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RESEARCH OF FOOD SECURITY PROBLEMS OF THE WAR-

TORN REGIONS OF UKRAINE USING GEOMATICS METHODS 

M. ZGUROVSKY, K. YEFREMOV, S. GAPON, I. PYSHNOGRAIEV 

Abstract. Every year, the world faces new difficult challenges in maintaining global 
security. Compliance with food security principles is an important component of the 
global context of world development. Recent military conflicts have had a strong 
impact on the development of regions that provide food for millions of people 
around the world. Ukraine plays a key role in providing agricultural products to the 
population of countries from different continents. The article is devoted to the study 
of the state of agricultural crops in a regional section during the period of active hos-
tilities by means of geomatics, which allow one to assess the degree of transforma-
tion of sustainable farming quickly, determine the trend of the development of the 
industry, and calculate the likely scale of changes in the obtained products in the 
coming years. As a result, with the help of deep learning models integrated into 
geoinformation systems, the boundaries of agricultural fields in the Kherson and 
Zaporizhia regions were determined, the state of moisture and bioproductivity of ag-
ricultural crops was determined for three years, an analysis of changes has been 
made in the state of agricultural fields under the influence of new factors of conduct-
ing active hostilities during the first half of 2022, the next harvest productivity fore-
cast was made in two southern regions of Ukraine. The study was carried out by the 
team of the World Data Center for Geoinformatics and Sustainable Development of 
the Igor Sikorsky Kyiv Polytechnic Institute. It was part of research on the analysis 
of the behavior of complex socio-economic systems and processes of sustainable 
development in the context of the quality and safety of people’s lives. 

Keywords: food security, spatial data analysis, deep learning, agricultural fields, 
mathematical modeling. 

INTRODUCTION 

Intensification of extreme weather conditions, climate change processes, coro-
navirus pandemic, etc. led to an aggravation of the food situation for many coun-
tries of the world [1]. Before Russia`s full-scale invasion of Ukraine, the world 
was close to a global food crisis, but since February 24, 2022, the situation has 
significantly worsened [2]. Ukraine is a supplier of a large number of agricultural 
products to dozens of taps in the world. Ukraine has 15% of the global product 
market (UBTA) for individual grain crops [3]. Some countries of the world de-
pend on certain types of agricultural products from Ukraine for more than 50%. 
The full-scale war led to a significant reduction in the area of cultivated agricul-
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tural areas, a decrease in the number of people and equipment involved in the cul-
tivation of agricultural crops. In addition, the structure of management in the field 
of irrigation was transformed. 

Combat actions and specific management decisions in the temporarily 
occupied territories have significantly changed the irrigation system that has 
existed for many years. The canal systems, which were fed from the Dnieper and 
transported water hundreds of kilometers to the south and east of the country, are 
under temporary occupation and their state of functioning is difficult to 
investigate. At the same time, the region continues to be a supplier of a significant 
amount of agricultural products, so it is extremely important to understand the 
degree of transformation processes in order to assess possible losses and predict 
the degree of the food crisis. Due to constant military operations, direct access to 
the territory is extremely difficult, reliable statistical data on the volume and 
condition of the harvest, irrigation of the territory, etc. are not collected, the only 
possible methods of assessing the degree of transformation of agricultural fields 
are methods of remote sensing of the Earth, and geomatics in general. The most 
characteristic signs of the transformation of the water regime, especially for 
irrigated areas, are signs of a sharp change in indicators of bioproductivity and 
territory moisture. Such characteristics can be obtained with high accuracy based 
on the analysis of satellite images of medium resolution, which is not a limiting 
factor based on the realities of war. 

This study is a continuation of the thematic research of the team of authors 
on the study of sustainable development of communities and territories of Ukraine 
and security processes in the regions of the state [4, 5] and research on the 
development of the applications of geomatics methods [6, 7]. 

DATA FRAMEWORK 

Two southern regions of Ukraine: Kherson and Zaporizhzhya, were chosen to 
assess the impact of the processes associated with the occupation on the condition 
of agricultural plots (Fig. 1). 

Fig. 1. The study area (black borders) with the indicated averaged zones of temporary 
occupation as of May 2022 (gray color) 
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For most of the first four months of the active phase of the war, these areas 
have been partially occupied, and this period completely coincides with the period 
of active agricultural work, in particular with the irrigation of the territory. 
Remote monitoring of the state of moisture in agricultural fields, analysis of the 
distribution of the Normalized Difference Moisture Index (NDMI) on the 
territory, its dynamics over different years will allow to assess the degree of 
changes in sustainable agricultural practices in the region and assess the state of 
the potential harvest, which in the pre-war period for years provided food for the 
population of Ukraine and residents of countries that import agricultural products. 
The selected areas have a high share of plowed territory, both irrigated and non-
irrigated agricultural fields, and a dense and fairly even distribution of plots 
throughout the territory. This makes it possible to distinguish the anthropogenic 
influence of the occupation itself on the situation with the moisture of agricultural 
fields from the general background climatic influence. The condition of plots 
exclusively on traditionally irrigated lands can be analyzed separately. In addition 
to the analysis of the differentiation of the moisture index, it is necessary to 
investigate the change in the bioproductivity index: Normalized Difference 
Vegetation Index (NDVI), which on the one hand directly correlates with the 
moisture content of the territory, but allows to distinguish the vegetation state of 
the vegetation itself, which affects the indices of the moisture index itself (there 
may be weakly moistened territories, however, due to the high vegetation, give 
the moisture index high values). The condition of plots exclusively on 
traditionally irrigated lands can be analyzed separately. In addition to the analysis 
of the differentiation of the moisture index, it is necessary to investigate the 
change in the bio productivity index: NDVI, which on the one hand directly 
correlates with the moisture content of the territory, but allows to distinguish the 
vegetation state of the vegetation itself, which affects the indices of the moisture 
index itself (there may be weakly moistened territories, however, due to the high 
vegetation, it gives the moisture index of high values).  

To assess the impact of the occupation, mainly data from remote sensing of 
the Earth (DSR) [8], data on the administrative and territorial structure of the 
country [9] and the borders of temporarily occupied territories from open online 
sources [10] were used. For the analysis of moisture and bio productivity, data 
were obtained from the Sentinel-2 mission satellite, platforms 2-A and 2-B and 
product type S2MSI1C with a cloud cover of no more than 10% in the study area 
[11]. The resolution of multispectral three-channel images is 10 m per pixel, 
single-channel 20 m per pixel. Channels B08 and B11, bio productivity index: 
B08 and B04 were used to calculate the moisture index. 

 NDMI = (B08 – B11)/(B08 + B11);  (1) 

 NDVI = (B08 – B04)/(B08 + B04).  (2) 

Data on the boundaries of regions, districts and communities of the study 
area were obtained from the official website of the support for the decentraliza-
tion reform [12]. 

The boundary of the line of contact of the troops is dynamic and has not yet 
been determined, therefore the boundaries of the temporarily occupied territories 
for the Kherson and Zaporizhzhia regions were drawn quite approximately based 
on an integrated analysis of data on the boundaries of the occupation zones as of 
the end of May 2022 according to publicly available web map data [13, 14]. 
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RESEARCH FRAMEWORK 

To analyze the impact of the occupation, mainly geomatics methods, systems 
analysis methods and machine learning methods were used. In particular, the 
overlay method and map algebra method were used in desktop GIS [15, 16] even 
before the beginning of 2022 to calculate bio productivity and moisture indices. 

The papers consider aspects of integration of temporal statistical 
characteristics with spectral and textural characteristics extracted from high-
quality Sentinel-2 images using Random Forest classification [17]. The 
performance and contribution of different combinations is evaluated based on 
classification accuracy. The results show that the statistical analysis of time series 
is an effective way of presenting information about the degree of soil moisture. 
The method uses clear pixels from dense, low-quality images to derive NDVI 
statistics, thus reducing the influence of random factors such as weather conditions. 

Approaches to developing a linear mixed effects (LME) model for poorly 
calculated areas using time series of Sentinel 1A and 1B images and ground 
measurements of soil moisture are considered [18]. The model assumes a linear 
relationship that varies in both time and space between soil moisture and 
backscatter coefficient. The LSE model can be effectively applied to estimate soil 
moisture from multi-temporal Sentinel-1 images, which is useful for flood and 
drought monitoring and improving runoff forecasting. 

Techniques for mapping soil moisture and irrigation at the scale of 
agricultural fields based on the synergistic interpretation of multitemporal optical 
and synthetic aperture radar (SAR) data (Sentinel-2 and Sentinel-1) were also 
presented [19]. The resulting irrigation maps were validated using reference fields 
in the study area. The best results were obtained with classifications based only 
on soil moisture indicators, with an accuracy of 77%. 

An important aspect of the study was the separation of data on the NDVI and 
NDMI indices exclusively for the territory of the agricultural fields of the two 
regions, without considering the surrounding roads, settlements, water bodies, 
forested areas, etc. For this, the model was trained using the Image Analyst 
module, and the machine learning method integrated with desktop GIS was used: 
Detect Objects Using Deep Learning [20]. For training the model, the Non-
Maximum Suppression parameter was used to detect and remove duplicate 
objects (Fig. 2).  

Fig. 2. Reference set of polygons for training the model for identifying the boundaries of
agricultural fields 
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The model tool processes the input geospatial images that are in the extent of 
the project map. The following approaches were used to train the model: 
MaskRCNN Object detection (Fig. 3) and Single Shot Detector (SSD) (Fig. 4) [21]. 

The Mask R-CNN is obtainded rablacing the RoI pool by RoIAlign in Faster 
R-CNN. It helps to preserve spatial information which gets misaligned in case of 
RoI pool. RoIAlign uses binary interpolation to create a feature map that is of 
fixed size for e.g. 7 x 7. The output from RoIAlign layer is then fed into Mask 
head, which consists of two convolution layers. It generates mask for each RoI, 
thus segmenting an image in pixel-to-pixel manner. 

During training our models we need to outline which default boxes corre-
spond to a ground truth detection and train the network accordingly. To achieve 
this, we need to determine properly objective loss function for SSD model. The 

SSD training objective is gotten from [24]. Let  0,1i p
jx  be an indicator for 

matching the i-th default box to the j-th ground truth box of category p. In the 

matching strategy were 1 p
iJix  . The overall objective loss function is a 

weighted sum of the localization loss (loc) and the confidence loss (conf): 

 )),,,(),((
1

),,,( glxLcxL
N

glcxL locconf   

Fig. 3. The Mask R-CNN framework for instance segmentation [22] 

Fig. 4. SSD architecture [23] 
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where N is the number of matched default boxes. If N = 0, the loss is set to 0. The 
localization loss is a Smooth L1 loss between the predicted box (l) and the ground 
truth box (g) parameters. It is regressed to offsets for the center (cx, cy) of the de-
fault bounding box (d) and for its width (w) and height (h) 
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The confidence loss is the softmax loss over multiple classes confidences (c): 
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MaskRCNN and SSD are used for segmentation and precise delineation of 
object boundaries on a space image.  

All calculations of index values were carried out for territories that were 
within the boundaries of the identified plots. Based on the fact that in the resulting 
geospatial layers (GSP) there were several million individual values regarding the 
characteristics of moisture and bio productivity of agricultural fields, the process-
ing results were processed in the R software environment. 

Using the capabilities of the Copernicus Open Access Hub [25], images 
were uploaded to the territory of Kherson and Zaporizhzhia regions for the period 
May-June 2019–2022. Each image had to be covered by clouds no more than 
10%. Due to the presence of many wet atmospheric fronts in the specified period 
of the year, such a wide permissible time period was chosen for uploading 
images, where priority was given to space images that were taken in the first half 
of June (70% of the received images). Due to the unsatisfactory state of cloud 
coverage of the images, the period of the end of May (12% of the images) and the 
second half of June (18% of the images) was chosen for the rest of the scenes. For 
each year, a minimum of 8 separate photo scenes were uploaded, which covered 
at least 97% of the territory of the selected regions (Fig. 5). 

For each year, a new mosaic of both an integral image in the visible range 
(RGB) and a new mosaic of individual spectral channels (B04, B08, B11) was 
created from a series of separate images to calculate the moisture and bio produc-
tivity indices. Three-spectral rasters in the visible range and single-spectral rasters 
in the index range were obtained at the output. A raster in the visible range allows 
you to visually examine the area for artifacts of space images, and, if necessary, 
replace individual scenes with those that meet the requirements for the visibility 
of black and white fields. From the new mosaics of individual spectral channels, 
integral rasters of indices were calculated for each year (Fig. 6). 



Research of food security problems of the war-torn regions of Ukraine using geomatics methods 

Системні дослідження та інформаційні технології, 2023, № 1 13

The new image mosaics must be separated from the two areas to avoid ana-
lyzing areas that are outside the study ones. To do this, a process of raster extrac-
tion along the contours of the Kherson and Zaporizhzhia regions was carried out 
for all new raster mosaics obtained. The resulting GPS included both those neces-
sary for the analysis of the territory of agricultural fields, as well as external water 
bodies, urbanized areas, infrastructure facilities, etc. For their illumination and 
selection of exclusively rural areas, training of a machine learning model inte-
grated into the capabilities of the geographic information system (GIS) was car-
ried out. 

