load on the network. 
In addition, many of these publications lack authentication procedures for partici-
pants.  

PROBLEM STATEMENT 

Let us identify the main participants in the process of distributed mobile edge 
computing (Table) and their functions according to the approach proposed in this 
paper. A similar list of process participants, but with a different set of functions, is 
given in [3; 19; 20]. 

Main participants in the process of distributed edge computing 

Participant marking Participant functions and components 
 

 
MEC Server 

MEC Server: gather data flow from one/multiple sensors; 
has 5G supported radio module; 
run MEC supported application;  
has identity and billing entity. 

 

 
Computing Node 

Computing Node:  process MEC Server Application  
Programming Interface (API) call; 
has 5G supported radio module; 

has CPU that support operability of MEC framework; 
has identity and billing entity. 

 

 
Base station (Cell) 

Cell: assign radio resource, verify identity, sign transaction,  
secure connection; 

support computing unit selection;  
support peer-to-peer communication; 

secure and sign transaction MEC Server → Computing node; 

 

The solution of the tasks set in this paper done by simulation and mathemati-
cal modelling for the architecture shown in Table, taking into account the short-
comings of existing solutions discussed in the previous section. In order to pre-
pare the proposed technical solution, a set of input data, a set of constraints, 
dependencies between them, and a set of output values were determined. Let us 
consider them in more detail. 

Let the following data received at the input of the load balancing system for 
distributed boundary computing: 

n  — a set of computing nodes available to the MEC with computing capaci-
ties ir  and an initial level of trust id ; 

id  — initial level of trust in the computing node; 

)( ixp  — the probability of an error during calculations by the i-th node; 

Tр — time for the distribution of computing tasks; 
sRe  — the amount of network resources involved in the distribution of tasks; 

oT  — the expected calculation time; 

defT  — the restriction for the expected calculation time; 

V  — the amount of calculations to be performed. 
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When distributing computational tasks for execution, it is necessary to en-
sure the minimum probability of calculation error )(np  and minimize the network 

resources used during their distribution and processing in computing nodes: 
min)s(Re  , subject to restrictions on the expected computing time )( defTTo  . 

A weighted average used to determine the probability of a calculation error: 

 .)(
1

)( i

n

i

xp
n

np   

As a result, the proposed method should provide: 
),0( nny  — a set of devices that perform the calculation of distributed 

computing with load balancing based on capacity ir ; 

),0( ynnw   — a setoff additional devices that will provide redundancy 
and reliability of distributed computing; 

id  — change in the level of trust in the i-th node based on the results of its 
work. 

The expected calculation time will consist directly of the calculation time 
and the time for distributing the calculation tasks defined as: 
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or considering the set of devices that perform the calculation and the set of addi-
tional devices: 
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In this paper, we propose a method for organizing distributed computing that 
performs the following steps: 

 a broadcast request from the MEC server to perform distributed computing;  
 a response from at least 

one computing node to the base 
station containing a set of parame-
ters (request ID, timestamp, etc.);  

 the base station checks the 
available resources and provides 
network parameters for the MEC 
session of at least one computing 
node, which will allow for further 
point-to-point connection; 

 the MEC server can verify 
the results of the calculations by 
means of data validation, mirror-
ing and control code. 

The essence of the method 
described above showed in 
Figs. 1, 2. 

Fig. 1. Visualization of the principle of the pro-
posed method 
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The proposed approach is based on two new methods: 
 a method of load balancing and selection of computing nodes for edge 

computing via 5G, which allows to identify available nodes and distribute com-
puting blocks among them, as well as provide mutual authentication of elements; 

 a method of data verification and error detection for the MEC system, 
which allows to control the occurrence of errors during calculations, protect the 
server from incorrect data, and prioritize and reward nodes based on the results of 
the calculations performed. 

Let us consider the principle of the proposed methods in more detail. 

METHOD OF LOAD BALANCING AND SELECTION OF COMPUTING NODES 

IN A 5G NETWORK 

The principle of the load balancing method includes two stages: 1) the authentica-
tion stage and 2) the point-to-point channel establishment and the computation 
and verification stage.  

The first stage of authentication and channel creation (Fig. 2) involves the 
following steps: 

1. The MEC server broadcasts a request to perform calculations with the fol-
lowing information: 

 MEC identifier (temporary or permanent identifier); 
 type of calculation. 
2. Each computing node upon receiving paging device, reply to base station 

(cell) with: 
 ,( idCFE  ),  idlast ET , 

where )( idC  — identifier of the serving cell (base station); )( lastT  — the time-

stamp of the last received slot for performing calculations; )( idE  — network 
identifier (temporary or permanent). 

3. The base station selects computing nodes and assigns a radio channel: 
 selects a computing node based on the received values of E ; 
 assigns a radio channel based on available resources; 

Fig. 2. The sequence of actions at the first stage of distributed computing — authentica-
tion and channel creation 
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 notifies the MEC server and the computing node of the established infor-
mation exchange channel. 

The second stage, where calculations and their verification are performed, 
includes the following steps (Fig. 3): 

1. The MEC server and the computing node establish a radio channel. The 
radio channel is formed based on the channel configuration parameters that each 
participant receives from the base station. 

2. The MEC server and the computing node then perform a synchronization 
procedure. 

3. Based on ETSI, the computing node makes an API call (Fig. 4) and sends 
a report to the base station after the computation is complete. 

4. After verifying the result, the MEC server reports to the base station. 
5. The reward for performing computations is calculated based on the com-

plexity of the operation, execution time, and the amount of disk space consumed. 
To provide the compulsoriness of the workflow a blockchain technology is used. 
The participants are rewarded proportionally their fitness/ activities. 

Fig. 3. The sequence of actions at the second stage of distributed computing — per-
forming calculations and verifying results 

Signing  
transactiion 

Unit selectiion 

Valiidation

MEC server Comp node Cell

Fig. 4. The sequence of actions during an API call at the second stage 
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As mentioned above, during the second stage, the MEC server must check 
the calculations for correctness and errors, and assign a certain level of trust to 
each computing node. These procedures provided in the proposed method of data 
verification and error detection for the MEC system. 

DATA VALIDATION AND ERROR FOUNDING METHOD FOR MEC SYSTEM 

Each task that will be processed on the MEC server contains parts that can be per-
formed independently. These parts are added to the task by software developers in 
the form of an API call. The results of such external computations carry the risks 
of computational errors and various types of attacks. In this paper, we propose a 
combined system for verifying the results of work, which includes the analysis of 
confidence levels and redundancy. 

The proposed method for verifying the results of calculations and finding 
errors includes the following steps:  

1. The computing device of the MEC server 
generates an error control code in the form of a 
set of low-computing level functions. 

The control code (Fig. 5) is an automatically 
created task with the same complexity, format 
and length of input data as the real task, with the 
only difference being that the MEC server knows 
the exact result, so it can be checked. 

2. The MEC server distributes tasks between 
the MEC computing nodes with additional redun-
dancy. 

Redundancy (Fig. 6) additionally helps to 
avoid mistakes in computing even on trusted de-
vices. MEC server will apply calculation results 
and grant rewards only after at least 51% current 
network nodes will present the same results. 

3. The MEC server updates its trust level af-
ter the task is successfully completed (Fig. 7). 

Each MEC server has its own “trust level”, depended on the control code ex-
ecution and the results of previously completed tasks. If the results of the check 
code execution are correct, the trust level (Fig. 7) for this computing node in-
creases. Otherwise, if the device calculates the check code with errors, the level of 
trust decreases until the node is completely blocked. 

Fig. 5. Using a control code to
check the correctness of calcu-
lations 

Fig 6. Use of additional redun-
dancy to protect calculations 
from errors 

Fig. 7. Using the trust level to select com-
puting nodes 
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ADVANTAGES OF THE PROPOSED APPROACH 

The benefits of the proposed approach consist of two parts: the benefits to the us-
er and the benefits to the mobile operator. For the user, the proposed approach 
provides: 

 Ease of setup: common network identifiers (e.g. IMSI) or blockchain wal-
let number can be used as the user's device identifier. 

 Mobility: MEC calculation can be done without bidding for mobile 
phones/locations. 

 High level of security: The transaction is signed using blockchain tech-
nology. Mutual authentication allows verifying MEC server. 

 High reliability: Data verification, mirroring and check code are used to 
protect against fraud and detect errors. 

 Network operator benefits: 
 Network resource economy (compare to existing solutions [9–18]): Dy-

namic map with node list (or another database / route table) does not need.  
 Low cost (compare to existing solutions [9–18]): no additional hardware 

is required; a software upgrade can resolve this problem. 
 Easy UE selection and MEC load balancing: base station make a decision 

based on the set of computing requirements. 
 Increasing Spectral Efficiency: peer-to-peer communication release high 

load on cellular network. 

CONCLUSION 

The proposed approach for distributed edge computing in 5G allows identifying 
and authenticating MEC participants, allocating additional resources for MEC 
from the mobile network, including preparing point-to-point communications. 
The method also assigns computing nodes and balances the load of edge computing 
by modifying the messaging protocol between the base station and mobile devices. 

The originality of the proposed approach is provided by two methods that 
are further improvements to the methods of load balancing, selection of comput-
ing nodes for edge computing in a 5G network, data verification and error detec-
tion for the MEC system. These methods are optimized according to the criteria 
of minimum network resources usage and have a time constraint. 

The proposed approach allows the MEC server to verify the results of calcu-
lations and distribute data for computation according to the capacity of the com-
puting nodes.  

Implementation of this approach allows the service provider to save network 
resources and low cost of deployment. It also provides easy load balancing be-
tween computing nodes. This approach is more convenient for the user, as it does 
not require the creation of additional identifiers and provides a high level of secu-
rity through the introduction of mutual authentication. 
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УДОСКОНАЛЕНИЙ ПІДХІД ДО ОРГАНІЗАЦІЇ МОБІЛЬНИХ 
ПЕРИФЕРІЙНИХ ОБЧИСЛЕНЬ У МЕРЕЖІ 5G / А.А. Астраханцев, Л.С. Гло-
ба, О.В. Федоров, Д.В. Дегтярьов, Є.О. Романко, К.А. Романій 

Анотація. Мобільні периферійні обчислення є важливим елементом забезпе-
чення ефективності мережі 5G в цілому, оскільки дозволяють зберігати дані та 
виконувати обчислення на периферії мережі. В існуючих технічних рішеннях 
для систем зв’язку не в повному обсязі вирішені питання розподілу наванта-
ження між обчислювальними вузлами; у більшості таких рішень не пропону-
ється метод балансування обчислювального навантаження з контролем поми-
лок у децентралізованій обчислювальній інфраструктурі з динамічно 
змінюваним набором обчислювальних вузлів. Метою дослідження є розроб-
лення підходу до організації мобільних периферійних обчислень у мобільній 
мережі 5G, який би виконував перевірку справжності серверів розподілу та 
обчислювальних вузлів, керував процесом розподілу обчислювальних блоків, 
мав процедуру перевірки коректності розрахунків та враховував параметри 
обчислювальних вузлів під час розподілу. Для досягнення мети пропонується 
застосувати метод балансування навантаження та вибору обчислювальних вузлів 
для периферійних обчислень в мережі 5G, який дозволяє визначити наявні вузли 
та здійснити розподіл обчислювальних блоків між ними, а також забезпечити 
взаємну автентифікацію елементів інфраструктури з перевіркою даних та по-
шуком помилок для системи MEC, який дає змогу контролювати появу поми-
лок під час обчислень, захищати сервер від некоректних даних. Указаний ме-
тод оптимізовано за критеріями мінімуму використовуваних ресурсів мережі і 
мінімального часу виконання обчислень. Такі вдосконалення дозволяють під-
вищити ефективність мобільних периферійних обчислень у 5G мережі. 

Ключові слова: мережі 5G, мобільні периферійні обчислення, розподіл за-
вдань, протокол обміну, балансування навантаженням, верифікація обчислень. 
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EXPANSION OF THE MATHEMATICAL APPARATUS  

OF DISCRETE-CONTINUOUS NETWORKS  

FOR THE AUTOMATION OF THEIR SYNTHESIS PROCEDURES 

A.A. GURSKIY, A.V. DENISENKO, A.E. GONCHARENKO 

Abstract. The paper deals with a model of an intelligent system related to the auto-
matic synthesis of Petri nets and presents a certain stage of developing this model. 
The peculiarity of the extended mathematical apparatus is that it contains a combina-
tion of Petri net incidence matrices to represent various algorithms. This combina-
tion of matrices is part of the equations describing the logic control device of a com-
plex system. Accordingly, the work also presents a well-known mathematical 
description of discrete-continuous systems with a controlled structure, which in-
cludes certain logical control devices. This mathematical description, based on 
means of discrete-continuous networks, is associated with the incidence matrix of 
the Petri net, which is formed as a result of a particular synthesis algorithm. At the 
same time, the formed Petri net represents the corresponding logical control algo-
rithm that should ensure the effective functioning of the corresponding system. The 
final part of the work presents various structural schemes of logic-dynamic models 
of systems related to the automatic synthesis of Petri nets. Here, we determine the 
features of the advanced mathematical apparatus based on discrete-continuous net-
works to develop an intelligent system that forms logical control algorithms. It is 
also noted that such systems can be used to create certain control algorithms that en-
sure increased efficiency of the functioning of some objects in difficult and unpre-
dictable conditions. 

Keywords: Petri nets, system with controlled structure, discrete-continuous 
network, automatic synthesis of Petri nets. 

INTRODUCTION 

Petri nets, as an applied mathematical apparatus, are quite well-known in the field 
of modeling and analysis of discrete dynamic or logic-dynamic systems. Petri nets 
were first proposed by Carl Adam Petri in 1962 as part of his dissertation work – 
“Communication with automata”. Petri's work became a significant contribution 
to the development of parallel and distributed computing. Such a concept as the 
automatic synthesis of Petri nets can be found in the work of James Peterson [1] 
as a direction related to the development of certain algorithms. At the same time, 
the development of methods for the automatic synthesis of Petri nets entails the 
need to expand the mathematical apparatus for describing complex systems, 
functioning algorithms that can be represented by Petri nets. 

REVIEW OF DISCRETE-CONTINUOUS NETWORKS 

Nowadays, Petri nets are greatly expanded. So, for example, there are many 
varieties of Petri nets, such as: time Petri nets, inhibitor Petri nets, colored Petri 
nets, hybrid Petri nets, and others [2; 3]. 



A.A. Gurskiy, A.V. Denisenko, A.E. Goncharenko 

ISSN 1681–6048 System Research & Information Technologies, 2024, № 2 94

The history of the corresponding scientific direction and the corresponding 
scientific thought, starting with Carl Adam Petri, is quite long, so there is no need 
to consider separate stages of development or less important elements. But, in this 
case, it is necessary to note the invention of a discrete-continuous network [4]. 
Discrete continuous network (DC-net) proposed in 1990–1993, is essentially a 
synthesis of structural schemes of automatic control systems and Petri nets, which 
are not the usual extension such as, for example, hybrid Petri nets. DC-net is 
primarily a tool for describing, modeling and analyzing logic-dynamic systems 
and systems with a controlled structure. 