To carry out the model training process, it was necessary to manually high-
light the boundaries of several thousand agricultural fields on space images for 
the selected period. The fields were vectorized evenly over the territory of the two 
regions with important identification of the borders of both irrigated and non-
irrigated areas (Fig. 7). Often, irrigated areas have a rather specific contour of a 
regular circle, which, with insufficient training of the model on these fields, can 
lead to incorrect identification of boundaries. 

Fig. 5. Coverage of the research area with space images 

Fig. 6. A fragment of the territory moisture index raster for 2022 
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The training process took place in a GIS environment where image tiles 
were first created as input layers to train the model. Image tile size was 448 pixels 
with metadata format: PASCAL Visual Object Classes and RCNN Masks. The 
image batch size type was 8, the model was run for 100 iterations (epochs). The 
additional pixel border around each field is 2 pixels. The maximum overlap of the 
resulting boundaries is 0.1, the minimum reliability of the selected boundaries is 
60% (0.6). In total, the model consisted of 12 iterations of corrections and 
additional training. 

As a result, the GIS was obtained with about 370,000 identified agricultural 
fields for the territory of two regions: 210.000 for the Kherson region and 160.000 
for the Zaporizhia region (Fig. 8). The average reliability of the selected limits 
was 75%. 

Further improvement in model accuracy can be performed to achieve other 
applied goals in agriculture. For assessing the degree of transformation of the 
moisture regime and bio productivity of the fields, the obtained reliability is 
considered completely satisfying. 

The extraction of new raster mosaics of the moisture index and bio produc-
tivity was carried out based on the obtained field mask. The final rasters began to 
calculate data exclusively for agricultural plots (Fig. 9). 

Fig. 7. Characteristic boundaries of irrigated (1) and non-irrigated (2) fields 

Fig. 8. Identified borders of agricultural fields for Kherson and Zaporizhzhia regions 
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To assess the state of agricultural fields within individual regions, districts 
and communities, in the context of temporarily occupied and government-
controlled territories, it is necessary to convert raster images into vector format 
and supplement the GIS with attributive data of the layers of the administrative-
territorial system (ATU). After converting the data into a vector format, the area 
of each cell of the new GPS was calculated to obtain the ratio of the areas of areas 
with different humidity for each unit of ATU. The resulting layers consisted of 
more than 10 million records, the calculation of which was extremely difficult 
exclusively with GIS tools, so the corresponding statistical processing was carried 
out in the R software environment. 

THE MOISTURE LEVEL ANALYSIS FOR THE IDENTIFIED FIELDS 

Based on the rasters of the thematic indexes of agricultural fields, it is possible to 
make a preliminary integrated analysis for two regions, without dividing the re-
gions into districts, communities, and the zone of occupation. Using the methods 
of zonal statistics, data were obtained on the average values of the moisture index 
rasters for 2019–2022 (Fig. 10). It can be seen from the graphs that over the past 4 
years there has been a rather strong spread of index values: from 0.02 in 2020 to 
0.07 in 2019. Moreover, the structure of the distribution of values is not uniform: 
normal or lognormal distribution in 2019 and 2020, and a distribution with two 
peaks in 2021 and 2022, indicating dry periods with a strong influence of irriga-
tion systems in particular. 

A normal or lognormal distribution indicates the classic case in which the 
average values of the wetness index cover a larger area. The values for 2019 cor-
respond to this distribution, with a certain local peak on the graph for values that 
characterize low, poorly moistened vegetation. Most of the territory, according to 
the distribution, is covered with medium-low vegetation with low water stress. 
The log-normal distribution for 2020 is characterized by a large peak in the plot 
for coverage for low and dry vegetation, resulting in an overall lowest 4-year 
mean wetness index value. This situation strongly correlates with climate indica-
tors, according to which 2020 was the driest year in terms of precipitation, which 

Fig. 9. A fragment of the moisture index raster for agricultural fields in 2022 
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caused a sharp drop in water levels in natural and anthropogenic reservoirs in the 
region. For 2021, two peaks on the graph are characteristic: for low and poorly 
moistened vegetation, and for medium-high, medium with low water stress. This 
distribution is caused by the contrasting weather conditions in May–June 2021, 
when the dry period ended with intense precipitation combined with a strong con-
trast in the wetness index for irrigated and non-irrigated areas. Where the high 
value of the index is characteristic mainly of irrigated fields, which occupy sig-
nificant areas in the Kherson region. This statement is supported by further re-
search. The year 2022 is also characterized by two peaks on the graph, among 
which the larger peak is responsible for poorly watered areas, and the smaller one 
is for vegetation with low water stress. 

The territorial analysis of the moisture content of agricultural fields for 4 
years showed a decrease in plots with medium-high vegetation cover and low wa-
ter stress in two regions in 2022 (Fig. 11). 

Fig. 10. Distribution of the humidity index for 2019–2022 in the Kherson and Zaporizhia 
regions 
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Even compared to 2020, when a dry period was observed in both regions, the 
area of fields with low water stress in 2022 decreased by 8% in Kherson region 
and by 24% in Zaporizhzhya region. The Kherson region has a larger number of 
irrigated areas, which, most likely, continued to be actively irrigated in 2022, 
which quite strongly smoothed out the drop in the index value. Compared to the 
previous year 2021, for 2022 the drop was 60% for both Kherson and Za-
porizhzhia regions. Such a rapid decrease in well-watered agricultural fields can 
be explained by the transformation in the conduct of irrigation and other proc-
esses in the agriculture of the region, which, in turn, is most likely directly related 
to the temporary occupation of the region. This statement requires further re-
search in the context of expanding the experimental period of observations of the 
dynamics of the territory’s moisture index. Most likely, there is a certain shift in 
the phases of irrigation, which leads to a shift in the vegetation phases of agricul-
tural plants. From the graph of the dynamics of the index, it can be seen that in 
2022 there is a significant increase in the area of fields with medium-low vegeta-
tion cover and low water stress compared to all other years: an increase of 119% 
in Kherson region and 93% in Zaporizhia region compared to 2021 However, 

Fig. 11. Dynamics of the humidity index of the territory 
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compared to 2019, there are almost no changes in areas, which most likely indi-
cates a significant influence of climatic factors on the value of the indicator. 

The influence of climatic factors, namely a rather cold and wet spring, also 
affected the distribution of areas with dry and very low vegetation cover (Fig. 12). 

In 2022, there is a drop in this indicator compared to other years. This is es-
pecially characteristic of the Kherson region, where favorable synoptic conditions 
combined with artificial irrigation processes significantly reduced the index with 
low values. 

An analysis was conducted exclusively for irrigated fields. For this purpose, 
those that are not reached by the system of irrigation canals were illuminated from 
the entire array of plots. The situation with the irrigated area is quite dynamic, so 
the average indicator of irrigated areas over 4 years was chosen. The Kherson re-
gion has a much higher density of canals and irrigated areas in general (Fig. 13). 
Therefore, fields with low water stress occupy much more area in the Kherson 
region, where there are almost no irrigated fields with dry vegetation (less than 4%). 

Territorial analysis of the influence of occupation, in contrast to the temporal 
distribution, did not show any differences in the condition of agricultural fields in 
temporarily occupied and unoccupied areas of the region. Intense hostilities affect 
the entire territory of the regions, where the demarcation zone dynamically 
changes many times a month. Moreover, the most cultivated and irrigated parts of 
both the Kherson and Zaporizhzhia regions have been under temporary occupa-
tion since the first days of the war, the unoccupied territory consists of fields that 
are not reached by canal branches. This condition leads to a slight proportional 
increase in the area of poorly moistened areas precisely in the unoccupied territo-
ries (Fig. 14). However, all other index values remain proportionally almost the 
same. 

Fig. 12. Percentage distribution of the territory's humidity index values
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CONCLUSIONS 

1. The temporary occupation of the part of the Ukraine’s southern regions 
leads to significant transformations in the structure of agriculture. Even though 
almost all the capacities of the irrigation systems of the Kherson and Zaporizhia 
regions was under the control of the occupiers, there is a significant decrease in 

Fig. 13. Correlation of moisture index values for irrigated areas in 2022

Fig. 14. Differentiation of the humidity index in temporarily occupied and unoccupied 
territories 
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agricultural fields in a well-watered state (up to 60% compared to previous years). 
This may indicate the imperfect use of existing irrigation facilities and the reluc-
tance of local farmers to cooperate with the occupation authorities. 

2. However, at the same time, the catastrophic impact of temporary occupa-
tion on the state of agricultural land is not observed. Most of them are in a 
satisfactory condition, which makes it possible to predict a slight decrease in the 
amount of potentially harvested agricultural products. Active military actions do 
not allow agricultural works to be carried out fully in the unoccupied part of the 
regions, which affects the state of agricultural crops. However, even in such a dif-
ficult situation, the state of moistening of the fields of most of the unoccupied ter-
ritory remains satisfactory. Which also indicates a favorable forecast for the col-
lection of agricultural crops. However, the factor of conducting hostilities, which 
can significantly worsen the situation with the state of agricultural fields in both 
occupied and non-occupied territory, remains unpredictable. 

3. The prepared machine learning model for identifying the boundaries of 
agricultural plots significantly improved the accuracy of the estimates made by 
illuminating all extraneous territories. In individual communities of the region, 
without considering the results of the model, the indicators of the state of hydra-
tion differed by 10–15% compared to the indicators of the indexes calculated ex-
clusively within the boundaries of the plots. 

4. The developed machine learning model can be applied to other regions of 
Ukraine, which will make it possible to assess the impact of military operations 
and/or temporary occupation for all affected regions. It is urgent to expand the 
research area in the following research to Mykolaiv region, which was also sig-
nificantly affected by the temporary occupation of its territory. 

5. Similar methods can be applied to those regions that have not undergone 
occupation, in the context of temporal and territorial analysis of the condition of 
agricultural fields under conditions of climate change, etc. 
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ДОСЛІДЖЕННЯ ПРОБЛЕМ ПРОДОВОЛЬЧОЇ БЕЗПЕКИ, ОХОПЛЕНИХ 
ВІЙНОЮ РЕГІОНІВ УКРАЇНИ МЕТОДАМИ ГЕОМАТИКИ / М.З. Згуровський, 
К.В. Єфремов, С.В. Гапон, І.О. Пишнограєв  

Анотація. Світ з кожним роком наражається на нові важкі виклики щодо 
підтримання глобальної безпеки. Важливою складовою глобального контек-
сту світового розвитку є дотримання принципів продовольчої безпеки. Новітні 
військові конфлікти сильно впливають на стан розвитку регіонів, які забезпе-
чують мільйони людей по всьому світу продовольством. Україна відіграє клю-
чову роль у глобальних  процесах забезпечення продукцією сільського госпо-
дарства населення країн з різних континентів. Присвячено дослідженню станів 
сільськогосподарських культур у регіональному розрізі у період ведення ак-
тивних бойових дій засобами геоматики, що дозволяє швидко оцінити ступінь 
трансформації сталого господарювання, визначити тренд розвитку галузі, об-
числити ймовірні масштаби зміни отриманої про-дукції у найближчі роки. У 
результаті за допомогою інтегрованих у геоінформаційні системи моделей 
глибинного навчання визначено межі сільськогосподарських полів 
Херсонської та Запорізької областей, стан зволоженості та біопродуктивності 
сільськогосподарських культур за три роки, проаналізовано зміни станів 
сільськогосподарських полів під впливом нових факторів ведення активних 
бойових дій за першу половину 2022 р., зроблено прогноз продуктивності на-
ступного врожаю у двох південних областях України. Наведене дослідження 
виконано командою Світового центру даних «Геоінформатика та сталий роз-
виток» КПІ ім. Ігоря Сікорського і є частиною досліджень з аналізу поведінки 
складних соціально-економічних систем та процесів сталого розвитку в 
контексті якості та безпеки життя людей. 

Ключові слова: продовольча безпека, просторовий аналіз даних, глибинне 
навчання, сільськогосподарські поля, математичне моделювання. 
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DECISION-TREE AND ENSEMBLE-BASED MORTALITY RISK 

MODELS FOR HOSPITALIZED PATIENTS WITH COVID-19 

Ya. VYKLYUK, S. LEVYTSKA, D. NEVINSKYI, K. HAZDIUK,  
M. ŠKODA, S. ANDRUSHKO, M. PALII 

Abstract. The work is devoted to studying SARS-CoV-2-associated pneumonia and 
the investigating of the main indicators that lead to the patients’ mortality. Using the 
good-known parameters that are routinely embraced in clinical practice, we obtained 
new functional dependencies based on an accessible and understandable decision 
tree and ML ensemble of classifiers models that would allow the physician to de-
termine the prognosis in a few minutes and, accordingly, to understand the need for 
treatment adjustment, transfer of the patient to the emergency department. The accu-
racy of the resulting ensemble of models fitted on actual hospital patient data was in 
the range of 0.88–0.91 for different metrics. Creating a data collection system with 
further training of classifiers will dynamically increase the forecast’s accuracy and 
automate the doctor’s decision-making process. 