The description and modeling of systems by means of discrete-continuous 
networks allows us to imagine a certain class of systems called discrete-
continuous with a controlled structure (DCCS). In English-language publications, 
such systems are called hybrid systems, and both traditional Petri nets and 
their variants, in individual cases, hybrid Petri nets are used to study such 
systems [5; 6]. 

DC-nets, like Petri nets, is an applied mathematical apparatus and we extent 
it in order to develop the technique of  automatic synthesis of Petri nets. 

The development of models based on such an advanced mathematical 
apparatus will allow solving complex problems related to the development of 
certain algorithms. As an example, it is worth noting the so-called “smart ant” 
problem, which is presented in works [7; 8]. An ant builds an automaton of its 
behavior with the help of trial and error and mutations. Thus, assume that a model 
built with the use of DC-nets, can synthesize an automaton of its behavior or an 
algorithm of some logical control; then we advise to use such a model at the stage 
of automated development of control algorithms, control systems, or as a certain 
intelligent system [9]. 

So, it can be noted that in this case it is necessary to expand the 
mathematical apparatus while developing methods of automatic synthesis of Petri 
nets. The paper is relevant due to the development of certain systems that provide 
the synthesis of Petri nets with the use of modern intelligent technologies such as 
fuzzy logic, artificial neural networks, genetic algorithms, etc. [10; 11]. 

Purpose of work: The purpose of this work is to minimize time and auto-
mate the process of synthesis of some control algorithms of complex systems. 

To achieve the goal, we expand the mathematical apparatus of discrete-
continuous networks, taking into account the procedure of automatic synthesis of 
Petri nets. 

MAIN PART 

Description of the system with a controlled structure 

Modeling tools of DC-nets allow to present a model of complex technical systems 
consisting of two parts: continuous-event part (CEP) and discrete-event part 
(DEP) in a structural unity. Such a system was called a system with a controlled 
structure (SCS). The continuous-event part of the model represents the control 
object with a controlled structure (COCS) and the DEP of DC-net represents the 
logical control device (LCD). 

The COCS is represented by the state and output equations: 
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 ))(),(),(()( tutxtftx k ;  (1) 

 ))(),(()( txtfty k ,  (2) 

where )(tu is continuous control vector; )(tx  is state vector; )(ty  is output 

vector; )( kt  is vector function for controlling the structure of COCS 

(functioning modes). Accordingly, in such a system it is possible to identify a 
generalized input effect: 
 ))(),(( kttuU  . 

The LCD is represented by a finite state machine (3),(4) characterized by the 
equations: 

 ),( 1 kkk aa   ,  (3) 

 ),( kkk a  ,  (4) 

where },...,...,,{ 21 ik aaaaA  is a finite set of internal states, },...,,...,,{ 21 jk   

is an iput alphabet, },...,,...,,{ 21 vk   is an output alphabet,   is a transition 

function (from state to another state),   is an output function. 
The presented formal form of equations (1)–(4) is appropriate without taking 

into account the procedure for automatic synthesis of  LCD control algorithm and, 
accordingly, the automatic generation of a Petri net during the operation of SCS. 

Mathematical description of discrete-continuous systems with a controlled 
structure with the use of the DC-net  

The mathematical description of a discrete-continuous system with a controlled 
structure, taking into account the means of DC-net, can be obtained from a set of 
equations. 

Dynamics of COCS in continuous space )( , kttX  can be represented in 

matrix-differential form by the equation of state: 

 )())(()())(()( ,2,1, kko
d

okko
d

ok ttutuBttXtuAttX  ,  (5) 

output equation 

 )())(()( ,3, kko
d

ok ttXtuCttY  ,  (6) 

equation of state of the LCD  

 )()()()()( 1 kL
d

kL
d

kL
d

LkL
d

kL
d twtutvAtXtX   ,  (7) 

and the LCD output equation 

 )()( kL
d

kL
d tXtY  ,  (8) 

where )( , kttX  is vector of continuous event state of COCS; )( , kttY  is 

continuous event output vector; )( , kttu  is continuous exposure vector; 

00
2

0
10 ... NAAAA  ; 00

2
0
10 ... NBBBB  ; 00

2
0
10 ... NCCCC  ; 

00
2

0
1 ..., NAAA , 00

2
0
1 ..., NBBB  and 00

2
0
1 ..., NССС  — matrices of states, controls and 
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outputs of different structural operating modes; ))(( ko
d tu  — vector function for 

managing structural changes (functioning modes of SCS);  ))((1 ko
d tu  

T11
2

1
1 ... N  and 

T22
2

2
12 ...))(( Nko

d tu   is vector-functions of 

structure control depending on the discrete state )(0 k
d tX  continuous event part. 

They implement the selection of a specific structure from a variety of structures 
N
ii 1}{   using matrix multiplication 000 ,, CBA . Vector function control 

))(( ko
d tu  is a matrix of dimension 1n , that contains only one non-zero 

element. The dimension of the control function vector is consistent with the 

dimension of the matrices 000 ,, CBA ; )( ko
d tu  is a discrete component of the 

control influence on CEP, transferring the system from one structure 

to another; )( kL
d tw  is external control action; )( kL

d tX , )( 1kL
d tX  — 

preliminary and subsequent discrete state (labeling) of the Petri net; LA  is 

incidence matrix reflecting the relationship of elements in DC-net; )( kL
d tv  is 

control vector in DC-net. A simplified block diagram of the SCS, according to the 
given mathematical description, is presented in Fig. 1. 

Expansion of the mathematical apparatus for describing complex systems 
based on procedures for automatic synthesis of Petri nets 

These equations (5)–(8) are the basis for expanding the mathematical apparatus 
taking into account the procedures for automatic synthesis of Petri nets. 

During the automatic synthesis of a Petri net, the dimension of vectors 

)( kL
d tX , )( kL

d tu   and matrices LA  may not change, but the elements of the 

matrix must change during different runs of the system model. In this case, the 

incidence matrix LA  may be 1LA , 2LA . Thus LnLLL AAAA ,...,, 21 , in 

this case, the value of n is unknown in advance and depends on the task at hand. 

 
Fig. 1. Simplified block diagram of the logic-dynamic model
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Matrix selection LiA , where ni ,,1 , depends on initial conditions S , 

where T
21 ]...[ nsssS   — a vector of initial conditions generated by some 

expert system. Taking into account the automatic synthesis of the Petri net, 
equation (7) will take the following form: 

 )()()()))((()()( 1 kL
d

kL
d

kL
d

kS
dd

LkL
d

kL
d twtutvtuSWtXtX   ,  (9) 

where ]...[ 21 LnLLL AAAW  ; according LikS
dd

L AtuSW  ))(( , where 

ni ,,1 , T
nkS

dd ssstuS ]...[))(( 21 , 1
1




n

i
is , 0

1




n

i
is . 

Vector function ))(( kS
d tuS  contains elements 
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d  ; givenkS
d tu )(  

— tasks vector;  
4

3

2

1

),,(),,()(
t

t

t

t

dttuyfdttuyftJ  is an/the increment of the 

system perfomance criterion; w — external influence from the expert; DCf  — 

function of continuous-discrete transformation of variables. 
The equation (9) implies that the simplified block diagram presented in 

Fig. 1 is transformed as shown in Fig. 2. 

To visualize the Petri net synthesis process, state variables ,)( kL
d tX  

)( 1kL
d tX  and increase in the value of the system performance criterion J  can 

be output using a parametric file to the visualization platform, as shown in [12]. 
Visualization of the process of Petri net synthesis based on the corresponding 
Flash or Unity platform is an important component of the interaction of an expert 
with an intelligent system. 

Fig. 2. Simplified block diagram of the logical-dynamic model of the system, 
implementing the automatic synthesis of Petri nets 
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Research results 

The consideration of the extended mathematical description of complex systems 
provides the basis for constructing a model of an intelligent system intended for 
the formation of some logical control algorithms. 

These algorithms are formed according to certain methods through the 
automatic synthesis of Petri nets. Combination of different incidence matrices 

LiA , where ni ,,1 , that are included in equation (9) represents a set of 

various algorithms that can be adjusted during the functioning of the intelligent 
system. The block diagram presented in Fig. 2 can represent this intelligent 
system, taking into account the additional procedure for correcting the incidence 

matrix; LiA  implemented, as shown in [11], taking into account the functioning 

of an artificial neural network and its training. Such a system can be used to form 
certain control algorithms that provide increased operating efficiency in some objects. 

CONCLUSIONS 

In this work we expand the mathematical description of complex technological 
systems with the use of DC-nets, taking into account the automatic synthesis of 
Petri nets. 

Expanding the mathematical description of complex technological systems 
with the use of DC-nets makes it possible to approach the solution of a practical 
problem associated with the development of an intelligent system that 
automatically synthesizes some logical control algorithms. 

In turn, the use of such an intelligent system makes it possible to achieve a 
certain goal of work, which is to minimize the time and material costs for the 
development of logical control algorithms. 

Further scientific research should be related to the development of methods 
for the synthesis of Petri nets and some algorithms used in control systems. 
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РОЗШИРЕННЯ МАТЕМАТИЧНОГО АПАРАТУ ДИСКРЕТНО-НЕПЕРЕРВНИХ 
МЕРЕЖ ДЛЯ АВТОМАТИЗАЦІЇ ПРОЦЕДУР ЇХ СИНТЕЗУ/ O.O. Гурський, 
А.В. Денисенко, О.Є. Гончаренко 

Анотація.  Подано певний етап розроблення моделі інтелектуальної системи, 
пов’язаної з автоматичним синтезом мереж Петрі. Розглянуто розширений ма-
тематичний опис складних систем на основі засобів дискретно-неперервних 
мереж, який покладено в основу розроблення такої інтелектуальної системи, 
спрямованої передусім на формування алгоритмів логічного керування. Особ-
ливість розширеного математичного апарату полягає у тому, що у його складі 
є комбінація матриць інцидентності мереж Петрі для подання різноманітних 
алгоритмів. Ця комбінація матриць входить до складу рівнянь, що описує при-
стрій логічного керування складної системи. Відповідно подано відомий мате-
матичний опис дискретно-неперервних систем із керованою структурою, що 
включають певні пристрої логічного керування. Цей математичний опис на 
основі засобів дискретно-неперервних мереж, пов’язаний з матрицею інциден-
тності мережі Петрі, що формується в результаті певного алгоритму синтезу. 
Сформовано мережу Петрі — відповідний алгоритм логічного керування для 
забезпечення процесу ефективного функціонування відповідної системи. По-
дано різні структурні схеми логіко-динамічних моделей систем з автоматич-
ним синтезом мереж Петрі. Визначено особливість розширеного математично-
го апарату на основі дискретно-неперервних мереж для розроблення 
інтелектуальної системи, що формує алгоритми логічного керування. Такі сис-
теми можна використовувати для формування певних алгоритмів керування, 
які забезпечують підвищену ефективність функціонування деяких об’єктів. 

Ключові слова: мережі Петрі, система з керованою структурою, дискретно-
неперервна мережа, автоматичний синтез мереж Петрі. 
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DECENTRALIZED LEADER-FOLLOWING CONSENSUS 

CONTROL DESIGN FOR DISCRETE-TIME MULTI-AGENT 

SYSTEMS WITH SWITCHING TOPOLOGY 

Y.I. DOROFIEIEV, L.M. LYUBCHYK, M.M. MALKO 

Abstact. The problem of consensus control of linear discrete-time multi-agent sys-
tems (MASs) with switching topology is considered in the presence of a leader. The 
goal of consensus control is to bring the states of all agents to the leader state while 
providing stability for local agents, as well as the MAS as a whole. In contrast to the 
traditional approach, which uses the concept of an extended dynamic multi-agent 
system model and communication topology graph Laplacian, this paper proposes a 
decomposition approach, which provides a separate design of local controllers. The 
control law is chosen in the form of distributed feedback with discrete PID control-
lers. The problem of local controllers’ design is reduced to a set of semidefinite pro-
gramming problems using the method of invariant ellipsoids. Sufficient conditions 
for agents’ stabilization and global consensus condition fulfillment are obtained us-
ing the linear matrix inequality technique. The availability of information about a fi-
nite set of possible configurations between agents allows us to design local control-
lers offline at the design stage. A numerical example demonstrates the effectiveness 
of the proposed approach. 

Keywords: multi-agent system, consensus control, switching topology, PID controller, 
invariant ellipsoids method, linear matrix inequality, semidefinite programming problem. 

INTRODUCTION 

Recently, consensus control of multi-agent systems (MAS) with networked struc-
tures has attracted the great attention of many researchers from different fields of 
science and engineering [1; 2]. In the field of automatic control, the development 
of consensus control theory is stimulated, in particular, by the rapid development 
of unmanned mobile vehicles and ensuring their coordinated behavior in accor-
dance with the common goal [3]. Similar problems also arise under the control of 
large-scale systems with networked structures, such as complex technological and 
automated production systems, supply and logistics chains, and energy and trans-
port systems as well. 

The main problem of consensus control of MAS is the design of a control 
law, which allows all agents to reach the agreed values of their state or output 
variables, using the information obtained from other agents. Here, the control law 
is constructed based on a consensus protocol [2; 4]. The protocol design assumes 
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that the control for each local agent is formed on the basis of information about 
the deviations of the state or output vector of any agent from the corresponding 
vectors of neighbouring agents directly related to it. In this case, the 
corresponding control system also has a network structure wherein the rules for 
information exchange between each local agent and its directly connected 
neighbours are determined by the network topology. 

A topology model usually describes the MAS structure as connections be-
tween agents in the form of a directed graph, in that the nodes of which corre-
spond to the controlled local agents, where the graph edges describe the informa-
tion transfer channels between them. Usually, a consensus protocol is taken in the 
form of a linear deviation feedback between local agent states or outputs and the 
weighted average vector of states or outputs of its immediate neighbours. In such 
a case, the control problem is reduced to finding a set of feedback gain matrices 
from the stability condition for both local controlled agents and the MAS as a 
whole, considering the relationship between them, as well as the condition of 
reaching a consensus. 

Taking into account the peculiarities of practical problems of MAS control 
leads to the need to complicate the problems under consideration. In reality, due 
to breaks in communication channels, the topology of connections can be arbitrar-
ily changed by switching between elements of a finite set of possible configura-
tions, which leads to the need for consensus control design under switching topol-
ogy conditions. 

REVIEW AND ANALYSIS OF INFORMATION SOURCES 

In the last years, consensus problem research has developed very rapidly and nu-
merous results have been obtained concerning distributed consensus protocols for 
MAS design (see [5; 6] and references therein). 

The usual approach to solving consensus control problems is based on a dy-
namic model of MAS with an extended state vector composed of the state vectors 
of local agents, thus constructing a model using the concept of the Laplacian of 
the communication topology graph [7]. At that, the Kronecker product of the dy-
namic matrices of local agents describes the matrix of the extended MAS model 
dynamics. 

Efficient methods for studying the stability of such systems have been de-
veloped; for the synthesis of consensus control, modern methods for controllers’ 
design in state space, including the methods of linear matrix inequalities (LMIs), 
are widely used. In [8], using the LMI technique, a new form of state-feedback 
consensus control based on the aggregate Laplacian is proposed and sufficient 
conditions of stabilization are established using the Lyapunov stability theory. 

Early work in this area dealt mainly with the problem of ensuring consensus, 
represented in the form of balance ratios of an agent’s state vectors so that all 
agents are driven to converge to a common state, determined by the consensus 
conditions. Further development of consensus control is associated with an 
additional condition of following the leader, which is considered an agent that 
imposes the desired behavior on others [5]. A number of works have been 
devoted to the consensus control problems in multi-agent systems with a leader, see 
links in [9].  
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A large number of works are devoted to the consensus control design prob-
lem under switching topology conditions; systematized results are given in [10]. 
In [11], it was shown that under certain assumptions, consensus can be achieved 
asymptotically under dynamically changing interaction topologies if the union of 
the collection of interaction graphs across some time intervals has a spanning tree 
frequently enough. Consensus of MAS in a continuous time domain under fixed 
and switching topology was studied in [12], where the dynamics of local and 
leader agents are considered linear; the design technique was based on Riccati 
inequality and Lyapunov inequality. These results have also been generalized to 
discrete-time systems. In [13], sufficient conditions for the solvability of consen-
sus problems for discrete-time multi-agent systems with switching topology and 
time-varying delays have been presented. In [14], the consensus problem for 
MAS was also considered in the discrete-time domain, the topology of interac-
tions between agents was assumed to be switched and undirected. In [15], the co-
operative control problem of discrete-time multi-agent systems is discussed, 
bounded uncertain time delay and directed switching topology are considered, and 
sufficient conditions for asymptotic consensus of the system under directed 
switching topology are obtained. State-of-the-art survey on consensus control of 
network systems with switching network topologies, presented in [16] with em-
phasis on the relationships between the switching among different topology can-
didates and the networked control stability. 

The architectural features of networked consensus control systems, com-
bined with a natural desire to reduce the computational resources required to cal-
culate controls in real time, stimulated an increase in interest in building distrib-
uted multi-agent systems with decentralized consensus control. From the 
viewpoint of the practical implementation of consensus control, a decentralized 
approach is of great interest, in which the local control for each agent is designed 
only using locally available information, so it requires less computational effort 
and is relatively more scalable with respect to the number of agents. A decentral-
ized approach to asymptotic consensus control design for discrete MAS, where 
local agents exchange information only with their nearest neighbours is studied in 
detail by a number of researchers. In [17], for agents of the first order, a heuristic 
approach is proposed based on an analogy with the Vicsek model of the motion of 
a group of particles on a plane. In [18], an adaptive procedure for constructing 
control for each agent is proposed using only information from its neighbours in 
the network topology. The consensus problem for a multi-agent system with high-
order linear dynamics and a fully decentralized consensus algorithm is proposed 
in [19], which allows each agent to reach the consensus value using only a finite 
number of steps of its past state information, but the solution is obtained under the 
condition that the system has a time-invariant topology. A fully decentralized al-
gorithm that allows any agent to compute the consensus value of the whole net-
work in a finite time using only the minimal number of successive values of its 
own history was proposed in [20], where was shown, that this minimal number of 
steps is related to a Jordan block decomposition of the network dynamics. How-
ever, this minimum number of steps is related to graph theoretical notions that can 
be directly computed from the Laplacian matrix of the graph and from the mini-
mum external equitable partition. Decentralized event-triggered finite-time con-
sensus control under a directed graph was investigated in [21], and an adaptive 
law is designed to counteract the effect of uncertainties and external disturbances. 
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The quality of consensus control in transients, which is especially important 
in leader-following tracking problems, can be significantly improved using more 
complex dynamic consensus protocols, in which control actions depend not only 
on the current but also on previous deviations. As such control laws, multivariable 
Proportional-Integral-Derivative (PID) controllers are widely used, which make it 
possible to significantly improve the quality of consensus control in comparison 
with static protocols. 

Despite its well-known benefits, PID control is lightly addressed in the de-
centralized MAS control and they are mainly dealt with homogeneous MASs (see 
e.g. [22] and references therein). For instance, a robust PID consensus control 
strategy has been proposed in [23] for a system of linear high-order agents under 
the restrictive assumption of an undirected communication graph. A PD protocol 
is proposed in [24] to solve, instead, the problem of the average consensus under 
a fast arbitrarily switching topology for the case of first-order nonlinear homoge-
neous MASs with Lipschitz dynamics. To solve the leader tracking for uncertain 
high-order homogeneous MASs, robust PID protocols have been investigated 
[25]. Nevertheless, practical applications of the networked MASs require hetero-
geneous models due to the presence of mismatches and differences among the 
agents. In this context, only a few decentralized protocols aim to extend the PID-
control advantages to the heterogeneous MAS framework. In [26] it was investi-
gated the use of distributed PID actions to achieve consensus in networks of ho-
mogeneous and heterogeneous linear systems. The convergence of the strategy is 
proven for both cases using appropriate state transformations and Lyapunov func-
tions. A multiplex proportional–integral approach for solving consensus problems 
in networks with heterogeneous node dynamics affected by constant disturbances 
was proposed in [27]. The proportional and integral actions are deployed on two 
different layers across the network, each with its own topology. Sufficient condi-
tions for convergence are derived that depend upon the structure of the network, 
the parameters and topologies characterizing the control layers, and the node dy-
namics. Fully-distributed PID control strategy was proposed in [28], whose stabil-
ity is analytically proven by exploiting the controller equations and the Static 
Output Feedback procedure adapted to the MASs framework.  

In this paper, the problem of decentralized PID controller design for leader-
following consensus control of networked heterogeneous MASs is considered 
under the assumption that sharing information between agents is carried out via 
switching communication topology. In this work, we use a distributed consensus 
protocol in the form of local dynamic feedback with a PID controller using the 
signal of deviation of local agent states from the weighted average states of its 
neighbours, with which the agent exchanges information in the current period. 
The synthesis of local PID controllers is based on the method of invariant ellip-
soids. To analyze the stability of closed-loop controlled local agents, as well as 
the stability of the whole MAS, the second Lyapunov method and LMI technique 
were used. This allowed us to reduce a local controller problem design to a prob-
lem of semidefinite programming to find the optimal gain values for each agent 
by numerically solving the optimization problem. This, in turn, makes it possible 
to simplify the solution in comparison with other well-known approaches, for ex-
ample, with the descriptor method [29]. 

In summary, the main features of the proposed approach and contributions of 
the work are: 
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 Within the framework of the principle of decentralized consensus control, 
a method of local controllers’ design is proposed, which ensures the stability of 
individually controlled agents and the networked multi-agent systems as a whole 
under conditions of a switching communication network topology. 

 Based on the sufficient conditions of local-controlled agents’ stability and 
reaching consensus as well as leader-following tracking in LMI form, a computa-
tional procedure for optimizing the parameters of local controllers by solving a set 
of semidefinite programming problems is proposed; while controller parameters 
optimization is performed offline during the design phase. 

 A decentralized optimal dynamic consensus control strategy with a recur-
rent form of the PID control law is proposed, which makes it possible to abandon 
the construction of an extended model of a closed local agent, which is usually 
used for discrete systems with PID controllers, which makes it possible to reduce 
the optimization problem dimension. 

 Availability of information about a finite set of topology variations of 
connections between agents allows solving the problem of calculating the feed-
back gain matrix before the start of the control process. Thus, to determine the 
control action at each step of the MAS operation from the resulting set of solu-
tions, the appropriate one is selected depending on which neighbours the agent 
exchange information in the current step. 

PROBLEM FORMULATION 

Consider a MAS represented by a network of N  agents as a set of multivariable 
discrete-time linear dynamic systems, where each i -th agent is described by the 
difference equation 

 NikuBkxAkx iiiii ,...,1),()()1(  , (1) 

where ,...2,1,0k  is time instant; m
i

n
i kukx RR  )(,)(  are state and control 

vectors of i -th agent at time k ; ii BA ,  are constant matrices of appropriate di-
mensions such that the system (1) is controllable. 

The connection topology of a networked MAS is described by an undirected 
graph ),( EVG  , where }...,,1{ NV   is a set of nodes (i.e., agents), and 

VVE   is the set of edges. The presence of an edge ),( ji  in the graph G  

means that agents i  and j  exchange information. ][ ijdD   is the adjacency ma-

trix of graph G  and has dimension NN  . 
Since the topology of the connections between agents can change during the 

system dynamics, the graph G  can switch at arbitrary time moments among a 
finite set KGGG ,...,, 21 , each of which is an undirected graph, containing a spanning 

tree. This means that the graph G  will have the form 1G  during a certain time in-

terval, then },...,1{, KjG j  , and so on, moreover, switching occurs arbitrarily. 

A set of agents achieves consensus if the agents’ states satisfy the consensus 
condition 
 Njikxkx ji

k
,...,1,,0))()((lim 


. (2) 

The control law )(kui , hereafter the consensus protocol, solves the consen-
sus control problem if all agents achieve consensus under this control.  
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We construct a distributed consensus protocol in the form of local feedback 
to a PID controller using the signal of deviation of local agent states from the 
weighted average states of its neighbours 
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where   N
ijj iji d,11 ; nm

DIP KKK R,,  are the gain matrices of the pro-

portional, integral, and differential parts of the controller, respectively; )(kij  is 

binary variable, the value of which determines whether information about the 
state of the j -th agent is available to the i -th agent at a time k : 




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The recurrent form of control law (3) is more convenient for practical im-
plementation, so the current value of the control action is determined by its previ-
ous value and the correction 
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where nm
iii KKK R210 ,,  are feedback coefficient matrices. 

Introduce block matrix ],,[ 210 iiii KKKK   and the composite vectors 
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,,...,1 N  ij  . Then, the consensus protocol (4) takes the form 
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The control law for the agent, acting as the leader, differs from (5) by addi-

tion the deviation term between the leader’s state and the set point *x  

 ))(()()( *
0 xkxKkuku iii

leader
i  .  

The model of a closed-loop local agent with the consensus protocol (5) 
will take the form with one-step control lag 
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ijiiiiCi , (6) 



Y.I. Dorofieiev, L.M. Lyubchyk, M.M. Malko 

ISSN 1681–6048 System Research & Information Technologies, 2024, № 2 106

where ]00[ nnnniiC AA   is a block matrix, mn0  is the null matrix of the 
corresponding dimension. For the agent that is a leader, equation (6) differs by 

presence of the term ))(( *
0 xkxKB iii  . 

For a linear closed-loop discrete MAS with local feedback described by 
equation (6) under the conditions of an arbitrarily switching topology described 
by a finite set of undirected connected graphs KGGG ,...,, 21 , the problem of de-
centralized consensus control is considered. Such a problem is reduced to the 
choice of feedback gain matrices NiKi ,...,1,   that ensure the stabilization of 
closed-loop local agents, the stability of the controlled MAS as a whole, as well 
as the fulfilment of the consensus conditions (2). 

CONSENSUS CONTROL DESIGN 

The approach based on the second Lyapunov method, which allows us to obtain 
sufficient stability conditions for closed-loop local subsystems, is used to calcu-
late the gain matrices of local controllers. The development of the theory of linear 
matrix inequalities [30] makes it possible to apply a similar approach to the syn-
thesis of consensus control of multi-agent systems. 

The main idea of linear feedback controller design using LMI is as follows. 
The control goal is formulated as an inequality with respect to the quadratic 
Lyapunov function built on the solutions of the closed-loop system. The resulting 
inequality is reduced to the LMI form with respect to the unknown matrix of the 
controller parameters. The specified constraints are also reduced to the LMI form. 
A certain criterion of optimality is used and the corresponding convex optimiza-
tion problem is solved numerically, because of which the optimal parameters of 
the controllers are determined. 

The considered technique is implemented based on the invariant ellipsoid’s 
method [31]. Consider the ellipsoid described by the equation 

 }1)()(:{)( T  kxQkxxQ iii
n

ii R , (7) 

where nn
iQ R0  is ellipsoid matrix; 0M  )0( M  means that the matrix 

M  is positive (nonnegative) definite. 
The ellipsoid (7) is called state invariant for the system (6) if any trajectory 

of the system, having started in the ellipsoid, remains in it for any time moment 
0k . 
The stabilization problem of system (6) comes down to calculating the block 

matrices of feedback gain NiKi ,...,1,   such that the consensus protocol (5) 
provides minimization of ellipsoid (7) by some optimality criterion. We choose as 
a criterion the length squares sum of the ellipsoid semiaxes which is equal to the 
trace of its matrix iQ . 

Consider a quadratic function constructed from the solutions of the system (6) 

 nn
iiiiii PPkxPkxkV  RTT 0),()()(  . (8) 

It is well known that function (8) is a Lyapunov function for system (6) if the 
conditions are fulfilled: 
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(i) the function values are non-negative for any 0)( kxi ; 

(ii) the function values decrease monotonically over time.  
If equality holds 

 1 ii PQ , (9) 

then the invariant ellipsoid (7) is the level set of Lyapunov function candidate (8). 
It was shown in [38] that for a stable and controllable discrete-time 

dynamical system, the solution of the minimization problem by some criterion of 
quadratic Lyapunov function under the constraint specified by the Lyapunov 
inequality, is achieved by the solution of the Lyapunov equation. Thus, such an 
approach allows reducing the robust control design problems with respect to the 
described class of system topology uncertainty, to solve the problem of 
minimizing a linear function under constraints that can be represented in the form 
of linear matrix inequalities, that is, to solve a semidefinite programming 
problem. 

The hypothesis on the basis of which the design problem of consensus con-
trol for MAS with switching topology in the presence of a leader is solved is that 
for any version of the topology described by a finite set of undirected graphs 

KGGG ,...,, 21 , each of which contains a spanning tree, the statements of the fol-

lowing theorem are fulfilled. 

Theorem. If for linear stable discrete-time system (6) matrices iQ̂ , 

iii YYY 210
ˆ,ˆ,ˆ  are obtained by solving the optimization problem 

 min)(trace iQ  (10) 
subject to 
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on matrix variables nn
iQ R0 , ],,[ 210 iiii YYYY  , nm

iii YYY R210 ,, , where 

ijiij  , ]00[ nnnniiiQ QAA  , «*» denotes the symmetric terms in then 

inequality matrix, then: 

(i) for any initial state )ˆ()0( iii Qx   closed-loop system (6) is asymptoti-

cally stable; 
(ii) among all consensus protocols of the form (5), the protocol with gain 

matrices 



Y.I. Dorofieiev, L.M. Lyubchyk, M.M. Malko 

ISSN 1681–6048 System Research & Information Technologies, 2024, № 2 108

 1
22

1
11

1
00

ˆˆ,ˆˆ,ˆˆ   QYKQYKQYK iiiiii  (12) 

delivers the minimum of the matrix trace criterion for the invariant ellipsoid (7) of 
the closed-loop system (6) and hence guaranties the fulfillment of consensus con-
dition (2). 

Proof. The first of the conditions, which are necessary for a candidate (8) to 
be a Lyapunov function for the system (6), is satisfied due to the positive defi-
niteness of the matrix iP . Hence, the consensus protocol (5) should ensure that 

the second property is satisfied. 
We calculate the difference of the candidates in the Lyapunov function (8) 

with respect to k  and require that the value of the function decrease over time 

 0)()()()1( T  ksMkskVkV iiiii , (13) 

where mnNn
iiNijNii kukvkvkxkxks  34})1(),(...,),(),(...,),({col)( R ,  
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 iiiCi KBA  . 