Keywords: COVID-19, decision-making system, decision tree, ML-ensemble, 
ensemble of classification models. 

BACKGROUND 

The pandemic of SARS-CoV-2 infection, started in December 2019 has rapidly 
spread across the globe and affected all countries in two years. As of November 
2021, the number of world-wide cases exceeded 262 million people, more than 5 
million people died, including more than 85 thousand deaths in Ukraine [1]. The 
spread of coronavirus infection in Ukraine began from Chernivtsi and this city 
held the sad first place by the level of the SARS-CoV-2 morbidity during a year 
and a half. An emergency situation in medicine has obliged physicians of various 
specialties to help patients with SARS-CoV-2-associated pneumonia and to study 
the peculiarities of SARS-CoV-2 infection in their own practical experience. 

Despite the huge accumulated clinical and laboratory material, the extraordi-
nary attention of the medical community to the treatment of patients with SARS-
CoV-2-associated pneumonia, it is still not clear why the disease became fatal for 
some patients [2]. 

Recent years decision-making and expert systems based on artificial intelli-
gence have become widespread in medicine.  Classification methods are one of 
the most urgent and necessary tasks in medicine. Classification shapes medicine 
and guides its practice. An understanding of classification should be part of the 
search for a better understanding of the social context and consequences of diag-
nosis. Classification is the part of human activity that provides the basis for recog-
nizing and studying a disease. This means deciding how to extract significant 
parts from the vast expanse of nature, stabilizing and structuring disordered things 
[3], [4]. One of the most popular methods of classification is the diagnosiс X-ray. 
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Different types of convolutional neural networks, or classical classifiers based on 
image features, are used as a classification model [5–7]. 

There are also investigations to determine mortality rate of patients 
depending on medical indicators. In particular, in the paper [8] Lactate 
dehydrogenase, neutrophils (%), lymphocyte (%), high-sensitivity C-reactive 
protein, and age (LNLCA), which were determined on hospital admission, were 
identified as key predictors of death from the multi-tree XGBoost model. The 
integrated score (LNLCA) was calculated with the corresponding probability of 
death. COVID-19 patients were divided into three subgroups: low-, middle-, and 
high-risk groups using LNLCA cutoff values of 10.4 and 12.65. The probability 
of death in each group is less than 5%, 5-50% and above 50%, respectively. The 
prognostic model, nomogram, and LNLCA assessment can help identify early 
high-risk mortality in patients with COVID-19, which will help physicians 
improve the management of patient stratification. 

In the paper [9] the severity and outcome of COVID-19 cases has been 
associated with the percentage of circulating lymphocytes (LYM%), levels of  
C-reactive protein (CRP), interleukin-6 (IL-6), procalcitonin (PCT), lactic acid 
(LA), and viral load (ORF1ab Ct). However, the predictive power of each of these 
indicators in disease classification and prognosis remains largely unclear. 

Similar results in work [10] indicate that the risk period for patients is 12–14 
days, after which the probability of patient survival may increase. In addition, it is 
noted that the probability of death in COVID cases increases with age. It is 
established that the probability of death is higher in men than in women. SVM 
with Grid search methods showed the highest accuracy of about 95%, followed by 
the decision tree algorithm with an accuracy of about 94%. 

Retrospective Cohort Study [11] included patients with COVID-19 who 
were admitted at three designated locations at Wuhan Union Hospital (Wuhan, 
China). Dynamic hematological and coagulation parameters were investigated 
with a linear mixed model, and coagulopathy screening with sepsis-induced 
coagulopathy and International Society of Thrombosis and Hemostasis overt 
disseminated intravascular coagulation scoring systems was applied. 

The authors of paper [12] used the available information on pre-existing 
health conditions identified for deceased patients positive with severe acute 
respiratory syndrome coronavirus 2 (SARS-CoV-2)’ in Italy. They estimated the 
total number of deaths for different pre-existing health conditions categories and 
calculated a conditional CFR based upon the number of comorbidities before 
SARS-CoV-2 infection morbidities before SARS-CoV-2 infection. 

In the paper [13] was proved that High IL-6 level, C-reactive protein level, 
lactate dehydrogenase (LDH) level, ferritin level, d-dimer level, neutrophil count, 
and neutrophil-to-lymphocyte ratio all of them were predictors of mortality (area 
under the curve 0.70 ), as well as low albumin level, lymphocyte count, 
monocyte count, and ratio of peripheral blood oxygen saturation to fraction of 
inspired oxygen (SpO2/FiO2). A multivariable mortality risk model including the 
SpO2/FiO2 ratio, neutrophil-to-lymphocyte ratio, LDH level, IL-6 level, and age 
was developed and showed high accuracy for the prediction of fatal outcome 
(area under the curve 0.94). The optimal cutoff reliably classified patients 
(including patients without initial respiratory distress) as survivors and 
nonsurvivors with a sensitivity of 0.88 and a specificity of 0.89. 

As you can see there are not clearly defined factors that will affect mortality 
rate. There are no strict rules or decision trees for predicting patients’ death. 
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Therefore, there is a great need to conduct research that will help the doctors 
predict the severity of the disease and its mortality. 

The present studies and analysis unlock a way in the direction of attribute 
correlation, estimation of survival days, and the prediction of death probability. 
The findings of the present review clearly indicate that machine learning 
algorithms have strong capabilities of prediction and classification in relation to 
COVID-19 as well. 

The aim of the study is the determination of the prognostic factors of fatal 
SARS-CoV-2-associated pneumonia and establishing a functional relationship 
between them and the mortality of the patient. 

The main contribution of this article can be summarized as follows: 
 based on the medical data of real patients of the hospital admitted with 

COVID-19, a heterogeneous data set was created, which became the basis for 
finding the relationship between the mortality rate of the patient; 

 the method of validation, transformation and purification of the medical 
data set in preliminary preparation for the analysis was developed; 

 an analysis to determine the impact of medical factors on mortality was 
conducted and a final set of data for the construction of classification models was 
formed; 

 the train dataset for experimental modeling was created; 
 the effectiveness of ten existing machine learning algorithms for solving 

the problem of determining the level of patient mortality was evaluated and a de-
cision tree was constructed; 

 a stacking model to predict mortality, which has prevented overfitting was 
developed and a significant increase in the accuracy of its operation and in com-
parison, with some existing machine learning algorithms was shown. 

The resulting functional dependence can be implemented in expert systems 
that will allow the average physician to predict the degree of mortality of the patient, 
and therefore apply the necessary tools of intensive care to save human lives. 

METHODS 

Data Collection 

A retrospective analysis of the results of treatment of 121 SARS-CoV-2-
associated pneumonia patients who stayed in Chernivtsi City Hospital №1 (since 
March 2020 – the Chernivtsi Central COVID Hospital) was performed. The in-
clusion criterion was moderate or severe SARS-CoV-2-associated pneumonia as 
well as the exclusion criterion – the death before the fifth day staying in the hospi-
tal. According to the results, two groups were formed: the first group of the 60 
SARS-CoV-2 associated pneumonia patients with the fatal outcome and the sec-
ond group of the 61 patients with favorable course of the SARS-CoV-2 associated 
pneumonia. 

Every patient could be described with a huge number of parameters. As po-
tential prognostic factors we analyzed the 77 parameters divided into 9 parts ac-
cording to the working hypothesis. This task can be attributed to the machine 
learning classification, where it is necessary to determine patients belonging to 
one of the classes (will die or live) based on many different factors. The stages of 
machine learning in this case should include preliminary data preparation, models 
selection, training and analysis of results. 
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Preliminary data preparation 

There are several steps that are due to the peculiarities of obtaining and storing 
data at this stage. A Python script was written to implement each step. 

Removing personalized data. Fields that contain personal information and 
those that do not clearly affect the diagnosis are removed from analysis. In par-
ticular: patient ID number, Name of patient, phone, diagnosis, complications, 
CT-scans etc. 

Verification of human mistakes. The feature of the available data is that 
they are all entered by people, and this leads to technical mistakes. So, the first 
procedure is to verify the data and correct them automatically and manually. To do 
this, a script that identified and, if possible, corrected human errors was created.  

Transformation and change of field values. A significant number of fields 
are not suitable for digital analysis, because they contain information in text for-
mat that is not suitable for analysis. The parse function was created that trans-
formed all data for appropriate DataAnalysis form. 

Handling features with missing data 

The next step is removing the records that contain a lot of missing values. The 
large number of features leads to the removing records that contain at least one 
missing value. It can lead to a significant reduction in the DataSet and makes 
using classification methods impossible. To resolve this problem, empty values 
have been filled with the default values (if possible). Next, the features with the 
most missed data were identified.  

It was decided to eliminate these features that consist more that 40% missed 
data from further calculation, as their presence will make further analysis 
impossible. This procedure of deletion of records with missing data reduced the 
DataSet by 19% (from 121 to 99 records). The total number of fields was 53 input 
and one output field that contain 49 – digital fields, 3 categorical and one logical. 

Identification of factor importances 

The Pearson’s consistency criterion – 2 and mutual information (MI) as sorting 
method was used to determine the importance of factors for the classification of 
patients  [14]–[16]. The magnitude of these criteria determines the significance of 
the field in the classification. The results are present in Table 1. 

T a b l e  1 . The top 10 of the most important features for classification 

Features 2 Features МІ 

Leukocytes 2 434 Lymphocytes 2 0.3 
Band-neutrofils 2 352 Leukocytes 2 0.28 
Lymphocytes 2 352 Band-neutrofils 2 0.25 
Hematoсrit 2 250 Saturation without oxygen supply 0.23 
Creatinine 2 226 The duration of the hospitalization 0.20 

Saturation without oxygen supply 22 Hematoсrit 2 0.19 
The duration of the hospitalization 183 Creatinine 2 0.17 

C-reactive protein 2 146 Hemoglobin 1 0.15 
The pulmonary insufficiency 68 Age 0.13 

Gender 50 The course of the disease 0.13 

As can be seen from Table 1, the first seven factors in the two methods coin-
cide. The only difference is their importance. Therefore, the DataSet was reduced 
to the first seven features. 
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The next step was to check the presence of correlation between features. The 
result of correlation analysis was presented in Fig. 1. 

As can be seen from the Fig. 1, there is no correlation between the input fac-
tors. This means that you do not need to perform factor analysis and remove or 
convert factors. 

Proposed models 

This paper is aimed at building a forecast model, which will provide the highest 
accuracy in solving the problem on the one hand and will allow one to visualize 
the result in the form of a decision tree on the other hand. It is impossible to 
achieve this at the same time. After all, ensemble accuracy provides the highest 
accuracy. It is based on the use of a set of basic regressors, the results of which 
are summarized by the metaregressor. This will increase the accuracy compared 
to the use of single models that form such a model. However, it is not possible to 
visualize such a decision result in the form of a decision tree. 
Therefore, we considered two approaches to prognosis. One is based on the deci-
sion tree; the other is ensemble. 

Decision tree model. The decision tree method was used to determine the 
classification rules and visualize the results [17]. The main advantage of choosing 
this method is the ability to visualize the result of classification analysis in the 
form of a decision tree. However, the accuracy of this method is not the best. 

The Gini coefficient was chosen as the criterion for measuring the cleavage 
threshold [18] – an indicator of the inequality of the distribution of some value of 
numbers, which takes values between 0 and 1, where 0 means absolute equality 

Fig. 1. Correlation matrix of input features 
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(the value takes only one value), and 1 denotes complete inequality. The strategy 
used to select the split in each node is to find the best distribution. 

Ensemble of classification models. The literature considers three main ap-
proaches to constructing ensemble models: boosting, bagging, and stacking. 

In this work, we build a prediction model based on the stacking approach. 
The model assumes the presence of basic N-algorithms that will form a stacking 
ensemble. The meta-algorithm will weigh the results of their work. The work of 
the meta-algorithm will determine the impact of solving the stated task.   

The data set collected by us to solve the problem of predicting the level of 
mortality contains many independent attributes. In addition, there are complex 
and nonlinear, unobvious and unexplored relationships between different features. 
It is evident that, in particular, many linear machine learning methods will not 
provide sufficient accuracy. If such algorithms are included in the general 
ensemble model, they will reduce the accuracy of their work. That is why we 
propose to perform a preliminary selection of basic algorithms that will form a 
stacking ensemble. It is based on initial modeling of machine learning algorithms 
and evaluation of their efficiency using the next four performance metrics: 
Accuracy, Precision, Recall and F1 Scope. 

Accuracy means that the set of labels predicted for a sample must exactly 
match the corresponding set of labels in target. 

Precision is the ratio: 

 precision = tp / (tp + fp),  

where tp is the number of true positives and fp — the number of false positives. 
The precision is intuitively the ability of the classifier not to label as positive a 
sample that is negative. 

Recall is the ratio:  

 recall = tp / (tp + fn).  

The recall is intuitively the ability of the classifier to find all the positive 
samples. 

F1 Scope is the harmonic mean of precision and recall, where an F1 score 
reaches its best value at 1 and worst score at 0. The relative contribution of 
precision and recall to the F1 score are equal. The formula for the F1 score is: 

 F1 = 2 * (precision * recall) / (precision + recall).  

The Precision of classifier is the fraction of samples in the DataSet it labeled, 
for example, as death is really death. Its Recall is the percentage of all death 
samples in the dataset that it correctly labeled as death. The F1 score is the 
harmonic mean of precision and recall. 

RESULTS AND DISCUSSIONS 

Performance evaluation of the investigated decision tree model 

The DataSet was splitted into train and test in the proportion of 70/30 to fit and 
determine the accuracy of the algorithm. The resulting decision tree is presented 
in Fig. 2. 



Decision-tree and ensemble-based mortality risk models for hospitalized patients with COVID-19 

Системні дослідження та інформаційні технології, 2023, № 1 29

 

Performance metrics on train DataSets consisted: accuracy = 0.90, precision 
= 0.89, recall = 0.88 and f1 = 0.89. We get accuracy = 0.88, precision = 0.86, 
recall = 0.86 and f1 = 0.86 for test DataSet. The small variance between test and 
training datasets indicates good fitting of this method. That is mean this model 
predicts unknown (new) data in the same level accuracy like know data. The high 
values of all metrics indicate the accuracy and adequacy of the model. It allows 
the doctor to personally guide the patient through this tree and quickly determine 
the class to which he belongs. Creating an automated decision-making program 
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based on trees is not a problem. The construction of the decision tree made it pos-
sible to establish the importance of features for this classifier (Table 2). 

T a b l e  2 . The importance of the decision tree features 

Feature Importance 
Lymphocytes 2  0.62 

Band-neutrofils 2  0.13 
Saturation without oxygen supply  0.12 

Creatinine 2  0.04 
The duration of the hospitalization 0.04 

Leukocytes 2  0.03 
Hematoсrit 2  0.02 

 

As can be seen from the Table 2, the most important factor in the decision 
tree is the number of lymphocytes a week after hospitalization (lymphocytes 2). 
The decreased level of the lymphocytes as the marker of the severe SARS-CoV-
2-infection was described in [19], [20]. Instead, our study proves the importance 
of this parameter as the risk marker of the fatal outcome. The further depression 
of the lymphocytes a week after the beginning of the intensive treatment of the 
SARS-CoV-2-patient points to the exhaustion of the immune defense and in-
creases the probability of the fatal outcome. 

The next important factor is the good-known indicator of the activity of the 
inflammatory process – the amount of the band-neutrophils [21] measured on the 
7th day of the beginning of the intensive care of the SARS-CoV-2-patient. The 
prognostic non-favorable marker was the combination of the increasing amount of 
the band-neutrofils and the decreasing amount of the lymphocytes. The SARS-
CoV-2-pneumonia patient’s chances to survive are reduced in case of the severe 
activation of the inflammatory process with depression of the specific immune 
response. 

The third important factor in the decision tree is the blood saturation without 
oxygen supply at the moment of the hospitalization. The low level of the blood 
saturation indirectly reflects the severity of the patient’s condition and lungs af-
fection, points to the exhaustion of the defensive and compensatory possibilities 
of the organism, the cardio-circulatory decompensation, severe tissue hypoxia 
[22]. The value of this indicator as a predictor of an unfavorable prognosis of the 
disease turned out to be quite logical. 

Here are some examples of using the decision tree. The patient 1 was admit-
ted to the hospital with blood saturation 85%, the amount of the leukocytes — 
34,9 G/l, band-neutrofils — 24, lymphocytes — 3, hematoсrit — 43,1, kreatinin- 
142 were revealed in his blood analysis in a week. Let’s take the patient through 
the decision tree: lymphocytes  9.5 (yes)   saturation without oxygen supply 
 92.5 (yes)   leukocytes  7.05 (no)   lymphocytes  7.75 (yes)   band-
neutrofils  7.5 (no)   Class False, it means the prognosis is non-favorable. In-
deed, on the 12th day after admission, the patient’s death was fixed. 

The patient 12 was admitted to the hospital with blood saturation 91%, the 
amount of the leukocytes — 6,1 G/l, band-neutrofils — 2, lymphocytes — 9, 
hematoсrit — 46, kreatinin- 117 were revealed in his blood analysis in a week. 
Let’s take the patient through the decision tree: lymphocytes  9.5 (yes)   satu-
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ration without oxygen supply  92.5 (yes)   leukocytes  7.05 (yes)   satura-
tion without oxygen supply  79.5 (no)   Class True, that shows on the favorable 
prognosis. And this patient was discharged from the hospital on the 13th day of 
the treatment. 

Performance evaluation of the investigated ML-ensemble 

It was decided to increase the train DataSet and use an ensemble of classification 
models to improve the quality of fitting and eliminate overfitting. For this pur-
pose, all available records were used as a training set. An additional 83 patients 
were studied to obtain a test DataSet. New data were obtained in the same hospi-
tal department that is why the distribution of the test DataSet was the same. 

The choice of classifiers for the ensemble was based on the analysis of the 
accuracy of each of them. The availability of overfitting on the train DataSet was 
also assessed. An experimental comparison of the efficiency of ten existing ma-
chine learning methods using the four performance metrics on train and test Da-
taSets was carried out (Table 3 and 4). 

T a b l e  3 . The results of prediction based on performance criteria using all the
studied machine learning algorithms (Train Data Set) 

Performance metric 
Machine learning method 

Accuracy Precision Recall F1 Scope  
Logistic regression (CR) 0.89 0.90 0.84 0.87 

Decision tree (DT) 0.89 0.87 0.87 0.87 
Quadratic discriminant analysis (QDA) 0.84 0.94 0.68 0.79 

Naive Bayesian classifier (NB) 0.84 0.91 0.70 0.79 
Random forest classifier (RF) 0.95 0.93 0.95 0.94 

Adaptive Boosting classifier (AB) 1.00 1.00 1.00 1.00 
Support Vector Classification (SVC) 0.89 0.95 0.80 0.86 
Stochastic Gradient Descent (SGD) 0.75 0.64 0.98 0.77 

Neural Network (NN) 0.98 0.97 0.97 0.97 
Gradient Boosting (GB) 1.00 1.00 1.00 1.00 

 

T a b l e  4 . The results of prediction based on performance criteria using all the
studied machine learning algorithms (Test Data Set) 

Performance metric 
Machine learning method 

Accuracy Precision Recall  F1 Scope 

Logistic regression (LR) [23] 0.78 0.74 0.74 0.74 
Decision tree (DT) 0.86 0.85 0.84 0.85 

Quadratic discriminant analysis (QDA)[24] 0.75 0.77 0.57 0.66 
Naive Bayesian classifier (NB) [25] 0.72 0.73 0.54 0.62 
Random forest classifier (RF) [26] 0.62 0.56 0.57 0.56 

Adaptive Boosting classifier (ABC) [27] 0.66 0.59 0.69 0.63 
Support Vector Classification (SVC) [28] 0.77 0.79 0.63 0.70 
Stochastic Gradient Descent (SGD) [29] 0.48 0.44 0.91 0.60 

Neural Network (NN) [30–32] 0.77 0.70 0.80 0.75 
Gradient Boosting (GB) [33, 34] 0.63 0.55 0.68 0.61 
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As you can see in Table 3, Decision Tree, AdaBoost and Gradient Boost had 
problems with overfitting. They have 100% accuracy on train DataSet and very 
low on test DataSet. Therefore, we exclude them from future analysis. All other 
seven classifiers had similar accuracy. Therefore, for improving accuracy we 
combined them into ensemble. A joint solution to these methods was found by the 
Voting Classifier [35]. The basic idea of a voting classifier is to combine concep-
tually different machine learning classifiers and use the majority of votes (hard 
voiting) or average predicted probabilities (soft voting) to predict class labels. In 
our case, “hard” voting was used i.e., the choice of class was determined by the 
majority of “votes” of the classifiers. Results of accuracy of this ensemble are 
present in Table 5. 

T a b l e  5 . The results of prediction based on performance criteria using ensemble
of machine learning algorithms 

Performance metric 
Voting Classifier 

Accuracy Precision Recall F1 Scope 
Train Data Set 0.94 0.95 0.91 0.93 
Test Data Set 0.91 0.88 0.88 0.88 

 

For comparison we presented results on one plot (Fig. 3). 

As you can see from the plot, ensemble has the biggest performance. You 
can also see that Recall for SGD is bigger than for ensemble. But other their per-
formance metrics are smaller. Ensemble is stable in joint decision because Preci-
sion and Recall have the same big value. Thus, using an ensemble of ML models 
made it possible to avoid overfitting and increase the accuracy and stability of the 
forecast. The forecast error (bias) on the train DataSet is 6% and the variance of 
the test DataSet from the training set is 3%. So, we can conclude that to reduce 
the variance (reduce the error of the test DataSet) it is enough to simply increase 
the train DataSet. This will lead to a slight decrease in the accuracy of bias of the 
train DataSet and a increase in the accuracy of the test DataSet.  

Further increase in the accuracy of the two indicators is possible provided 
the simultaneous growth of the train DataSet and the inclusion in the calculation 
of new factors, or the complexity of classification models, such as joining the en-
semble of classifiers based on neural networks. 

1 
2 

3 4

Fig. 3. Comparison of performance metrics of investigated classifiers and their 
ensemble: 1 — Accuracy, 2 —Precision, 3 — Recall, 4 — F1Scope
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CONCLUSIONS 

The only one marker of the non-favorable outcome of the SARS-CoV-2-
associated pneumonia presented on the day of admission of the patient was the 
blood saturation less than 92.5%. This is the first and the basic indicator checked 
in every patient and doctors determine the necessity of the oxygen supply based 
on this parameter. In contrast to the severity of the general condition, diabetes 
mellitus, the duration of the disease does not increase the probability of the lethal 
outcome. The severity of the lung’s affection based on the results of CT- or ultra-
sound examination don’t influence the chances to die because of SARS-CoV-2-
pneumonia. 

But after a week of intensive treatment, we could reveal the informative 
markers of the lethal outcome. They are the amount of the lymphocytes and band-
neutrophils in peripheral blood. The increasing of the activity of the inflammatory 
process reflected in the increase amount of the band-neutrophils and leukocytes as 
well as the decreasing of the lymphocyte points to the exhaustion of the specific 
immune response, the loss of the immunological control of the inflammation and 
to the high probability of the lethal outcome. 

Using the good-known parameters that are routinely used daily in clinical 
practice, an accessible and understandable decision tree will allow the physician 
to determine the prognosis in a few minutes and, accordingly, to understand the need 
for treatment adjustment, transfer of the patient to the emergency department. 

Creating a data collection system with further training of classifiers will dy-
namically increase the accuracy of the forecast and automate the decision-making 
process by the doctor. 
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МОДЕЛІ РИЗИКУ СМЕРТНОСТІ НА ОСНОВІ ДЕРЕВА РІШЕНЬ І 
АНСАБЛЮ ДЛЯ ГОСПІТАЛІЗОВАНИХ ПАЦІЄНТІВ ІЗ COVID-19 / 
Я.І. Виклюк, С.А. Левицька, Д.В. Невінський, К.П. Газдюк, М. Шкода, С.Д. Андрушко,  
М.А. Палій 

Анотація. Присвячено вивченню пневмонії, асоційованої із SARS-CoV-2 та 
дослідженню основних показників, що призводять до смертності хворих. Ви-
користовуючи добре відомі параметри, які регулярно застосовуються в клініч-
ній практиці, отримано абсолютно нові функціональні залежності на основі 
доступного та зрозумілого дерева рішень і моделей класифікаторів ML, що 
дозволить лікарю визначити прогноз за кілька хвилин і, відповідно, зрозуміти 
необхідність коригування лікування, переведення хворого до відділення невід-
кладної допомоги. Точність отриманого ансамблю моделей, підібраних за 
реальними даними пацієнтів лікарні, становила 0,88–0,91 для різних 
показників. Створення системи збирання даних з подальшим навчанням 
класифікаторів дасть змогу динамічно підвищити точність прогнозу та автома-
тизувати процес прийняття рішення лікарем. 

Ключові слова: COVID-19, система прийняття рішень, дерево рішень, 
ML-ансамбль, ансамбль класифікаційних моделей. 
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STUDY OF THE UNDERGROUND TUNNEL PLANNING. 