Inequality (13) is equivalent to the matrix inequality 0iM . Let us repre-
sent the inequality matrix in the form 
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Using the Schur complement [32], inequality takes the form 
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By multiplying the left and right parts of the inequality by 1 , performing 
substitution (9) and applying a congruent transformation to the inequality matrix 
with },...,,,diag{block

)1(4

m

N

iin IQQI 


, where nI  is identity matrix of the correspond-

ing dimension, we obtain the matrix inequality, which is nonlinear with respect to 
the matrix variables iQ  and iK . We introduce matrix variables ,00 iii QKY   

iiiiii QKYQKY 2211 ,  . Whence, by virtue of 0iQ  the matrices ,0iK  ,1iK  

iK2  recovers uniquely in accordance with (12). Then, we finally obtain the linear 
matrix inequality (11). 

Thus, if there exist matrices iQ̂ , iii YYY 210
ˆ,ˆ,ˆ , being a solution of the optimi-

zation problem (10) subject to (11), then (8) is a Lyapunov function for system 
(6), and the consensus protocol (5) with matrices calculated in accordance with 
(12), provides the fulfilment of stabilization (13) and consensus (2) conditions for 
the system (6). The theorem is proved. 

Remark. The optimization problem (10) subject to (11) is a semidefinite 
programming problem that is solved numerically using freely distributed software 
packages developed based on MATLAB, for example, cvx [33] or SeDuMi [34]. 

NUMERICAL EXAMPLE 

As an example, we consider a linear discrete-time MAS of 6 homogeneous 
agents, which was studied in [35] and solve the consensus control problem using 
the proposed approach. We deliberately consider a homogeneous MAC to reduce 
the amount of calculation. 

During the system dynamics, the connection topology between agents 
switches randomly among the set of options represented by connected graphs 

51,...,GG , as shown in Fig. 1. The reference set point *x  is received externally at 
the input of agent 1, which is a leader. 

The dimensions of the agent model are 2n , 1m . The dynamics and con-

trol matrices are 









025,0

10
iA , 6,...,1,

1

1









 iBi . All agents are Shur stable 

and controllable. The initial states of the agents are chosen: 
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 }100,50{col)0(1 x , }60,30{col)0(2 x , }20,10{col)0(3 x , 

 }20,10{col)0(4 x , }60,30{col)0(5 x , }100,50{col)0(6 x . 

We calculate the numerical solution of problem (10) subject to (11) for all 
versions of the MAS topology, which is presented in Fig. 1. As a result, the 
matrices of feedback gains, which determine the consensus protocol (5), were 
calculated for all agents. The analysis of the obtained results allowed to conclude 
that the hypothesis, put forward about the fulfilment of the statements of the 
proved theorem for any version of topology, described by a finite set of connected 
directed graphs, was experimentally confirmed, since the values of the local feed-
back matrices depend only on the number of neighbours with which the agent ex-
changes information in the current period. 

For example, in a graph 1G  agents 2 and 6 are connected with two 
neighbours, while agents 3, 4, and 5 are connected with three neighbours. 
Therefore, we obtain )()( 1612 GKGK  , )()()( 151413 GKGKGK  . In a graph 

4G , agents 1, 2, 3 and 5 are connected with two neighbours, and only agent 4 — with 

three neighbours. Accordingly, we obtain  )()()()( 45434241 GKGKGKGK  

)( 12 GK , )()( 1344 GKGK  . Thus, for the considered network, we obtained: 

 ]558,0324,0[0 iK , ]206,0099,0[1 iK , ]057,0047,0[2 iK ,   (14) 

 ]480,0301,0[0 iK , ]059,0023,0[1 iK , ]046,0031,0[2 iK , 

 ]762,0439,0[0 iK , ]027,0019,0[1 iK , ]041,0024,0[2 iK , 

 ]059,1634,0[0 iK , ]019,0012,0[1 iK , ]037,0019,0[2 iK , 

 ]342,1752,0[0 iK , ]017,010,0[1 iK , ]026,0010,0[2 iK , (15) 

where (14) corresponds to an agent exchanging information with one neighbour in 
the network, and (15) — to an agent with five neighbours, respectively. 

Thus, it is sufficient to solve the optimization problem (10) subject to (11) 
for only one agent, sequentially changing the values of the binary variables ,ij  

ijNj  ,,...,1  that determine the number of neighbours with which the agent 

exchanges information, to calculate the values of the feedback matrices for all 
possible cases: from having one neighbour before having )1( N  neighbours. 

Fig. 1. The set of graphs describing the topology of connections in the MAS 
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The plots of the changes in the values of the first and second components of 
the agent’s state vectors with fixed topology in the absence of setting action are 
shown in Fig. 2. The simulation results provided that the variant of the connection 
topology between agents at each step was chosen randomly among the versions 
presented in Fig. 1, are shown in Fig. 3. Clearly in both experiments, all agents 
achieve a consensus, but the consensus value in the second case differs from zero, 
that is, there is a static error. 

a

b
Fig. 2. Values of agents’ states with fixed topology in the absence of setting action: 
a — first components of state vectors; b — second components of state vectors 

k0 2 4 6 8 10 12 14 16 18 20

x i1
, i

 =
 1

,..
.,6

-100

-80

-60

-40

-20

0

20

40

60

80

100

x
11

x
21

x
31

x
41

x
51

x
61

a
Fig. 3. Values of agents’ states with switching topology in the absence of setting action: 
а — first components of state vectors; b — second components of state vectors 
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The simulation results of MAS with fixed topology, when the input of 
agent1, which is a leader, is supplied with a constant setting action 

}500,500{col* x , is shown in Fig. 4. Fig. 5 shows the results obtained for MAS 
with switching topology in the presence of a reference setting. 

x i2
, i

 =
 1

,..
.,6

b
Fig. 3. Values of agents’ states with switching topology in the absence of setting action: 
а — first components of state vectors; b—– second components of state vectors. End 

Fig. 4. Values of agents’ states with fixed topology in the presence of setting action: 
а — first components of state vectors; b – second components of state vectors 
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The analysis of the obtained results makes it possible to conclude that the 
consensus protocol (5) with the gain matrices calculated in accordance with the 
proposed decentralized method, can achieve consensus in a finite number of steps for 
any variant of the interconnection topology between agents from a given finite set. 

CONCLUSIONS 

The problem of decentralized consensus control of linear discrete-time multi-
agent systems with switching topology in the presence of a leader is solved in this 
paper. A consensus protocol providing coordinating control is constructed in a 
feedback form with a PID controller using the deviation signal of the local agent 
state vector from the weighted average state vector of its neighbours. The discrete 
PID controller equation is presented in a recurrent form. The sufficient conditions 
for stabilization of the closed-loop local agent and the global consensus by con-
structing the quadratic Lyapunov function are obtained. Based on the invariant 
ellipsoid’s method, the problem of local controller design is reduced to the prob-
lem of semidefinite programming, which is solved numerically. Analysis of the 
obtained results allowed us to conclude that the values of the gain matrices of lo-
cal controllers depend on the number of neighbours with which the agent ex-
changes information in the current period. The significance of this study is to de-
velop a practically realizable method for solving the consensus control problem of 
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Fig. 5. Values of agent’s states with switching topology in the presence of setting action: 
a — first components of state vectors; b — second components of state vectors 
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discrete-time multi-agent systems with switching topology based on a decentral-
ized approach, which does not require using the graph Laplacian that describes 
the connection topology between agents. The proposed approach may be further 
expanded to solve the consensus control problems of multi-agent systems in the 
presence of delays in measurements or in the process of information exchange 
between agents. 
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СИНТЕЗ ДЕЦЕНТРАЛІЗОВАНОГО КОНСЕНСУСНОГО КЕРУВАННЯ 
ДЛЯ МУЛЬТИАГЕНТНИХ ДИСКРЕТНИХ СИСТЕМ З КОМУТАЦІЙНОЮ 
ТОПОЛОГІЄЮ ЗА НАЯВНОСТІ ЛІДЕРА / Ю.І. Дорофєєв, Л.М. Любчик, 
М.М. Малько 

Анотація. Розглянуто задачу консенсусного керування лінійними мультиагент-
ними дискретними системами (МАС) з комутаційною топологією за наявності 
лідера. Мета консенсусного керування полягає у зведенні станів усіх агентів 
до стану лідера з одночасним забезпеченням стійкості локальних агентів, а та-
кож MAС у цілому. На відміну від традиційного підходу, який використовує 
концепцію розширеної динамічної моделі мультиагентної системи та лапласі-
ан графу комунікаційної топології, запропоновано підхід на основі декомпози-
ції, який передбачає незалежне проєктування локальних регуляторів. Закон 
керування вибирається у вигляді розподіленого зворотного зв’язку з дискрет-
ними ПІД-регуляторами. Задачу синтезу локальних регуляторів за допомогою 
методу інваріантних еліпсоїдів зведено до набору задач напіввизначеного про-
грамування. Достатні умови стабілізації агентів та досягнення глобального 
консенсусу отримано за допомогою техніки лінійних матричних нерівностей. 
Наявність інформації про кінцевий набір можливих конфігурацій зв’язків між 
агентами дозволяє синтезувати локальні регулятори в автономному режимі на 
етапі проєктування. Ефективність запропонованого підходу продемонстровано 
за допомогою числового прикладу. 

Ключові слова: мультиагентна система, консенсусне керування, комутаційна 
топологія, ПІД регулятор, метод інваріантних еліпсоїдів, лінійна матрична не-
рівність, задача напіввизначеного програмування. 
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ПРОЕКЦІЯ ГРАДІЄНТА: СПРОЩЕННЯ ОБЛАСТІ  

МІНІМІЗАЦІЇ АФІННИМ ПЕРЕТВОРЕННЯМ 

І.Я. СПЕКТОРСЬКИЙ 

Анотація. Розглянуто класичну задачу оптимізації у скінченновимірному про-
сторі, тобто знаходження мінімуму функції  на непорожній множині. Пошук 
точного розв’язку цієї задачі аналітичними методами потребує множинних об-
числювальних ресурсів або взагалі неможливий. Для реальних задач частіше 
застосовують методи пошуку наближеного розв’язку, серед яких одним з най-
простіших і найвідоміших для задач безумовної оптимізації є метод градієнт-
ного спуску. Узагальненням методу градієнтного спуску на випадок умовної 
оптимізації є запропонований у 1964 р. метод проекції градієнта. Для деяких 
типів множини  (відрізок, паралелепіпед, куля) проекцію точки на множину  
можна знайти простими явними формулами, проте для складніших (напр., 
еліпс) проектування стає окремою задачею мінімізації. Однак у деяких випад-
ках обчислення проекції не можна спростити афінним перетворенням — напр., 
еліпс афінним (і навіть лінійним) перетворенням можна звести до кулі. Спро-
щено задачу мінімізації функції на множині застосуванням афінного перетво-
рення F(x) = Ax+b, де A — невироджена квадратна матриця, b — фіксований 
вектор відповідної розмірності. 

Ключові слова: проекція градієнта, мінімізація, афінне перетворення. 

ВСТУП 

Класичною задачею оптимізації у скінченновимірному просторі є знахо-

дження мінімуму функції  nf :  на непорожній множині nD �  (тут і 
надалі символ « » позначає нестроге вкладення, тобто можливий випадок 

nD �  — задача безумовної оптимізації). Як правило, пошук точного 
розв’язку цієї задачі аналітичними методами потребує надто багато обчис-
лювальних ресурсів або взагалі неможливий. Тому для реальних задач най-
частіше застосовують методи пошуку наближеного розв’язку, серед яких 
одним з найпростіших і найвідоміших для задач безумовної оптимізації є 
метод градієнтного спуску (див., напр., [1–6]). Узагальненням методу граді-

єнтного спуску на випадок умовної оптимізації ( nD  ) є запропонований 
у 1964 р. метод проекції градієнта (див. [7]). Для деяких типів множини D  

(відрізок, паралелепіпед, куля) проекцію точки nx   на D  можна знайти 
простими явними формулами, проте для дещо складніших областей (напр., 

якщо 2�D  — еліпс) проектування стає окремою задачею мінімізації. Од-
нак у деяких випадках обчислення проекції на D  можна спростити афінним 
перетворенням — напр., еліпс афінним (і навіть лінійним)  перетворенням 
можна звести до кулі. 

Мета роботи — звести задачу мінімізації функції  nf �:  на 

множині nD �  до мінімізації функції ))~(()~(
~ 1 xFfxf   на множині 
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  )(:
~

DFDxbAxD  , де bAxxF )( , A  — невироджена матриця 

розмірності nn , nb   — фіксований вектор. 

ОПУКЛІ МНОЖИНИ ТА ФУНКЦІЇ 

Означення 1. Множину nD   називають опуклою, якщо Dyx  )1(  
для будь-яких ]1,0[,,  DyDx . Інакше кажучи, D  є опуклою, якщо ра-
зом з точками DyDx  ,  містить відрізок ],[ yx : 

 Dyxyx
Dy

Dx









]}1,0[:)1({],[
,

. 

Приклад 1. На площині (простір 2 ) будь-який круг є опуклою фігу-
рою (множиною), будь-яке коло — ні (рис. 1). Інші приклади опуклих та не-
опуклих фігур зображено на рис. 2. 

Зауваження 1. Надалі вважатимемо, що будь-який еліпс та будь-який 
багатокутник містять внутрішню ділянку, яку вони обмежують. Таким чи-
ном, еліпс та трикутник завжди є опуклими фігурами, однак чотирикутник 
може не бути опуклим (рис. 3). 

Означення 2. Функцію  nf :  називають опуклою, якщо для 
будь-яких ]1,0[,,  DyDx  справджується нерівність  

 )()1()())1(( yfxfyxf  . (1) 

Означення 3. Функцію  nf :  називають строго опуклою, якщо для 

будь-яких )1,0(,,  DyDx , таких, що yx  , справджується нерівність  

 )()1()())1(( yfxfyxf  .  

Круг — опукла фігура Коло — неопукла фігура
Рис. 1. Круг і коло — властивість опуклості

Опуклі фігури Неопуклі фігури

Рис. 2. Опуклі та неопуклі фігури

Опуклі фігури Неопуклі фігури

Рис. 3. Еліпс та багатокутники — властивість опуклості
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Приклад 2. 1. Одновимірна ( 1n ) лінійна функція cbxxf )(1  за 

будь-яких фіксованих констант   cb ,  є опуклою, але не строго опук-
лою, оскільки для будь-якої ]1,0[  нестрога нерівність (1) виконується, 
проте перетворюється в рівність: 

  cyxbyxf ))1(())1((1   

 )()1()())(1()( 11 yfxfcbycbx  . (2) 

2. Одновимірна квадратична функція  2
2 )( axxf   ( a  — фіксована 

константа) є опуклою тоді і тільки тоді, коли 0a . Дійсно, для будь-якої 
]1,0[  маємо: 

 

.))(1()()1()(

)1(2)1()1()1(

)1(2)1())1(())1((

2
22

2222

22222
2

yxayfxf

xyayaxayaxa

xyayaxayxayxf







(3) 

Очевидно, у випадку 0a  функція 2
2 )( axxf   є строго опуклою. 