COGNITIVE MODELLING 

N.D. PANKRATOVA, D.I. MUSIIENKO 

Abstract. A study of the underground tunnel planning reliability for megacities is 
proposed based on the use of foresight and cognitive modeling methodologies. Using 
the foresight methodology allows, with the help of expert estimation procedures, to 
identify critical technologies and build alternatives of scenarios with quantitative 
characteristics. For the justified implementation of a particular scenario, cognitive 
modeling is used, which allows to build causal relationships based on knowledge 
and experience, understand and analyze the behavior of a complex system for a stra-
tegic perspective with a large number of interconnections and interdependencies. 
The suggested study allows the reliability planning of underground tunnels on the 
basis of reasonable scenarios selection and justification of their creation priority. 

Keywords:  cognitive, impulse modelling, planning, scenarios, underground tunnel. 

INTRODUCTION 

The global trend of increasing urbanization poses challenges for both expanding 
and newly developing cities. Population growth leads to an increased demand for 
reliable infrastructure, which in the current war times is combined with the need 
for increased safety and environmental awareness of the population. The use of 
underground space can help cities meet these increased needs while remaining 
compact, or find the space needed to incorporate new features into the existing 
urban landscape. When underground solutions are considered and evaluated from 
the planning or initial stages of a project, better solutions become possible. Effi-
cient and rational placement of numerous structures of transport, energy, eco-
nomic, municipal, social and creation of large-scale engineering infrastructure 
sets the task of strategic planning of underground space of megacities [1]. Under-
ground urban development is a complex system in many aspects. Firstly, this sys-
tem consists of many interconnected subsystems and objects. Secondly, the proc-
esses flowing in this system both during construction and operation are also 
complicated and in some cases poorly predictable, because they are largely re-
lated to different geological processes. The problems accompanying the under-
ground urban planning can be referred to the weakly structured problems. Under-
ground urbanism, which is an integral part of the modern megacity, has already 
gone beyond the individual local objects and is becoming a system factor in the 
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development of cities. Let us consider urbanism as a global super-system in the 
form of an ordered set of structurally interconnected and functionally interde-
pendent global systems. 

The implementation of underground transport tunnel projects requires a de-
tailed study of the surrounding facilities, taking into account the reduced capacity, 
increased travel time delay, fuel consumption, the number of traffic accidents, 
which lead to unaccounted economic losses. Thus, it becomes necessary to study 
and quantify the impact of construction work zones of high-speed public transport 
system on the transport environment, which will further help to assess economic 
losses due to the construction work zone of underground transport facilities [2]. 

According to the “optimistic scenario” over 20 km of transport tunnels can 
be built in Kiev in the next ten years. At the same time it is necessary to justify 
the expediency and reliability of the tunnel construction taking into account the 
development characteristic to the territory in question, the road network, and the 
characteristics of traffic in the area of the potential tunnel. 

All of the above allows us to propose a methodology for anticipation and 
cognitive modeling of complex systems [3–5] for modeling and analysis of plan-
ning the development of the metropolitan underground tunnels under conditions 
of environmental, man-made and terrorist threats. 

RELATED PAPERS 

Practical guidance on assessing the impact of soft ground tunneling in urban areas 
on existing structures and services is provided in paper [6]. Various empirical ap-
proaches to the definition of the surface settlement zone are summarized and the 
assessment of the magnitude and distribution of surface movements is compared 
with case history data. A tentative risk classification related to settlement and 
maximum slope criteria is proposed, which will allow rapid optimization of route 
adjustments and thereby identification of those buildings particularly at risk and 
requiring a more detailed assessment. Predicting anomalous geological structures 
before tunneling (ahead of exploration) has become an important routine in tun-
neling, providing particularly important a priori information for safe, economical 
and efficient tunneling. Article [7] analyzes the characteristics, advantages and 
applicability of various methods. Preliminary exploration should be aimed at de-
termining the properties of the rock before the tunnel is closed, and not at assess-
ing the structure. Life safety issues associated with fires and explosions are criti-
cal issues in the design of large underground structures. In [8] these issues are 
considered and discussed from the viewpoint of existing life safety codes. 

Much attention when planning underground facilities is paid to environ-
mental issues, reducing ground noise sources, minimizing vibrations in the envi-
ronment, both caused by the railway and created by the explosion of rocks [9–11]. 
Actual problems of underground urbanization of the central part of Lviv are con-
sidered in [12]. The questions of interaction of natural and technogenic compo-
nents during the development of the underground space of the city are covered. 
The main risk-forming factors in the construction of multi-level underground 
parking have been identified. The relief, geological structure and hydrogeological 
conditions of the central part of the city are analyzed. A spatial analysis of the 
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risk-forming components of the geological environment has been carried out. 
Zones with varying degrees of geological risk have been identified. Reference 
[13] presents a numerical model for predicting vibrations and re-radiated noise in 
buildings caused by rail traffic. A three-dimensional numerical model capable of 
simulating the propagation and transmission of ground vibrations near high-speed 
railways is presented in [14]. It is used to study the effect of the material that 
makes up the embankment on the level of ground vibration at different distances 
from the track. The paper [15] discusses the design, installation, and also experi-
mental and numerical evaluation of the effectiveness of a rigid wave barrier in the 
ground as a measure to mitigate the effects of railway-induced vibration. 

Ground vibration from underground tunnels is a major environmental prob-
lem in urban areas. To study this problem, various studies have been carried out, 
mainly based on numerical methods [16]. This article presents a study of the in-
fluence of changes in soil properties with depth (soil heterogeneity) on soil vibra-
tion from an underground tunnel. Comparison of experimental and numerical re-
sults shows that a homogeneous model can give acceptable estimates of tunnel 
behavior. However, a clear improvement in the estimates of soil behavior is ob-
served when the change in soil properties with depth is taken into account in the 
numerical model. In [17], the range disturbed by earthworks and a model for nu-
merical analysis of underground engineering and surface structures are deter-
mined, and the relationship between stress and deformation of surface buildings 
caused by deformation is obtained. The feedback of the results of the analysis 
with the data management of the GIS platform has been received. By comparing 
with the relevant standard damage assessment rules, it can provide technical sup-
port to decision makers. By analyzing and verifying the case study of the impact 
on buildings caused by the excavation of the underwater tunnel terminal, it is pos-
sible to ensure the safety of the above-ground buildings affected by the excava-
tion. 

It follows from the above review that one of the complex problems is under-
ground tunnels, which ensure the vital activity of both surface and underground 
urban planning. This paper examines the issue of the construction of underground 
tunnels and the rationale for the priority of their creation. 

MODELS AND METHODS 

The development of the strategy of innovative planning of underground construc-
tion development belongs to the class of weakly structured tasks, in which the 
goals, structure and conditions are known only partially and are characterized by a 
large volume of non-factors: imprecision, incompleteness, uncertainty, and fuzzy 
data describing the object. Such problems are characterized by many contradic-
tions and uncertainties. The most important of them are: 

 ambiguity and inconsistency of requirements for the product; 
 inconsistency of goals and ambiguity of the conditions of application of 

the product; 
 uncertainty and unpredictability of possible actions of competitors; 
 infinity and unpredictability of risk situations at different stages of the 

product life cycle. 
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In these conditions, using heterogeneous, usually incomplete, empirical, ex-
perimental, casual and other background information, the developer must formal-
ize and solve the problem of product design, in particular to formulate and justify 
the goals of its creation. The results of the solution of this problem should prove 
the practical necessity, technological possibility and economic feasibility of pro-
duction of the designed product [3]. 

Solving approximated to reality tasks of anticipation, at its different stages 
use different methods of qualitative analysis in a single man-machine procedure. 
In this study, the method of morthological analysis is used to select the character-
istic parameters of the cognitive model [4]. 

The cognitive approach to the solution of this problem required the defini-
tion and description of the main elements (parameters, factors, concepts), causes 
and consequences characterizing the natural-technical geosystem (“underground 
construction – environment”). As a result of cognitive modeling, scenarios of pos-
sible development of a complex system arising under the influence of changes in 
the internal and external environment of an underground structure must be ob-
tained. It is especially important for knowledge and prevention of negative conse-
quences, minimization of damage in conditions of influence of the most unfavor-
able combination of negative factors: external and internal static and dynamic 
loads, all kinds of technogenic influences inside an underground construction, 
harmful natural manifestations from the rock mass, etc. 

A systematic approach to the modeling and scenario analysis of infrastruc-
ture planning of the megacity under environmental, man-made and terrorist 
threats, based on the joint application of the methodologies of foresight and cog-
nitive modeling [18]. It is proposed to use these methodologies together: at the 
first stage to apply the methodology of foresight using the method of morphologi-
cal analysis. The results obtained are used as background information to find 
ways to build an alternative of this or that scenario in the form of a cognitive map. 
To justify the implementation of this or that scenario alternative, cognitive model-
ing methodology is involved, which allows to build cause-effect relationships on 
the basis of knowledge and experience, understand and analyze the behavior of a 
complex system (SS) for a strategic perspective with a large number of relation-
ships and interdependencies, applying a scientifically sound strategy for imple-
menting the priority scenario [19]. 

Cognitive modeling begins with the development of a cognitive map of the 
object. A cognitive map – a structural scheme of cause-and-effect relationships in 
a system that interprets the judgments and views of the LPR – is constructed in 
order to understand and analyze the behavior of a complex system. Let the under-
ground infrastructure in question consist of many individual elements. Two ele-
ments of the system and patterns can be depicted as separate point-to-points, and 
if an element is connected to an element by a causal relationship, they are con-
nected by an oriented arc. It is quite possible that consequences can be the cause 
of changes in other factors. Causal chains can be quite long and complex. The 
analysis of cause-and-effect chains is necessary, for example, for forecasting of 
development of a situation, realization of various controls of processes in a sys-
tem. After the cause-and-effect diagrams are constructed, the decision-making 
strategies in a given subject area are determined. As a result of cognitive structu-
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ration, an informal description of knowledge about the subject area is developed, 
which can be visualized as a scheme, graph, matrix, table or text [5]. 

In the study of the problem of justification of land suitability for under-
ground tunnel construction at the first stage were used cognitive models such as 
a cognitive map – sign oriented graph and a functional graph in the form of 
a weighted sign orograph 

 , , EVG    

where  V — set of nodes kiVVi ,,2,1,  , which are elements of the system 

under study;  E — set of arcs NjiEeij ,,2,1,;  , reflecting the relationship 

between the nodes iV  and jV ; the impact can be positive (sign “+” above the arc), 

when the increase (decrease) of one factor leads to an increase (decrease) of an-
other, negative (sign “-“ above the arc), when the increase (decrease) of one factor 
leads to a decrease (increase) of another, or absent (0). 

Vector graph 
 ,Θ), ,(,, EXFXG  

where G  is a cognitive map; X is a set of node parameters;  Θ  — vertex pa-
rameter space; ) , ( EXF  — arc transformation functional. 

At the third stage of cognitive modeling, a pulse process model (cognitive 
modeling of perturbation propagation) was used to determine the possible de-
velopment of processes in a complex system and develop development sce-
narios [28]: 

 ,)()(),,( )()1(
1

nQnPexxfnxnx
iii vjijji

N

j
vv  



 

where ) 1( ),( nxnx are the values of the index in the vertex iV  at the simulation 

steps at the moment  nt  and following it 1 nt ; ) (nPj is the momentum in 

the vertex jV  at the moment nt  ; } , , , {)( 21 kv qqqnQ
i

  is the vector of ex-

ternal momentum (disturbing or controlling actions) introduced in the vertices  iV  
at time n . 

Simulation cognitive modeling, especially at the design stage of under-
ground space development, is extremely necessary. A serious reason for this may 
be the fact that it is necessary to anticipate and exclude or reduce the risks, which 
are inevitably inherent in the underground urban development. One of the com-
plex problems is the underground tunnels providing life for both surface and un-
derground urban development. This paper explores the construction of under-
ground tunnels and the justification of the priority and reliability of their 
construction. 