Зазначимо, що отриманий результат з урахуванням рівностей (2) та (3) 
легко поширити на загальну одновимірну квадратичну функцію  

cbxaxxf  2
3 )( ; функція опукла, якщо 0a  (зокрема, строго опукла, 

якщо 0a ); константи   cb ,  на опуклість (строгу опуклість) функції 

cbxax 2  не впливають. 
Із означень 1 та 2 негайно випливає простий факт, що пов’язує обидва 

означення: функція  nf �:  опукла тоді і тільки тоді, коли її надграфік 

})(:),{(Epi yxfyxf n    є опуклою множиною в просторі 

  nn 1� . На рис. 4 схематично показано надграфіки функцій  

cbxxf )(1  та cbxaxxf  2
3 )( . 

Означення 4. Функцію  nf :  називають сильно опуклою з пара-

метром 0 , якщо для будь-яких ]1,0[,,  DyDx  справджується 
нерівність  

 2
2
1 ||||)1()()1()())1(( yxyfxfyxf  . 

cbx 

 c 

ax2+bx+c, a>0 ax2+bx+c, a<0 

Рис.4. Надграфіки лінійної та квадратичної функцій 
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Приклад 3. Квадрат евклідової норми 2|||| x  як функція   n�:|||| 2  є 
сильно опуклою з параметром 2 . Дійсно, для будь-якої ]1,0[  аналогі-
чно  (3) отримуємо: 

  ))1((,)1((||)1(|| 2 yxyxyx  

  ),)(1(2||||)1(|||| 2222 yxyx  

 .||||)1(||||)1(|||| 222 yxyx   

Зауваження 2. Деякі автори (напр., [4, 5, 8]), визначаючи сильну опук-
лість функції, випускають коефіцієнт 

2
1  у доданку перед параметром опук-

лості, що зменшує параметр опуклості вдвічі. Так, згідно з таким визначен-

ням, функція 2|||| x  є сильно опуклою з параметром 1 . 

Відомі критерії опуклості для гладких функцій. Так, для двічі непере-

рвно диференційовної функції  nf :  справджуються логічні еквівале-
нтності (див., напр., [2, 4–6, 8]): 

 Функція f  опукла тоді й тільки тоді, коли 0),(  hhf  для будь-

якого nh �  (гесіан f  є невід’ємно визначеною матрицею). 

 Функція f  сильно опукла з параметром 0  тоді і тільки тоді, ко-

ли 2||||),( hhhf   для будь-якого nh   (матриця nIf   є невід’ємно 
визначеною матрицею). 

Для строго опуклих функцій аналогічна еквівалентність неправильна, 
проте справджується наслідок: для строгої опуклості функції f  достатньо, 

щоб 0),(  hhf  для будь-якого ненульового nh   (гесіан f  є додатно 
визначеною матрицею). 

Приклад 4. Одновимірна функція 4)( xxf   опукла, і навіть строго 
опукла. Дійсно, враховуючи строгу (навіть сильну) опуклість функції 

2)( xxg   (див. приклад 3) та строгу монотонність 2)( xxg   на ),0[  , 
отримуємо: 

 
)()1()()1()1(

))1(()))1((())1(())(()(

444242

222224

yfxfyxyx

yxyxyxxggxf




  

для будь-якої )1,0( . Проте функція 4)( xxf   не сильно опукла, оскільки 

для будь-якої константи 0  нерівність  212)( xxf  не справджується 

для 12
|| x . 

Сформулюємо у вигляді лем три відомі (див., напр., [2, 4, 5, 8]) власти-
вості щодо мінімізації опуклої функції на опуклій множині. 

Лема 1. Нехай nD �  — опукла множина, .  nf :  — опукла фу-

нкція, Dx *  — локальний мінімум f  на D , тобто існує таке 0 , 

що )()( * xfxf   для всіх Dx , для яких  *xx . Тоді Dx *  — глоба-

льний мінімум f  на D , тобто )()( * xfxf   для всіх Dx . 
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Доведення. Нехай Dx *  — локальний мінімум f  на D , 0  — та-

ке число, що )()( * xfxf   для всіх Dx , для яких  *xx . Зафіксуємо 

довільне Da . Тоді для ),(min 1
*

1
2 ax
  маємо:  **))1(( xxa  

 )( ** xaxa , звідки, з урахуванням опуклості множини D  

та функції f , )()1()())1(()( *** xfafxafxf  . Отже, 

)()1()()( ** xfafxf  , звідки )()( * afxf   і, оскільки 0 , 
)()( * afxf  . Таким чином, ураховуючи довільність вибору Da , точка 

Dx *  дійсно є глобальним мінімумом функції f  на D .□ 

Лема 2. Нехай nD �  — опукла множина, .  nf :  — строго опу-
кла функція. Тоді f  досягає глобального мінімуму на D  не більш ніж в од-
ній точці. 

Доведення. Припустимо, що f  досягає глобального мінімуму *y  на 

D  принаймні у двох різних точках Dm 1 , Dm 2 , тобто )( 1mf  
*

2 )( ymf  , та 21 mm  . Тоді, враховуючи опуклість D  та строгу опук-

лість f , отримуємо, що Dmm 
2

21  та *
212

1
2

))()(()( 21 ymfmff mm  , що 

суперечить глобальності мінімуму *
21 )()( ymfmf   на множині D .□ 

Лема 3. Нехай nD   — опукла множина, .  nf :  — сильно 
опукла функція. Тоді f  досягає глобального мінімуму на D  у точності в 
одній точці. 

Доведення (див., напр., [4, 5, 8]) спирається на обґрунтуванні обмеженості 

знизу множин Лебега  vxfDxDv  )(:  та неперервності f  на n� . 

Детальніше про властивості опуклих множин і функцій див., [2, 4–6, 8]. 

АФІННЕ ПЕРЕТВОРЕННЯ ОПУКЛИХ МНОЖИН ТА АРГУМЕНТІВ 

ОПУКЛИХ ФУНКЦІЙ 

Уведемо до розгляду афінне перетворення nnF  : , тобто відображення 
bAxxF )( , де A  — фіксована невироджена матриця розмірності nn , 

nb   — фіксований вектор. Зазначимо, що завдяки невиродженості A  іс-

нує обернене (також афінне) перетворення bAxAxF 111 )(   . 

Лема 4. Нехай nD �  — непорожня опукла множина. Тоді опуклою є 

також множина   )(:
~

DFDxbAxD  . 

Доведення. Нехай DyDx
~~,

~~  . За визначенням множини D
~

, маємо еле-

менти DyDx  , , такі, що bAyybAxx  ~ ,~ , звідки   bAxAx 11~  

,D  DbAyAy   11~ . Тоді, зафіксувавши довільну ]1,0[ , отримуємо: 

  ))(1()(~)1(~ bAybAxyx  

 DyxFbyxA
~

))1(())1((  , 
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оскільки Dyx  )1(  завдяки опуклості D . Отже, Dyx
~~)1(~  , що 

доводить опуклість множини D
~

. 

Приклад 5. Розглянемо в 2  множину, обмежену прямокутником 
(сторони повернуті відносно координатних осей):  
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Очевидно, область D  можна отримати афінним (навіть лінійним) перетво-
ренням із прямокутника D

~
, сторони якого паралельні координатним 
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 (у даному випадку — пово-

рот) переводить повернутий прямокутник 
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сторони якого паралельні координатним осям (рис. 5). 

Приклад 6. Розглянемо в 2  множину, обмежену кривою другого порядку: 

 
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Процедурою діагоналізації отримуємо: 
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Рис. 5. Область 
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Оскільки матриця 







4112

1234
, як і матриця 




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


250

050
, є додатно визначеною, 

область D  є повернутим та зсунутим еліпсом і може бути отримана афінним 

перетворенням з одиничного круга 



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






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2

1 xx
x

x
D , рис. 6. 

Еліптичну криву 1)10()5(24)10(41)5(34 21
2

2
2

1  x xxx , або, 

у записі через квадратичну форму, 1
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отримати з одиничного кола 1 2
2

2
1  xx  послідовно зсувом, повертанням 

та розтягненням: 
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 Отже, афінне перетворення 
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Рис. 6. Область D  — еліпс 1)102()51(242)102(412)51(34  x xxx , область 
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пов’язує одиничний круг 
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Для матриці A  уведемо позначення ),(max T

1||:||
max xxAA

xx n 



 та 

),(min T

1||:||
min xxAA

xx n 



 відповідно максимальне та мінімальне власне чи-

сло матриці TAA ; нагадаємо, що матриці TAA  та AAT  мають однаковий 
набір додатних (завдяки невиродженості A ) власних чисел. 

Лема 5. Нехай функція  nf :  — опукла (строго опукла, сильно 

опукла з параметром 0 ). Тоді функція  nf :
~

, )~(
~

xf  

)~())~(( 111 bAxAfxFf    теж опукла (відповідно строго опукла, сильно 

опукла з параметром 01
max  ). 

Доведення. 1. Нехай функція  nf :  опукла. Зафіксувавши 

]1,0[ , дістаємо:  

   ))~)(1()~(()~)1(~(
~ 1111 bAyAbAxAfyxf  

 )~(
~

)1()~(
~

)~()1()~( 1111 yfxfbAyAfbAxAf    

для довільних nn yx �   ~,~ , що доводить опуклість функції g . □

2. Нехай функція  nf :  строго опукла; nn yx   ~,~  і yx ~~  . За 

умовою, матриця A  невироджена, а отже, матриця -1A  існує і невироджена, 

звідки bAyAbAxA 1111 ~~   . Зафіксувавши )1,0( , маємо  

 
)~(

~
)1()~(

~
)~()1()~(

))~)(1()~(()~)1(~(
~

1111
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yfxfbAyAfbAxAf

bAyAbAxAfyxf








 

для довільних nn yx �   ~,~ , що доводить строгу опуклість функції f
~

. □

3. Нехай функція  nf :  сильно опукла з параметром 0 . Зазна-

чимо, що матриця TAA  симетрична і, завдяки невиродженості матриці A , 

додатно визначена. Це означає, що всі власні числа матриці TAA  дійсні до-
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датні числа. Очевидно, ),)((min 1

1||:||

1
max xxAAT

xx n





 


 — мінімальне власне 

число матриці 1)( TAA . Отже, зафіксувавши ]1,0[ , отримуємо:  
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~
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









yfxf

yxyxAAyfxf

yxAyxAyfxf

yxAbAyAfbAxAf
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T

 

для довільних nn yx �   ~,~ , що доводить сильну опуклість функції f
~

 з 

параметром 1
max
 . 

Приклад 7. Нехай  nf : , 2||||)( xxf  . Функція 2||||)( xxf   си-

льно опукла з параметром 2  (див. приклад 3), а отже, функція )~(
~

xf  
21121 ||~||||)~(|| bAxAxF    є сильно опуклою з параметром 01

max  . 

Цікаво, що у випадку 0b  білінійний функціонал )~,~)((~,~ 1T yxAAyx  , 

завдяки симетричності та додатній визначеності матриці 1T )( AA , визначає 

інший скалярний добуток, а функція 2121 ||~||||)~(||)~(~,~ xAxFxgxx     

іншу норму в n� . 
У [4] наведено теорему про збереження опуклості функції (без умови 

строгої чи сильної опуклості) за застосування до аргумента довільного пере-
творення bAx  . 

ПРОЕКЦІЯ ТОЧКИ НА МНОЖИНУ 

Означення 5. Проекцією точки na   на непорожню множину nD �  

називають точку DaD Pr , найближчу до a  серед усіх точок Dx : 

 ||||inf||Pr|| axaa
DxD 


. (4) 

Оскільки норма ||||   невід’ємна, рівність (4) можна подати через квад-

рат норми 2||||  : 

 
22 ||||inf||Pr|| axaa

DxD 


. (5) 

Очевидно, aaD Pr  тоді й тільки тоді, коли Da . 

Приклад 8. Для кола 222
2,02

2
1,01

2

1 )()( : 
















 rxxxx

x

x
D  

радіуса 0r  із центром у 









2,0

1,0
0 x

x
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можна обчислити за формулою )(
||||

Pr 0
0

0 xa
xa

rxaD 


 , тобто aDPr  

міститься на перетині відрізка ],[ 0 ax  з колом D  (див. рис.7, а, б).; проекцією 

центра кола 0xa   є кожна точка кола (рис. 7, в). 

Приклад 9. Для відкритого круга  

 222
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


2,0

1,0
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x
x  проекції точки Da  ( ra |||| ) не 

існує. Дійсно, raxax
Dx




||||||||inf 0  міг би 

досягатись лише в точці )( 0||||0 0
xax

xa
r    

(рис. 8), але Dxax
xa

r   )( 0||||0 0
, оскільки 

  ||)(||(||))((|| 0||||00||||0
00

xaxxax
xa

r
xa

r

 rxa
xa

r   |||| 0|||| 0
. 

 

У загальному випадку точка na �  мо-

же мати кілька проекцій на множину nD   (приклад 8) або не мати жод-
ної (приклад 9). Проте відомий класичний факт (див., напр., [1, 4, 5]), який 
наводимо як лему. 

Лема 6. 1. Нехай множина nD   непорожня і замкнена. Тоді будь-

яка точка na �  має принаймні одну проекцію на D . 

2. Нехай множина nD   опукла. Тоді будь-яка точка na �  має не 
більше однієї проекції на D . 

Доведення. 1. Проекція aDPr  на замкнену множину D  існує за теоремою 

Веєрштраса: неперервна функція   n||:||  досягає свого найменшого 

значення ||||min||||inf axax
DxDx




 на непорожній замкненій множині nD � . 

2. Функція   n�:|||| 2  є строго (і навіть сильно) опуклою (див. при-
клад 3) і, за лемою 2, має не більше одного глобального мінімуму на опуклій 

множині nD � .□ 

2,0x  

0 
1x

2x

a
)( 0||||0 0

xax
xa

r  
 

Рис. 8. Проекція точки на від-
критий круг  не існує 

Рис. 7. Проекція точки на коло
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Приклад 10. 1. Нехай 2
0 }|||| :{  rxxxD  замкнений круг раді-

уса 0r  із центром в 2
0 x . Очевидно, D  опукла і замкнена і, за ле-

мою 6, для будь-якого 2a  існує єдина проекція aDPr  











 Daxax

Daa

xa
r ),(

;,

0||||0
0

 точки 2a  на множинуD  (див. приклад 8). 

2. Нехай   2)2,1( :  iMxmxD iii  прямокутник (рис. 9), визна-

чений точками 2�m , 2M , )2,1(  iMm ii . Очевидно, D  опукла і за-

мкнена, і, за лемою 6, для будь-якого 2a  існує єдина проекція 
aDPr )2,1( i :  

 










,,

;,
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)(Pr

iii

iiii
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MaM
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m
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Формули для проекцій на круг і прямокутник (сторони якого паралельні 
координатним осям), наведені у прикладі 10, 
природним чином узагальнюються на кулю та 

паралелепіпед у n� . Детальніше про проекції 

на деякі прості множини nD   (куля, пара-
лелепіпед, півпростір та ін.) див., напр. [5]. 
Однак для проекцій на більш складні множи-
ни (зокрема, на еліпс) надати прості явні фо-
рмули неможливо. 

Приклад 11. Нехай 
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
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5
a . Оскільки Da , проекція 

aDPr  лежить на еліптичній кривій  2
2

2
1 )10(41)5(34 xx  

1)10()5(24 21  x x , яка обмежує область D . Застосовуючи до пошуку 
екстремуму у рівності (5) метод множників Лагранжа, запишемо відповідну 
функцію Лагранжа: 
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Мінімум функції ),,( 21 xxL  можливий лише в нулях часткових похідних:  
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Рис. 9. Проекція точки на 
прямокутник 
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Легко перевірити, що аналітичне розв’язання системи (6) зводиться до 
рівняння 4-го степеня відносно   — такі рівняння, хоч і допускають явний 
розв’язок, але відповідні формули складні і містять радикали до 4-го степеня 
включно. Тому раціональним бачиться чисельне розв’язання системи (6), 
у результаті чого, після відкидання «зайвих» коренів (які не можуть бути 

мінімумом правої частини рівності (5)), отримуємо: 









9.8381- 

4.9757 
Pr aD  (множ-

ник -0.0218 , але це значення безпосередньо не входить до aDPr ), рис. 10. 

Приклад 12. Нехай 
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Для обчислення aDPr  проаналізуємо розташування точки a  відносно 

пар паралельних прямих 243x 21  x  і 543x 21  x  та 23x4 21  x  і 

103x4 21  x . Оскільки 5194413  , проекція aDPr  лежить на 

прямій 543x 21  x . Оскільки 10843142  , проекція aDPr  ле-
жить на прямій, яка проходить через точку 
a  та паралельна прямим 23x4 21  x  і 

1034 21  xx , тобто на прямій 

0)4(3)14( 21  xx , або, в іншому ви-

гляді, на прямій 834x 21  x . Розв’язуючи 

систему 







834x

543x

21

21

x

x 
, дістаємо: aDPr  






















76.1

68.0

25
44

25
17

, рис. 11. 

 

Зауваження 3. У прикладах 11 і 12 вектор aa DPr  ортогональний до-

тичній у точці a  до кривої, що обмежує область D  (рис. 10 та 11 відповід-
но). Така властивість є загальною і поширюється на множини D  з неглад-
кою межею (див., напр., [1, 4, 5]). 
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Рис. 10. Проекція точки на еліпс 1)102()51(242)102(412)51(34  x xxx  

Рис. 11. Проекція точки на
прямокутник 
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АФІННЕ ПЕРЕТВОРЕННЯ В ОПЕРАТОРІ ПРОЕКТУВАННЯ 

Нехай nD   — непорожня опукла та замкнена множина, a   довільна точ-

ка в n� . Згідно з лемою 6, проекція aDPr  існує і єдина, тобто інфімум у 

рівності (4) досягається у єдиній точці ||||minargPr axa
Dx

D 


. 

Розглянемо заміну змінних )(~ xFx   за афінним перетворенням 
nnF  �: , bAxxF )(  ( A  —невироджена матриця розмірності nn , 

nb  ). Позначивши, як і в п. 0,   )(:)(
~

DFDxxFD  , )(~ xFx  , 

)(~ aFa  , уведемо оператор aF
DPr , пов’язаний з обчисленням проекції 

aD
~Pr~  з подальшою заміною змінних )(~ xFx  : 

 )~(PrPr ~1 aFa D
F
D

  (7) 

Очевидно, множина )(
~

DFD   є непорожньою, за лемою 4 )(
~

DFD   є 
опуклою і, завдяки замкненості множини D  та неперервності відображення 
F  — замкненою. Таким чином, проекція aD

~Pr~  за лемою 6 існує і єдина. 

Ураховуючи визначення оператора aDPr , подамо рівність (7) через 

minarg : 

 
 

 ||)()(||minarg||)~~||minarg(Pr
)

~
()~(~~~

1

11
aFxFaxFa

DFx:FxDx

F
D

n
 

 


||)()(||minarg bAabAx
Dx

.||||minarg||)(||minarg F
DxDx

axaxA 


 

Отже, оператор aF
DPr , як і оператор aDPr , визначає на D  точку, най-

ближчу до a , але найближчу — у сенсі метрики, визначеної нормою 
|||||||| xAx F   (див. також приклад 7). Зазначимо, що норма |||||||| xAx F   (а 

отже, і оператор aF
DPr ) визначається матрицею A  і не залежить від b . Оче-

видно, що у випадку ортогональної матриці A  маємо рівність норм: 

 222 ||||),(),(|||||||| xxxAxAxxAx F  , 

а отже, aa D
F
D PrPr  . 

Приклад 13. Розглянемо в 2  еліпс (див. приклади 6 і 11): 

 
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
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Очевидно (див. також приклад 6), еліпс D  пов’язаний з одиничним 

кругом 
















 1~~ :~

~~ 2
2

2
1

2

1 xx
x

x
D  афінним перетворенням 





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
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


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1
~

~

x

x
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





























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225

34

2423

2

1

x

x
: )

~
(1 DFD  , або )(

~
DFD  .  

Обчислимо aF
DPr  для 











7.9

5
a . Оскільки DaFa

~

90.0

70,1
)(~ 








 , 

отримуємо (див. приклад 10, п. 1): 

 


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звідки остаточно маємо: 
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. 

Зауважимо, що aa D
F
D PrPr   (рис. 12). 

Приклад 14. Розглянемо в 2  повернутий прямокутник (див. та-

кож приклади 5 та 12) 
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осям (детальніше див. приклад 5). У цьому випадку, оскільки матриця 












6.08.0

8.06.0
A  є ортогональною (матрицею повороту), оператор aF

DPr  

збігається із проекцією: aa D
F
D PrPr   для довільного na   (див. приклад 12, 

рис. 11). 

МЕТОД ПРОЕКЦІЇ ГРАДІЄНТА З АФІННИМ ПЕРЕТВОРЕННЯМ 

Нехай nD   — непорожня опукла та замкнена множина,  nf �:   ди-

ференційовна строго опукла функція на n  За сформульованих умов, згідно 
з лемою 3, існує єдиний мінімум функції f  на D : )(minarg* xfx

Dx
 . Аналі-

тичне обчислення *x  у практичних випадках є складним і почасти немож-
ливим. Для чисельного розв’язання задачі )(minarg* xfx

Dx
  у 1964 р. амери-

канським вченим А. Голдштейном був запропонований (див. [7]) 
ітераційний метод, нині відомий як метод проекції градієнта: 

 nx 0  — обрана початкова точка; 

 )(Pr1 kkk
D

k hxx   ( 0k ), де )( kk xfh   напрямок кроку (ан-

тиградієнт), nka   — довжина кроку (обирається залежно від модифікації 
методу). 

Одним з найпоширеніших методів вибору довжини кроку є метод 

найшвидшого спуску: 
0

)(minarg


 kkk hxf , який, разом з додатковими 

умовами на f  і D , забезпечує збіжність *xx
k

k  


; сформулюємо ві-

домий (див., напр. [4]) результат у вигляді теореми. 

Теорема 1. Нехай nD   — непорожня опукла та замкнена множина, 

 nf �:   функція на n� , яка задовольняє умови: 

 неперервна диференційовність на n ; 
 сильна опуклість з параметром 0 ; 
 градієнт є ліпшицевим з константою L , тобто  ||)()(|| yfxf  

|||| yxL  . 

Тоді рекурентно задана послідовність 

 nx 0  довільно обрана початкова точка, 

 )(Pr1 kkk
D

k hxx   ( 0k ), де )( kk xfh  , k  

0
)(minarg


 kk hxf  збігається до *x  з геометричною швидкістю: 

*xx
k

k  


, |||||||| **1 xxqxx kk   ( 0kk  ), де )1,0[q  — фіксована 

константа, 0k  — фіксований номер. 

Доведення див., напр. у [4]. 
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Зауваження 4. Очевидно, умова геометричної швидкості (або лінійної 

швидкості) |||||||| **1 xxqxx kk   ( 0kk  ) еквівалентна умові  |||| *xxk  
kCq  ( 0k ), де )1,0[q , 0C  — фіксовані константи. 

Метод проекції градієнта пов’язаний з обчисленням проекції точки kx  
на множину D , що нескладно у простих випадках (наприклад, якщо D  круг 
або прямокутник, див. приклад 10), проте ускладнюється до окремої задачі 
мінімізації для складніших випадків (наприклад, якщо D  еліпс, див. 
приклад 11).  

Для спрощення задачі проектування застосуємо у задачі пошуку 
)(minarg* xfx

Dx
  заміну змінних, пов’язану з афінним перетворенням 

nnF  �: , bAxxF )(  ( A  —невироджена матриця розмірності nn , 
nb  ). Позначивши, як і в п. 2, )(}:)({

~
DFDxxFD  , )(~ xFx  , 

)~())~(()~(
~ 111 bAxAfxFfxf   , отримуємо область nD 

~
 і функцію 

 nf �:
~

. Таким чином, пошук )(minarg* xfx
Dx

  можна звести до пошуку 

)~(
~

minarg~
~~

* xfx
Dx

 , )(~ *1* xFx  , з подальшим «поверненням» до )~(1 xFx  . 

Теорема 2. Нехай функція  nf :  і область nD   задовольня-

ють умови теореми 1, nFx 0,  — довільна початкова точка, 

))
~~)(((Pr ,11, kkkFF

D
kF hxFFx    ( 0k ), де )()(

~ ,1 kFTk xfAh   , 

0~

, )
~~(minarg~


 kkFk hxf . Тоді послідовність kFx ,  ( 0k ) збігається до 

)(minarg* xfx
Dx

  зі швидкістю геометричної прогресії: 

*, xx
k

kF  


, kFkF qCxx )(|||| *,   ( 0k ), 

де )1,0[Fq , 0C   — фіксовані константи.  

Доведення. Розглянемо (див. також п. 2 і 4) отримані заміною змінних 

)(~ xFx   область )(}:)(~{
~

DFDxxFxD   та функцію )~(
~

xf  

)~())~(( 111 bAxAfxFf   . 

Оскільки область D  за умовою непорожня, опукла та замкнена, об-

ласть )(
~

DFD   за побудовою також є непорожньою, за лемою 4  опуклою, 

за неперервністю відображення F  замкненою. Оскільки f  за умовою є си-

льно опуклою з параметром 0 , функція f
~

 за лемою 5 є сильно опуклою 

з параметром 01
max  . Функція f  за умовою є неперервно диференційов-

ною, тоді функція f
~

 теж є диференційовною як композиція диференційов-

них відображень f  і 1F . Для обчислення f 
~

 знайдемо ),
~

( df   для довіль-

ного фіксованого nd  : 
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 )),~()(()),~(()),~(
~

( 111111 dbAxAfAdAbAxAfdxf T   , 

звідки, враховуючи довільність nd  , отримуємо, що  )~(
~

xf  

))~(()(( 11 xFfAT    є неперервним, і функція f
~

 є неперервно диференці-

йовною. Нарешті, із ліпшицевості f   з константою L , для f 
~

 маємо: 

   21111112 ||)~()(()~()((||||)~(
~

)~(
~

|| bAyAfAbAxAfAyfxf TT  

 )),~()~(()(( 11111 bAyAfbAxAfAAT    

   ))~()~( 1111 bAyAfbAxAf  

   21111
min ||))~()~(|| bAyAfbAxAf  

 ,||~~||||)~~(|| 222
min

212
min yxLyxAL    

де ),(min
1||:||

min xAxAT

xx n 



  — мінімальне власне число матриці TAA . Таким 

чином, f 
~

 ліпшицевий з константою Lmin . Отже, область D
~

 і функція f
~

 

задовольняють умови теореми 1, тобто рекурентно задана послідовність kx~  

( 0k ), де nx 0~  довільно обрана початкова точка, )
~~~(Pr~ ~1 kkk

D
k hxx  , 

))~(()()~(
~~ 11 kTkk xFfAxfh   , 

0~
)