CASE STUDY 

Let us carry out a study of the reliability planning of two types of underground 
tunnels: Tunnel 1 through the built-up part of the city and Tunnel 5 through the 
Dnipro River. Table 1 present the data of the vertices (concepts) of the cognitive 
models G1 of Tunnel 1.  
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T a b l e  1 .  The vertices of the hierarchical cognitive map Tunnel 1 

Code Name of the vertex Assignment of the vertex 
V1 V1. State of the Tunnel 1 Indicative 
V2 V2. Anthropogenic activities Perturbing 
V2.1 V2.1. The Evil Mind: Fighting, Terrorism Perturbing 
V2.2 V2.2. Without malice Perturbing 
V3 V3. Technogenic events Perturbing 
V3.1 V3.1. Technical Perturbing 
V3.2 V3.2. Technological Perturbing 
V4 V4. Natural disasters, weather catastrophes Perturbing 
V4.1 V4.1 Shifts Perturbing 
V5 V5. Protection of the object Basic 
V6 V6. The scale of the impact of an undesirable event Disturbing 
V7 V7. Ability to function Disturbing 
V8 V8. Time to restore functioning Disturbing 
V9 V9. Environmental consequences Disturbing 
V10 V10. Economic consequences Disturbing 
V11 V11. Consequences for life Disturbing 
V12 V12. The number of injured Disturbing 
V13 V13. Organizational, technical, etc. capabilities Basic 
V14 V14. Investor Basic 
V15 V15. Level of damage Disturbing 
V15.1 V15.1. Integrity of the ruin system Basic 
V16 V16. Material damage Disturbing 
V17 V17. Geotechnology of construction Basic 
V18 V18. Capacity of land routes Basic 
V19 V19. Population Basic 
V20 V20. Intensity of movement Disturbing 
V21 V21. Average speed Disturbing 
V22 V22. Undeground vibrations Disturbing 
V23 V23. Atmospheric pollution Disturbing 

 

Before using the cognitive model to determine its possible behavior of modeling 
analyzes the various properties of the model is fulfilled. In this case, the stability 
properties of the model must be analyzed. The initial cognitive map was unstable. 
Taking into account the weight characteristics obtained from the results of the 
morphological analysis, a stable cognitive map was obtained for Tunnel 1, and 
then and for Tunnel 5. The cognitive model was reduced to a stable form with 
respect to perturbations. According to the adopted criterion [5]: the maximal 
modulo root of the graph relation matrix characteristic equation is 0.96931M  . 
The cognitive map also is stable according to the initial value. An analysis of the 
ratio of the number of stabilizing cycles (5 negative feedbacks) and process 
accelerator cycles (3 positive feedbacks) indicates the structural stability of such 
a system. For structural stability, the number of negative cycles must be odd [5]. 

Fig. 1 shows the sustainable cognitive map G1 of Tunnel 1. 
The solid lines of arcs in Fig. 1 mean that with an increase (or decrease) in the 

signal at the vertex iV , the same changes occur at the vertex jV  — an increase (or 

decrease). The dashed lines of arcs in Fig. 1 mean: an increase (or decrease) in the 
pulse at the vertex iV  leads to a decrease (or increase) in the pulse at the vertex jV . 
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Now analyze the model 2 connected with cognitive map G2 Tunnel 5 
presented in Fig. 2. Vertices V2–V23 of the cognitive map 2G  correspond to the 
vertices of the cognitive map G1 shown in Table 1. Vertices V1, V24 for the 
cognitive map G2 Tunnel 5 are added to the model 2 (Table 2). 
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According to the adopted criterion [5]: the maximal modulo root of the graph re-
lation matrix characteristic equation is 0.99902M  . The cognitive map also is 
stable according to the initial value. 

T a b l e  2 .  The vertices of the hierarchical cognitive map G2 Tunnel 5 

Code Name of the vertex Assignment of the vertex 

V1 State of the Tunnel 5 Indicative 

V24 Flooding Perturbing 
 

An analysis of the ratio of the number of stabilizing cycles (15 negative 
feedbacks) and process accelerator cycles (3 positive feedbacks) indicates the 
structural stability of such a system [5].  

NUMERICAL INVESTIGATIONS. IMPULSE MODELING  

Involving impulse modeling, is investigated the planning reliability of the tunnels 
in question under different types of impacts on them. Figs. 4–9 show the distribu-
tion of pulse processes for the three scenarios. 

Scenario 1. Let’s conduct a study for Tunnel 1 and Tunnel 5. Assume to the 
vertex V2.1 — The Evil Mind: Fighting, Terrorism the control action is intro-
duced ) , 1, , 0 ( 

1.21
 VV qqQ . Figs. 3 and 4 show the distribution of pulse 

processes for the Tunnel 1 and Tunnel 5. 
The first scenario is needed to analyze the consequences of strong explosions 

directed at the tunnel. Based on the simulation results, it can be concluded that 
Tunnel 1 is more resistant to threats associated with a clear intention, namely ter-
rorist acts and hostilities. This is primarily due to the underwater dislocation of 

Fig. 3. The distribution of pulse processes for the Tunnel 1 (Scenario 1) 
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Tunnel 5. A large explosion could cause the tunnel to flood, resulting in a larger 
impact than the same scenario in the case of Tunnel 1. 

Scenario 2. Assume to the vertex V4.1 – Shifts the control action is intro-
duced ) , 1, , 0 (   

1.41
 VV qqQ . Figs. 5 and 6 show the distribution of pulse 

processes for the Tunnel 1 and Tunnel 5. 

This scenario is needed to analyze the impact of natural factors on each tun-
nel. As in the previous scenario, Tunnel 1 turned out to be more stable. The rea-

Fig. 4. The distribution of pulse processes for the Tunnel 5 (Scenario 1) 

Fig. 5. The distribution of pulse processes for the Tunnel 1 (Scenario 2) 
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son still remains the possibility of tunnel flooding due to hard rock shear, which 
significantly affects the performance of the tunnel. 

Scenario 3. Assume to the vertex V3 – Technogenic events, the control 
action is introduced )  , 1, , 0 ( 

31
 VV qqQ . Figs. 7 and 8 show the distri-

bution of pulse processes for the Tunnel 1 and Tunnel 5. 
The distribution of pulse processes for the Tunnel 5 (Scenario 3) is shown in 

Fig. 8. This scenario demonstrates the resilience of tunnels to industrial threats. In 

Fig. 6. The distribution of pulse processes for the Tunnel 5 (Scenario 2) 

Fig. 7. The distribution of pulse processes for the Tunnel 1 (Scenario 3) 
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contrast to the previous scenarios, the numerical differences between the results 
obtained are not so significant. This may indicate the similarity of tunnels to industrial 
threats. However, Tunnel 1 still showed greater resilience to such scenarios. 

CONCLUSION 

Modeling of scenarios of possible processes of events development in the ana-
lyzed types of underground tunnels is carried out under the influence of various 
external disturbances and control impulse influences. The results of the conducted 
cognitive modeling make it possible to judge that cognitive models that systema-
tize and structure different information about the tunnel underground construction 
system correspond to the real system and can be used to anticipate possible 
processes of development of situations in the system under the influence of various 
disturbing and controlling factors. The developed author's software complex al-
lows in the process of pulse modeling and analysis of the obtained results to in-
troduce controlling or excitatory influences at any stage of modeling. This allows 
changing (correcting) scenarios in the dynamics of model creation, determining 
effects that bring processes closer to the desired ones.  The developed system ap-
proach is applied to the study of planning reliability of underground tunnels 
of different types in order to choose reasonable scenarios for their future de-
velopment. 
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ДОСЛІДЖЕННЯ ПЛАНУВАННЯ ПІДЗЕМНИХ ТУНЕЛІВ. КОГНІТИВНЕ 
МОДЕЛЮВАННЯ / Н.Д. Панкратова, Д.І. Мусієнко 

Анотація. Запропоновано дослідження надійності планування підземних ту-
нелів для мегаполісів на основі використання методологій форсайту та когні-
тивного моделювання. Методологія форсайту дозволяє за допомогою проце-
дур експертного оцінювання виявити критичні технології та побудувати 
альтернативи сценаріїв з кількісними характеристиками. Для обґрунтованої 
реалізації того чи іншого сценарію використовується когнітивне моделювання, 
яке дає змогу побудувати причинно-наслідкові зв’язки на основі знань та до-
свіду, зрозуміти та проаналізувати поведінку складної системи на стратегічну 
перспективу з великою кількістю взаємозв’язків та взаємозалежностей. Запро-
поноване дослідження дозволяє планувати надійність підземних тунелів на ос-
нові вибору обґрунтованих сценаріїв та обґрунтування пріоритетності їх ство-
рення. 

Ключові слова: когнітивне, імпульсне моделювання, планування, сценарії, 
підземні тунелі. 
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MODIFIED SEIRD MODEL FOR DESCRIBING  

THE COVID-19 EPIDEMIC 

A.I. KLYMENKO, G.B. PODKOLZIN 

Abstract. This article is devoted to mathematical models in epidemiology, in par-
ticular SIR, SEIR, and SEIRD models. It explores the importance of these models in 
predicting the spread of infectious diseases and evaluating the effectiveness of con-
trol measures. These models allow for assessing important epidemic parameters 
such as the speed of infection transmission, the number of people infected, and the 
number of deaths. This data can help in making decisions regarding the imposition 
and lifting of quarantine restrictions, opening and closing of schools and other insti-
tutions, as well as in developing vaccination strategies and other control measures. 
In summary, mathematical models such as SIR, SEIR, and SEIRD are important 
tools in the fight against epidemics. They enable epidemiologists and medical pro-
fessionals to predict and control the spread of diseases, thus preserving the health 
and lives of people. 

Keywords: epidemiology, epidemiological models, modified mathematical models, 
COVID-19 modeling SEIR, SEIRD model, unvaccinated people, virus, division of 
the population, new strains. 

INTRODUCTION 

Modeling is a widely used tool to support the evaluation of various disease inter-
ventions. The value of epidemiological models lies in their ability to explore 
“what if” scenarios and provide decision makers with a priori knowledge of the 
consequences of disease emergence and the impact of control strategies. 

To be useful, models must be fit for purpose and properly validated and veri-
fied. The complexity and variability inherent in biological systems should limit 
the use of models as predictive tools during actual outbreaks. Models will be most 
useful when used prior to an outbreak, particularly in the areas of retrospective 
analysis of past outbreaks, contingency planning, resource planning, risk assess-
ment, and training. Models are only one tool for providing scientific advice, and 
results should be evaluated in conjunction with experimental data, field experi-
ence, and scientific knowledge. 

SIR, SEIR, SEIRD MODELS 

The severity and global reach of the COVID-19 pandemic has spurred research in 
many areas, including disease dynamics modeling, with the goal of using such 
models to better understand the impact of intervention strategies on disease con-
trol [1]. Several factors are known to influence disease dynamics, including inci-
dence rates, recovery rates, quarantine strategies, and the impact of awareness [2]. 
In the literature, classical epidemic models of susceptible infectious diseases 
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(SIR, SEIR, SEIRD models) have been widely used to model infectious dis-
eases [3].  

The SIR model is based on the number of susceptible (S), infectious (I), and 
recovered (R) individuals. The classical epidemic model is shown below: 

 




















    ,         )(
)(

; )(
)()()(

 ;      
)()()(

tI
dt

tdR

tI
N

tItS

dt

tdI
N

tItS

dt

tdS

 

where )(tS  — the number of people who can be infected; )(tI  — the number 

of infected people; )(tR  — the number of people who have been isolated from 

transmission (died or recovered);  — the transmission rate;   — the recovery 
rate. 

Each group contains a certain number of people each day. However, this 
number changes from day to day as people move from one group to another. For 
example, people in Group S will move to Group I when they become infected. 
Similarly, infected individuals will move to group R after they recover. It is as-
sumed that the total population in the three groups )( RIS    always remains 

the same. 
The SIR model assumes that recovered individuals cannot be reinfected [2]. 

The SEIR model has an additional group for individuals who become infected and 
contagious after the incubation period (E — Exposed). In other words, the SEIR 
model includes a latency period. 

The SEIR model is described by the following system of equations: 
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where   — the rate of transition of the disease from the latent period to the overt 
stage;   — the rate of infection transmission; γ is the rate of recovery; )(tS  — 

the number of people susceptible to the virus; )(tE  — the number of people with 

the virus in the incubation period; )(tI   — the number of people who get sick; 

)(tR  — the number of recovered people who have come into contact with the 

pathogen and have gained stable immunity. 
To describe the COVID-19 epidemic, the most appropriate of the above 

models is the SEIRD model, in which group D — Death appears, i.e. this model 
takes into account the dead.  

The classical SEIRD model is shown below: 
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where   — the coefficient that can be interpreted as the probability of contracting 
the disease in case of contact between a susceptible individual and an infected 
person;   — the mortality rate;   — the recovery rate;   — the rate of transi-

tion from the latent period to the overt stage; )(tS  — the number of people sus-

ceptible to the virus; )(tE   — the number of people with the virus in the incuba-

tion period; )(tI  — the number of people who fall ill; )(tR  — the number of 
recovered people who have come into contact with the pathogen and have gained 
stable immunity. 

MODIFIED SEIRD-MODEL 

Modified models can take into account more realistic factors such as population 
mobility, different variants of the disease, carrier effects, vaccination, and other 
factors. For example, the SIR model typically assumes that people in each group 
interact with each other, but in some cases there may be groups that interact less 
frequently or not at all. In this case, modified models can be used to describe 
more complex scenarios. 

In epidemiology, it is very important to have a model that covers all stages 
of the disease, including incubation, clinical course, recovery, and death. The SIR 
model does not include a parameter responsible for the incubation period of the 
disease, and SIR and SEIR cannot be used when the epidemic includes mortality 
and fertility. For this reason, the SEIRD model has become the most relevant in 
epidemiology, since it includes all the parameters necessary to study the different 
stages of the disease and allows more accurate predictions of the spread of the 
disease and the effectiveness of control measures. 

The advantages of the proposed model are related to the fact that the popula-
tion can be divided into vaccinated and unvaccinated. In addition, the modified 
SEIRD model takes into account fertility and natural mortality unrelated to dis-
ease mortality, which allows for the most accurate reproduction of the situation, 
bringing it as close as possible to real conditions.  

The basic SEIRD model is shown in (1). In the modified model, each com-
ponent is divided into two parts: vaccinated and unvaccinated members of the 
population (susceptible, exposed, infectious, recovered). The fertility parameter 
applies only to unvaccinated susceptibles, because by default, people are born 
unvaccinated. 
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So, the model is: 
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where unvacS  — susceptible unvaccinated persons who are not infected but can 
become infected through contact with an infected person (unvaccinated or vacci-
nated); vacS  — susceptible to the virus are vaccinated persons in the population 
who are not infected but can become infected through contact with an infected 
person (unvaccinated or vaccinated); unvacE — the number of unvaccinated peo-
ple with the disease in latent mode (they contacted with an infected person); 

vacE — the number of vaccinated people with the disease in latent mode (they 

contacted with an infected person); unvacI — the number of unvaccinated sick 
people who transmit the virus to unvaccinated and vaccinated susceptible persons; 

vacI — the number of vaccinated patients who transmit the virus to unvaccinated 

and vaccinated susceptible persons; unvacR — the number of unvaccinated survi-

vors who are susceptible to reinfection, although the probability is lower; vacR  — 
the number of vaccinated survivors who are susceptible to re-infection, although 
the probability is lower; D  — people who died from the virus and other causes; 

unvac — deaths from the virus in infected unvaccinated people; vac — deaths 

from the virus in infected vaccinees; uu  — the probability of transmission of the 

virus from infected unvaccinated persons to unvaccinated persons; uv — the 
probability of transmission of the virus from infected unvaccinated persons to 
vaccinated persons; vu — the probability of transmission of the virus from in-

fected vaccinated to unvaccinated persons; vu — the probability of virus trans-

mission from infected vaccinated to vaccinated persons; unvac — the probability 
of the disease transition from the latent phase to the overt phase in unvaccinated 
persons; vac — the probability of the disease transition from the latent phase to 

the overt phase in vaccinated persons; unvac — recovery of infected unvaccinated 
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people from the virus; vac — recovery of infected vaccinated persons from the 
virus;   — mortality not due to infection; l  — birth rate. 

The main difference between this model and the classical SEIRD model is 
the division of the population into vaccinated and unvaccinated individuals. Prob-
ability of infection of vaccinated persons ( vacS ) is much lower than that of un-

vaccinated persons ( unvacS ). Sick vaccinated persons ( vacI ) are less contagious 

and less likely to die than unvaccinated infectious people ( unvacI ).  

IMPLEMENTING THE MODIFIED SEIRD MODEL FOR COVID-19 IN 

UKRAINE IN 2021 

Let's model the situation with COVID-19 in Ukraine. To do this, we need to cal-
culate the appropriate coefficients to substitute them. To do this, we will use in-
formation for 2021.  

The number of Ukrainians in 2021 (excluding the occupied territories) is 41 
million 167 thousand people [4]. The mortality rate for 2021 is 714 263 people, of 
which COVID-19 accounts for 86 015 cases [5]. The birth rate for 2021 will be 
271 984 children [6]. 

The number of all deaths per day averages 714 263/365 = 1 956.88 people. 
That is, 1 956.88/41 167 300 = 0.0000475349 of the total population dies per day. 
This number includes deaths from COVID-19. The death rate from COVID-19 is 
(86 015/365)/41 167 300 = 0.0000057244. 

Unfortunately, no mortality statistics for vaccinated and unvaccinated people 
could be found for Ukraine. However, you can calculate this coefficient yourself 
if the data mentioned in an interview with Professor Leanne Wen of the School of 
Public Health [14] are true: that vaccinated people are six times less likely to be 
infected than unvaccinated people and 11 times less likely to die from coronavi-
rus. In this case, the mortality rate of vaccinated people per day is 0.0000004770, 
and that of unvaccinated people is 0.0000052474. Accordingly, we have 

0.0000052474unvac   0.0000004770vac  . 

Accordingly, the mortality rate per day not due to COVID-19 is 
0.0000475349 - 0.0000057244 = 0.0000418105, i.e. μ = 0.0000418105. 

The birth rate per day is (271 984 /365)/41 167 300 = 0.0000181008, so 
l =  0.0000181008.  

Since the modeling requires both vaccinated and unvaccinated populations, 
we need to provide data on these. In 2021, 15 201,112 people have been vacci-
nated with two vaccines in Ukraine [7]. That is, 15 201 112/41 167,300 = 
0.3692521006. Accordingly, if you want to model a population of only 100 peo-
ple, and one of each of the vaccinated and unvaccinated gets sick, 36.1867058563 
will be the vaccinated who have not yet gotten sick, and 61.8132941437 will be 
the unvaccinated who have not yet gotten sick. 

The incubation period is the number of days between the moment of infec-
tion and the moment of symptoms. To calculate the coefficient responsible for the 
rate of transition of the virus from the latent period to the fully infected state, we 
use formula: 
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incT

1
 , 

where   — the rate of transition of the disease from the latent to the overt phase; 

incT  — the average incubation time of the virus. 

Viruses are constantly changing, sometimes resulting in the emergence of 
new strains. Different strains of COVID-19 may have different incubation peri-
ods. On average, symptoms appear in a newly infected person about 5.6 days after 
exposure [8]. So, 6.5incT , accordingly, 17858.06.5/1  . According to 
studies, the incubation period for vaccinated and unvaccinated individuals is the 
same number of days [9], i.e.  17858.0 unvacunvac . 

Some studies have shown that it may take the body 2 weeks to recover from 
a mild illness, or up to 6 weeks in severe or critical cases [10]. Other sources say 
[11] that recovery usually takes one to two weeks. So let's use the average 
recovery time of two weeks.  

Let's calculate   according to the formula for calculating the recovery rate 
coefficient: 

 
recT

1
 , 

where   — the recovery rate of infected people from the virus; recT  — average 
recovery time. 

 So, recT = 14 days. Accordingly, unvac = 1/14 = 0.0714.  

When the population is divided into vaccinated and unvaccinated, the recovery 
time will be different. Different sources report different recovery times: some 
studies show that the overall recovery time was six to seven days shorter than for 
unvaccinated people [12]. Another study from the Centers for Disease Control 
and Prevention found that vaccinated participants spent an average of two to six 
days less in bed than unvaccinated participants [13]. Let's assume that, on aver-
age, the vaccinated are sick six days less, that is vac = 1/8 = 0.125.  

Now let's calculate the probability of disease transmission. To calculate the 
data for vaccinated people, we need statistics on the effectiveness of the vaccine 
(let's take the Pfizer vaccine). According to [15], Pfizer has 95% protection 
against mild COVID-19. This means that you are less likely to get sick if you are 
vaccinated: 

 05.0     vaccinatedareyouifinfectedgetp . 

It should also be noted that vaccinated people are less likely to transmit the 
disease, even if they become infected. At a press conference in November, WHO 
Director-General Tedros Ghebreyesus said that vaccines protect against the 
spread of the virus by 60 percent before the delta variant emerges [16, 19]. This 
means: 
 4.0      vaccinatedareyouifdiseasethetransmitp . 

According to the same study [16, 17], vaccinated people are ten times less 
likely to be infected [18], and the likelihood of me being infected is half, judging 
by the above figures. 
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 So, 5.010              vaccinatedareyouifsickgetvaccinatednotareyouifinfectedget pp . 

 А 8.024.0       vaccinatednotareyouifdiseasethetransmitp . 

Now we can calculate the disease transmission rates. 

  vaccinatednotareyouifinfectedgetvaccinatednotareyouifdiseasethetransmituu pp                 

 4.05.08.0  . 

  vaccinatedareyouifsickgetvaccinatednotareyouifdiseasethetransmituv pp                

 04.005.08.0  . 

  vaccinatednotareyouifinfectedgetvaccinatedareyouifinfectedgetvu pp               

 2.05.04.0  . 

  vaccinatedareyouifsickgetvaccinatedareyouifinfectedgetvv pp              

 02.005.04.0  . 

Let's simulate the model with these parameters. In Fig. 1 you can see the re-
sults for one hundred days: 

Fig. 1 shows how the number of people who have not had the disease is de-
creasing, while the number of people who have had the disease is increasing. 

Fig. 1. Modified SEIRD model for 100 days 
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The number of unvaccinated patients is growing faster, which seems logical given 
the vaccination rate [13]. The number of deaths is growing relatively slowly. The 
number of uninfected, unvaccinated people is decreasing faster because they are 
more likely to contract the disease, while vaccinated people are slower to get sick. 

If we look at a much longer time period (e.g., 8,000 days), we can see in 
Fig. 2 how the number of deaths increases and the number of deaths in the rest of 
the population decreases. The number of people who became ill also decreases 
because model (2) also takes into account natural mortality, which in this case 
does not include deaths from COVID-19. 

This situation with fertility and mortality is due to the fact that in Ukraine 
the birth rate is lower than the death rate [20]. If we increase the fertility rate 
so that it exceeds the mortality rate, the situation looks different (fertility 
l = 0.0500181008) (Fig. 3): 

Only the number of unvaccinated people who have not yet become ill in-
creases, because this model does not include vaccination and the corresponding 
transition from unvaccinated to vaccinated people. The entire birth population is 
unvaccinated by default. From Fig. 3, you can also see how the disease process 
progresses over time: on the thousandth and two thousandth day, you can see 
waves of sick unvaccinated people, and accordingly, the number of unvaccinated 
people who have not yet become sick decreases over time. 

Fig. 2. Modified SEIRD model for 8000 days 
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CONCLUSIONS 

The modified mathematical epidemiological SEIRD model is an important tool 
for assessing epidemic outbreaks and implementing disease control strategies. It is 
especially important that this model takes into account vaccination and non-
vaccination, as this reflects the real situation with COVID-19 and other diseases 
for which vaccines exist. This model also allows for the impact of different vac-
cine variants on the effectiveness of its use. 

To effectively combat epidemic outbreaks, it is necessary to know what fac-
tors influence the spread of the disease and which control strategies are most ef-
fective in specific conditions. The developed modified SEIRD model not only 
takes into account vaccination and non-vaccination, but also has coefficients re-
sponsible for birth and death, and that is why it can reflect a realistic picture. This 
model can help solve these problems by providing scientists and policymakers 
with a tool for forecasting, planning, and decision-making to control the epi-
demic. 

Also, for the modified SEIRD model, all parameters were calculated from 
real statistical data from Ukraine to be able to simulate the situation as close to 
reality as possible. These data are important for making decisions on the devel-
opment of medical infrastructure, the provision of medical equipment and medi-
cines, as well as for determining the need for large-scale vaccinations and other 
epidemic control measures. 
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Fig. 3. Modified SEIRD model for 5000 days with a birth rate of l = 0.0500181008 
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МОДИФІКОВАНА SEIRD-МОДЕЛЬ ОПИСУ ЕПІДЕМІЇ COVID-19 / 
А.І. Клименко, Г.Б. Подколзін 

Анотація. Присвячено математичним моделям в епідеміології, зокрема SIR, 
SEIR і SEIRD. Досліджено важливість цих моделей у прогнозуванні поширен-
ня інфекційних захворювань та оцінювання ефективності контрольних заходів. 
Ці моделі дають змогу оцінити важливі параметри епідемії, такі як швидкість 
поширення інфекції, кількість людей, які зазнають захворювання, та померлих 
від цього захворювання. Ці дані можуть допомогти у прийнятті рішень про 
введення та зняття карантинних обмежень, відкриття і закриття шкіл та інших 
установ, а також у розробленні стратегій вакцинації та інших контрольних за-
ходів. Загалом математичні моделі SIR, SEIR і SEIRD є важливим інструмен-
том з боротьби з епідеміями. Вони дозволяють епідеміологам і медичним пра-
цівникам прогнозувати та контролювати поширення захворювань, що зберігає 
здоров’я та життя людей. 

Ключові слова: епідеміологія, епідеміологічні моделі, модифіковані матема-
тичні моделі, SEIR-моделювання COVID-19, SEIRD-модель, невакциновані 
люди, вірус, поділ популяції, нові штами. 
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GENERALIZATION OF THE THERMODYNAMIC APPROACH 

TO MULTI-DIMENSIONAL QUASISTATIC PROCESSES 

A.S. KUTSENKO, S.V. KOVALENKO, S.M. KOVALENKO 

Abstract. A method of mathematical modeling of multidimensional quasi-static 
processes, a generalization of quasi-static processes of equilibrium thermodynamics, 
is proposed and substantiated. The authors obtain a generalization of the first and the 
second law of thermodynamics in the form of Carathéodory to multidimensional 
quasi-static processes. The idea of generalization is to construct an orthogonal sys-
tem of functionals similar to the work and heat functionals of classical thermody-
namics along families of phase trajectories corresponding to different types of influ-
ences on a multidimensional quasi-static system. The representation of quasi-static 
processes by systems of ordinary differential equations containing control variables 
is substantiated. The obtained results make it possible to use a wide arsenal of meth-
ods of the theory of control of dynamical systems to solve problems of control of 
quasi-static processes. 