~~~(
~

minarg~


 kkk hxf  збігається до 

*x  з геометричною швидкістю: *~~ xx
k

k  


, ||~~||~||~~|| **1 xxqxx kk   

( 0k ), де )1,0[~q  фіксована константа. Увівши позначення kFx ,  

)~(1 kxF  , дістаємо: )~( 010, xFxF   (початкова точка), 

 ))
~~)(((Pr)

~~~((Pr)~( ,1~1111, kkkFF
D

kkk
D

kkF hxFFhxFxFx   . 

Оскільки за лемою 3 існує єдиний )~(
~

minarg~
~~

* xfx
Dx

 , за побудовою ма-

ємо зв’язок )(~ ** xFx  , звідки *, xx
k

kF  


. Нарешті, оцінимо швид-

кість збіжності *, xx
k

kF  


: 

   ||)~~(||||)~()~(|||||| *11*111*1, xxAxFxFxx kkkF  

   )~~),~~()(( *111 xxxxAA kkkT  

 ,~||~~||||~~|| *
~

*11
minmin

kkqk qCxxxx  


  

тобто *, xx
k

kF  


 із лінійною швидкістю, що завершує доведення тео-

реми. □ 

Зауваження 5. Послідовності kx  ( 0k ) та kFx ,  ( 0k ) мають одна-

кову границю *x , однак, взагалі кажучи, поточково розрізняються, тобто 

найчастіше kFk xx , . 
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Приклад 15. Нехай  2:f , 














 2
2

2
1

2

1 )11()6( xx
x

x
f  

4
1 )6(  x . Функція f сильно опукла з параметром 2 , оскільки 










 



















20

0)6(122 2
1

2

1 x
x

x
f .  

Розглянемо задачу мінімізації функції f  на множині 2�D  в еліпсі 
(див. приклади 6, 11 і 13): 
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
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


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




















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
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



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


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







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
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


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x

x

x

x

x

x
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x

x xxx
x

x
D

 

який пов’язаний афінним перетворенням 

 























































50

225

34

2423
~

~

2

1

2

1

2

1

x

x

x

x
F

x

x
 

з кругом )(1~~ :~

~~ 2
2

2
1

2

1 DFxx
x

x
D 

















 .  

Оскільки область D  непорожня, опукла і замкнена, можемо засто-
сувати результат теореми 2; формулу для обчислення проекції точки на круг 
D
~
наведено у прикладі 10. У табл. 1 подано результати роботи класичного 

методу проекції градієнта (послідовність kx , 0k ) та методу проекції гра-

дієнта з афінним перетворенням (послідовність kFx , , 0k ); в обох випад-

ках для збіжності з точністю до 510 . За початкову точку взято центр еліпса: 












10

50,0 Fxx  (те ж саме спостерігається і за інших початкових точок). 

Т а б л и ц я  1  

k  0 1 2 3 4 5 

kx  







 00000.10

00000.5  







 15950.10

10119.5








 15380.10

11600.5








 15380.10

11628.5








 15380.10

11629.5  







 15380.10

11628.5  

kFx ,
 








 00000.10

00000.5  







10.15750- 

5.10640 








10.15400- 

5.11568  








 15380.10

11623.5








10.15380- 

5.11626   







10.15380- 

5.11626   

 

Отже, комп’ютерне моделювання підтверджує, що 


k

k
x

0
lim  












 15380.10

1627.5
lim ,

0

kF

k
x , що збігається зі значенням )(minarg* xfx

Dx
  з точ-

ністю до 510 , проте траєкторії kx  і kFx ,  розрізняються.  
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Приклад 16. Нехай  2:f , 4
1

2
2

2
1

2

1 )1()1()1( 











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


xxx

x

x
f . 

Функція f сильно опукла з параметром 2 , оскільки 
















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1

x

x
f  








 


20

0)1(122 2
1x

. 

Розглянемо задачу мінімізації функції f  на множині 2�D  
у повернутому прямокутнику (див. приклади 5, 10 і 12) 
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паралельні координатним осям. 
Оскільки область D  непорожня, опукла і замкнена, можемо засто-

сувати результат теореми 2, формула для обчислення проекції точки на пря-
мокутник D

~
наведена у прикладі 10. У табл. 2 наведено результати роботи 

класичного методу проекції градієнта (послідовність kx , 0k ) та методу 

проекції градієнта з афінним перетворенням (послідовність kFx , , 0k ); 

в обох випадках для збіжності з точністю до 510 . За початкову точку взято 

центр прямокутника: 












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
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54.0 10,0 Fxx F  (схоже спостеріга-

ється і за інших початкових точок). 

Т а б л и ц я  2  
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Отже, комп’ютерне моделювання підтверджує, що 
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, що збігається зі значенням )(minarg* xfx

Dx
  з точністю до 

510 , і траєкторії kx  і kFx ,  також збігаються, що пояснюється ортогональ-

ністю матриці 
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

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, яка визначає 
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ВИСНОВКИ 

1. Афінне перетворення координат у деяких випадках суттєво спрощує 
проектування точки на множину. 

2. Афінне перетворення у методі проекції градієнта принаймні не погі-
ршує швидкість збіжності методу. 

3. Напрямом подальших досліджень може бути узагальнення отрима-
ного результату на ширший клас перетворень; принциповим має бути збері-
гання опуклості множин та сильної опуклості функцій. 
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GRADIENT PROJECTION: SIMPLIFYING MINIMIZATION AREA BY AFFINE 
TRANSFORM / I.Ya. Spectorsky 

Abstract. One of the classical problems of optimization theory in a finite-
dimensional space is to find a minimum of a function on a nonempty set. Usually, 
finding the precise solution to this task analytically requires a lot of computational 
resources or is even impossible at all. So, approximate methods are used most often 
in practical cases.  One of the simplest and the most well-known among such ap-
proximate methods for unconditional optimization is the method of gradient descent; 
its generalization for conditional optimization was found in 1964, the method of pro-
jected gradient. For some simple sets (line segment, parallelepiped, ball), the projec-
tion of the point on the set can be easily found by an explicit formula. However, for 
more complicated sets (e.g., an ellipse), projecting becomes a separate task.  Never-
theless, sometimes computing projection can be simplified by affine transform; e.g., 
an ellipse can be transformed into a ball by affine (moreover, by lin-
ear) transformation. The paper aims to simplify the problem of minimizing function 
on the set by changing the condition set by affine transform F(x)= Ax+b, where A is 
a non-degenerated square matrix, and b is a fixed vector of proper dimension. 

Keywords: gradient projection, minimization, affine transformation. 
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STUDY OF THE FACTOR INFLUENCE ON THE UNIFORMITY 

OF COFFEE GRAIN GRINDING  

BY METHODS OF STATISTICAL ANALYSIS 

I.V. HRYHORENKO, S.I. KONDRASHOV, S.M. HRYHORENKO,  
O.S. OPRYSHKIN 

Abstract. In order to assess the impact of each of the factors that affect the quality 
and uniformity of grinding coffee beans and to compare the impact of these factors, 
it is worth establishing a quantitative indicator of this impact. To solve this problem, 
dispersion analysis was used as a method of organizing sample data according to 
possible sources of dispersion. The chosen method made it possible to decompose 
the total dispersion into components caused by the influence of factor levels. Grind-
ing time, geometric dimensions of the grain, moisture content of the grain, speed of 
rotation of the motor shaft were selected as factors influencing the homogeneity of 
grinding. The justification and assessment of the reliability of statistical conclusions 
about the informational significance of indicators affecting the homogeneity of cof-
fee grinding was carried out to ensure the highest possible probability of the ob-
tained result. 

Keywords: dispersion analysis, homogeneity of grinding, factor influence, model, 
indicator of control, coffee bean. 

INTRODUCTION 

The problems of determining the factor influence on the quality and uniformity of 
grinding and the creation of systems for controlling the grinding process are of 
interest to both domestic scientists and the world scientific community. The paper 
[1] states that one of the most common problems in the preparation of coffee 
drinks in coffee machines is the unsatisfactory quality of coffee, which is associ-
ated with improper grinding of coffee beans, and the taste of the coffee drink de-
pends on the size of the ground particles and the uniformity of coffee grinding. 
The paper [2] examines the influence of the origin of coffee beans and the tem-
perature during the grinding of roasted coffee. It is noted that the extraction de-
pends on the temperature, the chemical composition of the water, as well as the 
available surface area of the coffee. The study [3] reported that some physico-
chemical characteristics such as extraction yield, total dissolved solids, total phe-
nol content, pH, and titrated acidity can strongly depend on the degree of grinding 
of the coffee bean. The work [4; 5] is aimed at developing an experiment to study 
the key factors affecting different methods of coffee preparation. The need to ob-
tain different degrees of grinding of coffee beans in order to be able to provide a 
high flow rate of coffee in the preparation of espresso is discussed in the paper [6]. 

The structure or scheme of an experiment is described, by the factors in-
volved in it and the ways in which different levels of different factors are com-
bined [7]. The variance is used here as the simplest measure of dispersion, provid-
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ing an opportunity to compare the influence of the factor under study and the fac-
tor of chance [8]. If the dispersion is due to the joint action of random causes and 
the change in the levels of the factors, then by obtaining an estimate of the total 
response variance and the estimation of the variances of the factors, one can find 
an estimate of the residual variance, and then, using statistical variance compari-
son criteria, rank the factors according to the degree of their effect on the response 
dispersion. 

PRESENTATION OF THE TASK 

The quality of grinding coffee beans is influenced by a number of factors that 
negatively affect the uniformity of grinding, which are difficult to stabilize to re-
duce the impact on the original value. As previously mentioned, it is necessary to 
carry out a procedure for randomizing factors in order to make their impact ran-
dom and to be able to use statistical criteria. 

Suppose that Н — is the parameter of the control object characterizing the 
homogeneity of coffee grinding, which needs to be determined; F1, … Fn — fac-
tors affecting the quality of the grinding process (e.g. grinding time, speed of rota-
tion of the motor shaft, temperature at the engine stator, distance between mills, 
grain moisture, geometry of the bean: width, thickness, length). The result that 
takes into account the action of each of the factors can be written in the form of a 
mathematical model in which the influencing factors are Н and (n – 1) factors due 
to the variability of the remaining control indicators. This statement is due to the 
fact that the remaining indicators characterize quantitatively (n – 1) the physical 
properties of the control object and can be directly measured. 

To assess the homogeneity of coffee grinding, consider the model of the ef-
fect on the measurement result of the control index F taking into account the ef-
fects of four factors (H and factors whose levels are quantified by the values of 
the three control indicators (grinding time, geometric grain sizes, grain moisture). 
Data in cross-classification are denoted by symbols with four indices δγβα ,,, . 
Since the control indicators are not additive, it is necessary to introduce compo-
nents into the model characterizing the interaction between the indicators. Thus, 
the mathematical model has the form: 

  βγαδαγαβδγβα )()()()( ABfCfBfACBAfFF i  

  αγδαβδαβγγδβδ )()()()()( fBCfACfABBCAC  

 .)()( αβγδαβγδβγδ ifABCABC    (1) 

where δγ,β,α,  are the number of factor levels; F  — is the general aver-

age; f — is the deviation of the measurement result of the control indicator F 

from its average value F , which is due to the influence of the parameter H; 

δγβ ,, CBA  — deviation of the measurement result F  from F , due to three 

factors; γδβγαδαγαβ )(,)(,)(,)(,)(,)( BCACABfCfBfA   — deviations due to 

pairwise interactions of all influencing factors; ,)(,)(,)( αγδαβδαβγ fBCfACfAB  

βγδ)(ABC  — deviations due to the interaction of three influencing factors; 

αβγδ)( fABC  — deviation, which is due to the interaction of four influencing fac-
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tors; αβγδi  — random residue; і — is the number of multiple measurement at 

fixed levels δγ,β,α, . 

The initial conditions for model (1) will be: 
1. ;0;0;0;0
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β
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5. .0
α β γ δ

αβγδ 
i

i  

In addition to these conditions, restrictions are imposed on the random balance: 
1) all iαβγδ  are mutually independent; 

2) 22 ][ abcqdМ  22
αβγδ ][ σM i  ; 

3) random variables iαβγδ  are distributed according to the normal law. 

Regarding the type of deviations αf , δγβ ,, CBA  we note the following: 

1) αf  — is a random variable because it reflects the effect of a priori uncer-
tain levels of the parameter of the control object Н; 

2) δγβ ,, CBA  — are parameters by virtue of the metrological values of the 

control indicators.  
Since due to the randomness of the levels of the parameter Н the resulting 

model (1) is not exclusively parametric, but can be attributed to mixed models. 

TRANSITION TO THE MOST COMMON FACTOR FUEL MODEL 

It is a well-known fact that the multifactor model (1) requires for its study a sam-

ple size of rk 4 , where k  — is the number of levels for each of the factors, and 
r  — is the number of multiple observations for all possible combinations of levels of 
the influencing factors. In order for the results obtained during the variance analysis to 
be statistically significant, the value must satisfy the conditions 4k , 1r . 
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Thus, at 5k , and 2r  the minimum volume of the number of four-

dimensional observations of the control index F should be 1250254   values. It 
turns out that it is very difficult, and sometimes almost impossible to provide such 
a large number of non-standard samples of coffee beans while maintaining the 
complete uniformity of the measurement experiment.  

In order to avoid this complexity, we simplify model (1), leaving only the main 
deviations αf , δγβ ,, CBA  and the deviations caused by pairwise interactions 

αδαγαβ )(,)(,)( fCfBfA . The resulting model will contain an increased residual 

αβγδνψ , which also includes a random residual iαβγδε  , and deviations caused by the 

action of three: βγδαγδαβδαβγ )(,)(,)(,)( ABCfBCfACfAB  and four — αβγδ)( fABC , 

influencing factors, as well as pairwise deviations ,)( βγAB  ,)( AC  γδ)(BC : 

 αβγδναδαγαβδγβα ψ)(,)(,)(  fCfBfACBAfFF   (2) 

In order to reduce the complexity of the model (1) it can be reduced to three 
two-factor simplified cross-classification models:  

 νδγ;)()( αβναββα  iAfAAfFF ;  (3) 

 νδα;)()( αγναγγα  iBfBBfFF ; (4) 

 νiγfCCfFF C  β;)( αδν)(αδδα .  (5) 

where   — is the number of multiple measurements of the F indicator in the ta-
ble cell with the original model data (3), (4) і (5); αβν)(ψ A , αγν)(ψ B , αδν)(ψ C  — 

random residues due to three factors: grinding time, geometric grain size, grain 
moisture, respectively. 

A comparison of the residuals of the presented models with the residuals of 
models (1) and (2) shows that simplifying the model obviously reduces its accu-
racy, because these residuals are more than αβγδνψ , а αβγδνψ  > iαβγδε . 

Let’s analyze the condition that allows us to synthesize model (2) on the ba-
sis of models (3), (4), and (5). For each of these models, there is the same main 
deviation s, additional deviations δγβ ,, CBA , and deviations due to the effects of 

pairwise interaction. 
The first and most important condition is to ensure that the standard devia-

tions in models (3), (4), and (5) are equal to each other. To do this, the number of 
groups of observations of the control indicator F must be the same for all models, 
which corresponds to the same number of rows in the original data table. At the 
same time, the number of values of the control indicator F in each group should 
be the same b, and the value of αβγδF  in the middle of each group should remain 

unchanged (where N — is the number of measurements) for any of the models (3), 
(4), and (5). The grouping of iF  values should be carried out according to the 

specified groups of values of the parameter Н.  
It should be borne in mind that the method of forming columns (subgroups) 

in the table of the established source data should be determined by the established 
additional influencing factor, and provide a single procedure for selecting αβγδF  

values for each of the subgroups of the group with a fixed number bαα, ,1  . The 
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number of subgroups in each of the groups must also be the same m, for each of 
the models (3), (4) and (5). Each of the subgroups of any of the groups (cells of 
the source data table) will have the same bmNg   — the number of observations. 

In order to model additional factor injection (based on all vortex data) on 
display F, you need to carry out the following operations: 

– rank the intragroup values of the control indicator Fp, you need to carry out 
the following operations; 

– break the ranked (for all b groups) series of values of the Fp indicator into 
m subgroups; 

– in each of the subgroups, select the g values of the information index F 
corresponding to the g values of the Fp indicator and enter them into the source 
data cell. 

The resulting mb  table of observation results of control measure F values 
with g multiple observations in each of mb  cells can now be used for variance 
analysis of any of the models (3), (4) and (5) cross classifications corresponding 

to a given additional factor influencing Fp, 3,1 p . 

We will introduce the designation of these three factors through uts FFF ,, . 
In general, we will denote any of these factors through Fp. Therefore, any of the 
models (3), (4), and (5) can be represented in the form: 

   zzzz fppfFF ψ)( αα ,  (6) 

where  zψ  — is a random residue. 

The complete decomposition of the sum of the squares of deviations of the 
values  zF  from F , under the initial conditions and constraints of the model 

(1), will have the following form: 

 pfppf WWWWW  .  (7) 

The results of the variance analysis of the model (6) are presented in Table 1, 
where zzz FFFF   ,,  — are the average values in rows, columns and in cells. 

T a b l e  1 . Results of dispersion analysis 

Source of variability Number of degrees 
of freedom k Sum of squares 

The main factor H b – 1 


 
b

f FFgpW
1

2)(  

Additional factor Fp m – 1 



m

z
zp FFgbW

1

2)(  

Interaction between  
H and Fp 

(b–1)(m–1)  
 

 
b m

z
zzfp FFFFgW

1 1

2)(  

Remainder  
(in the middle of the cell) 

bm (g–1) 
  

 
b m

z

g

zzp FFW
1 1 1

2)(  

General N – 1 
  

 
b m

z

g

z FFW
1 1 1

2)(  
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Unfortunately, for models (3), (4) that (5), the same F  and the sums of W  
and fW  is represented by the sum of squares from F  from F model (2) as the 

union of the sum of (7), 3,1 p  with the fictitious residual sum *
W , which char-

acterizes the influence of factors not taken into account in the model: 

 *
 WWWWWWWWW fuftfsutsf  . (8) 

The resulting ratio (8) makes it possible to simplify the previous model (2) 
and represent it in the following form: 

 ,ψ)()()( *
αβγδναδαγαβδγβ  fCfBfACBAfFF α   (9) 

where *
αβγδνψ — is a random residue due to the action of three factors: grinding 

time, geometric grain size, grain moisture. The values of the sums of the right part 

of the expression (8), in addition to *
W  are calculated according to the equations 

of the sums of the squares of the tables of the results of the variance analysis of 
the models (3), (4) and (5), similar to Table 2, replacing the Fp factor with a spe-

cific additional factor — uts FFF ,, . The sum of *
W  can be calculated from any 

of the equations: 

 






















;

;

;

*

*

*

sftfstu

ufsfust

uftfuts

WWWWWW

WWWWWW

WWWWWW

  (10) 

 WWWWWW futs 22*   .  (11) 

Table 2 presents the results of the variance analysis of the simplified model 

(9), the random residue of which will be fictitious (determines the sum of *
W  in 

equation (8)). 

T a b l e  2 . Results of the variance analysis with the model (8) 

Source of variability Source of variability Sum of the squares  
of deviations 

The main factor Н fk  = b - 1 fff kWW   

Factor sF  sk  = m - 1 sss kWW   

Factor tF  tk  = m - 1 ttt kWW   

Factor uF  uk  = m - 1 uuu kWW   

Interaction sHF  )1()1(  mbk fs  fsfsfs kWW   

Interaction tHF  )1()1(  mbk ft  ftftft kWW   

Interaction uHF  )1()1(  mbk fu  fufufu kWW   

Remainder )23((  mbNk    kWW *  

General k = N-1 kWW   
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We will conduct a study of the simplified model (9). This model, occupies 
an intermediate position between model (1) and models (3), (4) and (5). From 
(10) it follows that the residual sum of the simplified model (11) is less than the 
residual sums of the models (3), (4) and (5). This indicates the increased accuracy 
of this model compared to the cross-classification models (3), (4), and (5). Based 
on the results of Table. 2, we conclude that the number of degrees of freedom of 

the residual sum *
W  decreases with an increase in the number of b groups (by the 

level of parameter H) and the number of m subgroups (by the level of additional 
factors uts FFF ,, ). 

Let’s write k  from Table 2 in the following form: 

 





  m

b
mbNk 3 .  (12) 

From the resulting expression (12) it follows that the number of degrees of 
freedom is the greater, at constmb , the greater the ratio mb . 

This finding makes it possible to further plot the number of groups and sub-
groups in the tables of the original data of the models (3), (4), and (5). In this 
case, the number of b groups (subranges of measurement of the control parameter 
H (homogeneity) is desirable to increase, and the number of subgroups should be 
reduced, reducing m to a minimum. For example, take m = 2. This will increase 

the number of degrees of freedom of the residual sum *
W . Thus, it is obvious 

that the main advantage of the simplified model is the possibility of simultaneous 
testing of the Н0, hypothesis, that is, when the influence of factors Н, uts FFF ,, , 
on the information measure of control F is absent. In this way you can write Н0: 

0...  bp ff . 

This is the main hypothesis and its components have the following form: 

 0...:0  mp
s ssH ;  0...:0  bmp

sf fsfsH ; 

 0...:0  mp
t ttH ;  0...:0  bmp

tf ftftH ; 

 0...:0  mp
u uuH ;  0...:0  bmp

uf fufuH . 

The test of the hypotheses presented is done in relation to the corresponding 
mean squares )...,,,,,( fuutsf WWWWW  to the mean residual square W  followed 

by comparison of the obtained F — statistics with the corresponding percentage 
points for F — distributions. 

This advantage of the simplified model (9) makes it possible to estimate the 
amount of expected information about the levels of parameter H for the informa-
tion measure F when considering the levels of both influencing factors and their 
interactions: 

 
2

1log 











F

FI ,   

where fF Wσ 2 ;  
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n
F

1

1
; 2

Fσ  — is a function of the sum of the squares of deviations 

)...,,,,,( fuutsf WWWWW  in Table 1 and Table. 2. 

Table 3 presents the equation for calculating 2
F  for the simplified model (9) 

with different combinations of factors affecting the information indicator F. 

T a b l e  3 .  Calculated Ratios for Parameter 2
F  

Factorial influences 
taken into account 

2
F  

Additional factor sF  )()( *
  kkkkkkWWWWWW fuftfsutfuftfsut  

Additional factor tF  )()( *
  kkkkkkWWWWWW fuftfsusfuftfsus  

Additional factor uF  )()( *
  kkkkkkWWWWWW fuftfstsfuftfsts  

sF , tF  )()( *
  kkkkkWWWWW fuftfsufuftfsu  

sF , uF  )()( *
  kkkkkWWWWW fuftfstfuftfst  

tF , uF  )()( *
  kkkkkWWWWW fuftfssfuftfss  

sF , tF , uF  )()( *
  kkkkWWWW fuftfsfuftfs  

sF , tF , uF , sHF  )()( *
  kkkWWW fuftfuft  

sF , tF , uF , tHF  )()( *
  kkkWWW fufsfufs  

sF , tF , uF , uHF ,  )()( *
  kkkWWW ftfsftfs  

sF , tF , 

uF , sHF , tHF , uHF  W  

 

If we do not take into account all the influencing factors, and this corre-
sponds to obtaining information under multifactorial influence, then  

 
2

*
2




 

 bN

WWWWWWW fuftfsuts
F .   

In order to perform the verification of statistical findings, we present model 
(9) as a one-factor model of one-sided classification, i.e., when the influence 
of additional factors is determined solely by the magnitude of the random 

residue αi : 

 ,αiii fFF  ,  (13) 

where bα ,1  ; ni ,1  ; bNn  . 

In this case, the magnitude of n multifactorial observations in each of the b 
groups is the same. 
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Model (13), due to the uncertainty of the levels of the control parameter H, 
refers to the variance component models. 

We will use the formal analysis of the model (13) and write the expression 
of the full sum of the squares of deviations W through the sum of the two terms 

 


 
b

i
f FFnW

1

2)( ,   

where F  — group mean values of the performance trait; F  — is the overall 
average; n — is the number of units of the population in each group. 

Residual variance (random) is the sum of the group sums of the squares of 
deviations of all variant of the resultant trait in groups from the mean values of 
the trait in them: 

 





 
g

i
i

b
FFW

1

2

1

)( .   

Consider now the ratio of the mean squares for the recorded sums fW  and W : 

 
)(/

)1(/

bNW

bW
F f







.   

F-statistics can be used to test one of two hypotheses: 

 ][...][: 10 bFMFMH    ][...][: 11 bFMFMH  . 

A rule follows from the theory: if statistical conclusions indicate the validity 
of the main hypothesis 0H , then the parameter Н does not affect the change in the 

control indicator F. That is, the indicator F does not carry information about the 
change in the levels of the control parameter Н, and if the hypothesis 1H , is valid, 

then the indicator F is informative in relation to the control parameter Н. Deci-
sions 0μ  (valid hypothesis 0H ) and 1  (valid hypothesis 1H ) are accepted, com-

paring the F statistic with the critical value FK. 
The conditional densities of the probability distribution of F-statistics are a 

linearly transformed random variable with central bNbF  ,1 , the distribution: 

 bNbFHFf  ,10 )( ,   

 bNb
f FgHFf 

















 ,12

2

1 1)( ,  (14) 

where the variances 2
f  and 2  refer, respectively, to the random deviations of 

f  і i  in the model (13).  

The variance of 2
f  can be represented as the sum:  

 222
rHf  ,   

where 2
H  — the variance of the control parameter H, which is due to the uncer-

tainty of its values in the measurement range HD ; 2
r  — the variance of the 
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measurement result of the values of the control parameter H, which is due to the 
uncertainty of the reproduction of the values of H by the technical means of con-
trol (in fact, this is the variance of the measurement result). 

Testing hypotheses about the significance of the effects of factors and their 
interactions is carried out using the Fisher criterion. To do this, calculate the ratio 
of the corresponding mean squares to the remaining middle square. The obtained 
values are compared with the KF  values found in the F-distribution tables for the 

accepted significance level 05,0 , or higher (0,01 – 0,001) and the number of 
degrees of freedom. 

Hence, if the control measure F is sensitive to a change in the level of the 
control parameter H over the entire range of its measurements, then the F-statistic 
will be characterized by the distribution density (14) for all measured levels of the 
indicator H. 

Now consider the problem of one-sided testing of the parameter H within the 
implementation of the alternative hypothesis 1H . This hypothesis must be repre-
sented as a complex one, which will check the correspondence between the real 
value f of the control parameter H and the control value 0f : 

 0
1H : 0ff   (parameter H is normal);  

 1
1H : 0ff   (parameter H is not normal). 

Such situations must correspond to the choice of one of two solutions: 

 0 : KFF  ,   

where F — calculated value of the F-criterion; KF  — tabular value of the 
F-criterion. Then the influence of the factor on the control parameter is not prov-
en, but the absence of influence of the factor is not proven. 

If: 
 1 : KFF  ,   

then statistical observation proves with a given probability the influence of the 
factor on the control parameter. 

Enter the following designations: 1  and 2  — probabilities of errors of 
the first and second kind: 

 )( 011 ffP  ;  )( 002 ffP  . 

Then the probabilities of choosing solutions 0 , 1  are respectively deter-
mined by the expressions: 

 21][  KFFP ,  (15) 

 1][  KFFP .  (16) 

The fragment F has distribution (14), then from the expressions (15) and 
(16) it flows  
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KbNb

KbNb   (17) 
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where  

 




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










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.

;

2

2
2
0

2

22
2
1

r

rH

 (18) 

Considering the system of equations (17), one can find the value of KF that 
satisfies both of these expressions. To do this, it is necessary to ensure that the 
condition is fulfilled 

 
2
0

2
1

,,1

1,,1

1

1

2

1


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




n

n

F

F

bNb

bNb .  (19) 

The numerator and denominator of the left side of the inequality (19) are 
)1( 1  and 2 — are the percentage points of the central F — the distribution 

with )1( b  and )( bN   degrees of freedom. 

It can be shown now that the expression that (19) corresponds to the expression: 
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2
1

2
,1

2
1,1

2

1









b

b

χ

χ
,  (20) 

where 2
1,1 1b , 2

,1 2b  — percentage points of the central 2  distribution with 

)1( b  degrees of freedom. 

From formula (20) it follows that given number of levels b of control pa-
rameter H (groups of results of observations of parameter F of model (13)) and 

given ratio  2
0

2
1  it is possible to estimate the reliability of decision-making 

0  and 1  

 
2

1A 21 
 , 

fixed, for example, the value of 1  (Naiman – Pearson criterion) and calculate 

2 , as the interval: 
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where  
2

1,1min 1bz ; 





 


2

1b
 — gamma function. 

The relation   is determined from the formula (18): 

 
2

2

1



 r .   

The results obtained already make it possible to move on to the practical use 
of the simplified model. At the same time, it must be remembered that in the prac-
tice of variance analysis, there may be cases when the number of replicates ob-
tained for each combination of levels of the factors under study is different and 
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equal ijm ; ijm  numbers can have any value, including zero, but each row and 

column must have at least one, and some have two non-zero values. In this case, 
there are possible situations in which it is impossible to obtain unbiased estimates 
for all parameters of the model. The need to introduce a system of weight coeffi-
cients into the calculated ratios complicates the calculations, the analysis of such 
plans involves, as a rule, the use of a computer. 

SUMMARIES 

When executing the partition, the following results are obtained: 
– to assess the homogeneity of coffee grinding, a mathematical model of the 

influence of four factors on the result of measuring the control indicator has been 
developed;  

– a simplified model of cross-classifications was proposed for further use 
and investigated, which took into account the effects of simultaneous interaction 
of four factors (grinding time, geometric grain size, grain moisture, speed of rota-
tion of the motor shaft) on the result of measurement of the unit control indicator 
(uniformity of coffee grinding); 

– obtained equations that allow to evaluate the reliability of statistical con-
clusions in relation to the informational significance of control indicators for the 
proposed simplified model of cross-classification; 

– analytical ratios are obtained, which allow to estimate the amount of in-
formation on each of the control indicators under the factor influence on the pro-
posed linear function of the transformation of these indicators. 

– the advantages of the chosen approach are that it makes it possible to as-
sess the validity of multiparameter control results of three or more levels of the 
control indicator and to select the most informative subsets of these values. 
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ДОСЛІДЖЕННЯ ФАКТОРНОГО ВПЛИВУ НА ОДНОРІДНІСТЬ ПОМЕЛУ 
ЗЕРНА КАВИ МЕТОДАМИ СТАТИСТИЧНОГО АНАЛІЗУ / І.В. Григоренко, 
С.І. Кондрашов, С.М. Григоренко, О.С. Опришкін 

Анотація. Для оцінювання впливу кожного із факторів, які впливають на 
якість та однорідність помелу зерна кави, і порівняння впливу цих факторів 
варто встановити кількісний показник цього впливу. Для цього використано 
дисперсійний аналіз як метод організації вибіркових даних відповідно до мож-
ливих джерел розсіювання. Обраний метод дозволив розкласти загальне роз-
сіювання на складові, зумовлені впливом рівнів факторів. Факторами, що 
впливають на однорідність помелу, обрано: час помелу, геометричні розміри 
зерна, вологість зерна, швидкість обертання валу двигуна. Проведено обґрун-
тування та оцінювання достовірності статистичних висновків про інформацій-
ну значущість показників, що впливають на однорідність помелу кави для за-
безпечення максимально високої вірогідності отриманого результату.  

Ключові слова: дисперсійний аналіз, однорідність помелу, факторний вплив, 
модель, показник контролю, зерно кави. 
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ПРАВИЛА ОФОРМЛЕННЯ СТАТЕЙ 

для журналу 

«СИСТЕМНІ ДОСЛІДЖЕННЯ ТА ІНФОРМАЦІЙНІ 

ТЕХНОЛОГІЇ» 

1. Cтаття з анотаціями та іншою інформацією подається з використанням 
веб-сайту журналу (http://journal.iasa.kpi.ua). 

Назва статті, прізвище та ініціали автора (авторів), а також анотація (від 
700 до 1000 символів) подаються українською та англійською мовами. 

2. Текст статті набирається в редакторі Microsoft Word 2003 шрифтом Times 
New Roman із вирівнюванням по ширині. 

3. На початку статті вказується індекс УДК, назва статті, ініціали та прі-
звище автора (авторів). 

4. Список літератури подається в порядку посилання після тексту статті. 
Якщо є можливість, у списку вказується DOI кожного посилання. 

5. Набір формул здійснюється в редакторі формул «Equations». Для змінних з 
індексами та без індексів застосовуються дужки клавіатурного набору, наприклад 
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6. Символи у формулах (крім особливих випадків) набираються курсивом. 
Допускаються прямі символи, але їх треба розмітити або включити до списку спе-
ціальних символів. 

7. Нумерувати необхідно тільки ті формули (винесені на середину рядків), 
на які є посилання в тексті. 

8. Таблиці та рисунки виконуються в одному стилі, їм надається номер, назва 
і розташовуються після посилань у тексті. Не слід повторювати в статті підписи до 
рисунків та таблиць. 

9. Стаття разом із таблицями, рисунками і списком літератури має бути не 
більше 15 сторінок. Оглядові статті обсягом до 25 сторінок приймаються за домов-
леністю із редколегією. 

10. До рукопису додаються відомості про кожного автора: країна, місто, місце 
роботи, службова посада, вчений ступінь та звання, сфера наукових досліджень, 
контактні телефони, адреса та e-mail. 
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