Keywords: quasi-static processes, equilibrium thermodynamics, mathematical mod-
eling, work, energy, controllability, entropy. 

INTRODUCTION 

The concepts of “quasi-static system” and “quasi-static process” owe their ap-
pearance to the fundamental branch of physics – thermodynamics. Thermody-
namics originated and was further developed on the basis of the phenomenologi-
cal approach, i.e. considering only the observed properties of thermodynamic 
systems (TS) without a detailed analysis of the mechanisms of their manifesta-
tion. As a result of this approach to the formation of thermodynamics, its main 
provisions: terminology, axiomatics and logical constructions in the form of 
physical laws have not changed significantly over the past few centuries. In the 
same time real practical results confirming theoretical backgrounds with a suffi-
ciently high degree of accuracy have made thermodynamics, along with mechanics, 
a model of applied science. The quasi-static nature of processes in TS is one of 
the main postulates of thermodynamics, along with such concepts as reversibility 
and equilibrium. From the standpoint of thermodynamics, a quasi-static process is 
an infinitely slow process consisting of a sequence of equilibrium states infinitely 
close to each other. An essential limitation of the thermodynamics of equilibrium 
processes is the exclusion from consideration of the time coordinate and the rep-
resentation of processes in the form of segments of trajectories in the phase space. 
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The mathematical support of thermodynamics is based on two postulates: the first 
and second laws, on the basis of which mathematical models of the main thermo-
dynamic processes are introduced.  

Despite the apparent limitation of the object of study in the form of quasi-
static TS, a number of concepts and approaches of thermodynamics can be 
adapted to a relatively wide class of technological systems similar in external 
properties to TS. In this regard, the problem of constructing a mathematical the-
ory of quasi-static processes arises, covering both the TS and other systems with 
the quasi-static property. In this article, an attempt to propose the mathematical 
foundations of the theory of quasi-static processes with a focus on the control 
problem is made. 

REVIEW AND ANALYSIS OF INFORMATION SOURCES 

The classical substantiation of thermodynamics as a system of knowledge is al-
most completely described in the works of Carnot, Clausius, Boltzmann, Planck 
[1–3] and other “classics” of thermodynamics [4, 5]. This branch of thermody-
namics has survived without fundamental changes to the present day. 

One of the principal ways to involve mathematical methods in thermody-
namics and generalize the latter to other physical and technical processes can be 
considered the approach outlined in [6]. A feature of Gukhman’s ideas is the sub-
stantiation of the uniformity of the components of the differential equation of the 
first law of thermodynamics in the form of products of certain potentials and a 
change in the corresponding coordinate of the state of the TS. At the same time, 
the thermal effect was included as a particular type of the set of effects on the TS, 
and the concepts of energy and amount of effect received a generalized interpreta-
tion suitable for any similar processes. The versatility of the ideas presented in [6] 
is clearly demonstrated in studies in the field of ecosystems [7]. 

Summarizing the results of thermodynamics related to the first law or the 
law of conservation of energy, we can conclude that the mathematical methods 
that allow adapting classical equilibrium thermodynamics to a wide range of simi-
lar processes in nature, technology and society are limited. The fundamental dis-
advantage of the considered approach is the absence of any time dependences 
linking changes in the state of the TS with the intensity (power) of actions. 

In this regard, the authors of this work previously obtained some results of 
the “dynamization” of quasi-static processes. This made it possible to obtain 
mathematical models in the form of ordinary differential equations relating the 
change in time of the state vector of a quasi-static system to changes in the power 
of control actions. The results obtained in [8–10] require further generalization. 

The greatest difficulty in the formation of thermodynamics was caused by its 
second law, and in particular the concept of entropy. For instance, in [4] there are 
18 formulations of the 2nd law, each of which ultimately has the same meaning of 
the impossibility of obtaining mechanical work using only one source of heat. 
Unfortunately, the abundance of formulations and interpretations of the 2nd law 
of thermodynamics has led to some conservatism in the mathematization and 
formalization of thermodynamic methods and their adaptation to quasi-static 
processes of a different nature. The works of Schiller, Carathéodory, Afanasieva-
Ehrenfest, Belokon were a qualitative shift in the direction of axiomatization in 
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thermodynamics, where a generalized theory of quasi-static processes was formu-
lated in the language of mathematical formulations. Among the studies in this di-
rection, the article by Carathéodory [11] should be especially singled out, where 
he elegantly formulated the 2nd law of thermodynamics in the language of Pfaf-
fian forms. This article gave impetus to the wide application of the axiomatic ap-
proach in the thermodynamics of multidimensional processes [12–15]. 

MATHEMATICAL MODEL OF A CONTROLLED QUASI-STATIC PROCESS 

We will consider multidimensional quasi-static processes in terms similar to the 
terms of classical thermodynamics: state, action, phase trajectory, work, energy, 
etc. The fundamental difference from thermodynamics will be the inclusion of the 
concept of heat in the category of works, as proposed in [6]. Thus, in our further 
constructions, heat or other effects will not take any priority position among the 
many possible effects on the system under consideration. 

Let the state of the system under consideration   is given by the state vector 
nx R . State change over time ( )x t  represents a trajectory   in ( 1)n  -

dimensional space. Any change of the vector x  in time is associated with the 
presence of one or more actions from a given set W . In the absence of actions on 
a quasi-static system, the latter remains in the state in which all actions were inter-

rupted. That is any condition nRx  of a quasi-static system is an equilibrium 
position, in contrast to dynamical systems, for which the set of equilibrium posi-

tions is a subset of the space nR . 
Associate with each m n  of the types of actions kW  a vector field )(xk , 

mk ,1 . We will assume that the system of vector fields )(),...,(),( 21 xxx m  at 

every point nRx  is linearly independent. For k -th action the trajectory   in phase 
space can be represented as a solution to the system of differential equations 

 )()( tux
dt

dx
kk , (1) 

where ( )ku t  is a scalar function of the parameter t , which has the meaning of the 

action intensity kW . Absolute value ( )ku t  determines the speed of movement of 
the representative point along the phase trajectory, and its sign determines the di-
rection of movement. 

Let now several actions be simultaneously applied to the system. They cor-
respond to the vector field )(x . Let’s decompose the vector )(x  at some point 

x  along linearly independent vectors )(),...,(),( 21 xxx m . We get 

 



m

k
kk uxx

1

)()( ,  

where ku  are decomposition coefficients. 

Then the movement of the system along an arbitrary phase trajectory corre-
sponding to the complex action will correspond to the system of differential equations 

 



m

k
kk tux

dt

dx

1

)()( , (2) 
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and the coefficients ku can be interpreted as the intensity of the corresponding 
actions. 

If time t  is chosen as a parameter, and values ( )ku t  are considered as con-
trols, then the mathematical model of the quasi-static process in the form (2) is a 
controlled system linear in controls. Since the vectors  are linearly independent, 
then the equilibrium of system (2) is )(),...,(),( 21 xxx m  achieved only in the 

case 0...21  muuu . That is, the effects cannot compensate each other. 

The proposed mathematical models of quasi-static processes with single (1) 
and complex action (2) give a qualitative model of behavior  . The point is that 

the vector fields )(xk  ( 1, )k m  specify only the directions of the corresponding 

fields and can be normalized arbitrarily. In this case, the form of phase trajectories 
will remain unchanged. At the same time, the trajectory   in time will depend 
both on the normalization of the vector )(xk , as well as on the size ( )ku t , form-

ing the speed of movement   along the phase trajectory defined by the vectors 
)(xk  and some starting point 0x  of the specific process. 

ENERGY MEASURE OF THE ACTION 

The previously introduced concept of the action intensity, which has the meaning 
of controlling a quasi-static process, requires a quantitative measurement. To do 
this, as an analogy, we use the classical thermodynamic approach for thermal de-
formation systems, i.e., TS subject only to mechanical and thermal effects, the 

phase trajectories of which have the form constpV  and constp   respec-

tively, where ,p V  are the pressure and volume of the gas in relative units and   

is adiabatic exponent )5.13.1(  , depending on the chemical composition of 
the substance. 

It is known from thermodynamics [5] that the first law of thermodynamics is 
valid for a thermal deformation system, which is formulated as follows: 

 dU L Q    , (3) 

where dU  is an increment of internal energy, L is a deformation work, Q  is a 

supplied heart. In (3) internal energy ( )U x  is a function of state and quantities 

L  and Q  are functions of trajectories in a state space. 

For ideal gases [5] the internal energy U  has the form 

 pVU
1

1


 , (4) 

and the mechanical work and heart are calculated as curvilinear integrals along 
the phase trajectory l : 

 
( )l

L pdV    ; (5) 

  














)( 11

1

l

pdVVdpQ . (6) 
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Thus, ratio (5) and (6) can be interpreted as a quantitative measure of the ac-
tion on the TS in the form of the mechanical work (5) and heat (6). For fixed ini-
tial 0x  and final fx  process points 0( ) ( ) constfU x U x   for any trajectories 

connecting 0x  and fx , the sum L  and Q  in accordance with (3) will be con-

stant for various ratios L  and Q . 

Let us generalize the thermodynamic approach (4) as applied to finding simi-
lar quantitative measures of actions for an arbitrary n -dimensional quasi-static 

process with m n  actions. Let us introduce nR  the scalar continuous function in 
static space – the energy: 

 1 2( ) ( , , , )nU x U x x x  . (7) 

The energy increment (7) in some point nx R  will look like: 

 1 2
1 2

n
n

U U U
dU dx dx dx

x x x

  
  
  

. (8) 

Denoting )(xg
x

U



 — the gradient ( )U x , write down (8) as 

 ( , )dU g dx , (9) 

and along the trajectory of the solution (1), or along the phase trajectory of the 
k -th action, the (8) takes the form 

 dtgdU k ),(  .  (10) 

Ratio (10) will also be valid for any phase trajectory generated by an arbi-
trary vector field )(x  

 dtgdU ),(  . (11) 

Let us denote the set of possible phase trajectory kl  corresponding to k -th 

type of action as kL , and the set LLk  . The set of all feasible trajectories cor-

responding to an arbitrary composition of actions is denoted by *L . Then there is 
the system of inclusions 

 *, 1,kL L L k m    . 

We will call the energy measure ( )J l  of any phase trajectory l  the value 

 
( )

( ) ( , )
l

J l g dx  . (12) 

Due to (9) the energy measure (12) depends only on the initial 0x  and final 

fx  points of the curve l : 

 0 0( ) ( ) ( ) ( , )f fJ l U x U x J x x   . (13) 

The energy measure (13) satisfies the following axioms: 

 1) ( , ) 0J x x  ;  

 2) ( , ) ( , )J x y J y x  ; (14) 
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 3) ( , ) ( , ) ( , )J x y J x z J z y  .  

Axioms 2 and 3 in (14) differ from the symmetry and triangle axioms known 
from the theory of metric spaces: 

 ( , ) ( , )J x y J y x ; 

 ( , ) ( , ) ( , )J x y J x z J z y  . 

By analogy with first law of thermodynamics, we will look for the quantities 
of each type of actions in the form of functionals ( )kA l , calculated along phase 

trajectories similar to the mechanical work and heat for the simplest thermody-
namic system (5), (6): 

 
( )

 ( ) ( ( ), ), 1,k k

l

A l q x dx k n  . (15) 

Functionals ( )kA l  we will call the works of action kW . Vectors ( )kq x  we 
will be chosen so that following conditions are satisfied: 

 








,if,0

,if),(
)(

i

k
k Ll

LllJ
lA   ., 1, , kk n ii    (16) 

Requirements (16) will by met under the following conditions to choose 
from ( )kq x : 

 nkigq iikik ,1, ),,(),(  , (17) 

where ik  is the Kronecker symbol. 

The conditions (17) are essentially conditions for the quasi-biorthogonality 
of vector systems ),( 21 n  and 1 2( , )nq q q . 

Rewrite the last equation in matrix form: 

  diag TQ g   , (18) 

where the rows of matrix Q  are desired vectors 1 2( , )nq q q  and the columns of 

the matrix   are vector fields ),( 21 n  of actions on the system. 

Since vectors )(xk  are assumed to be linearly independent for nx R  , 
matrix   is non-degenerate, therefore the solution (18) can be written as 

 1)(diag  gQ T . (19) 

Let us now show that for the system of works 1 2, nA A A  with vector fields, 

defined in accordance with (19), *l L   the following relation in true: 

 )()(
1

lAlJ k

n

k



 . (20) 

To prove (20), we sum relations (17) over k . As a result, we get: 

 nigq iik

n

k
ik

n

k

,1),,(),(
11

 


;  



A.S. Kutsenko, S.V. Kovalenko, S.M. Kovalenko 

ISSN 1681–6048 System Research & Information Technologies, 2023, № 1 68

 nigq iik

n

k

,1),,(,
1












.  

It follows directly from the latter: 

 
1

n

k
k

U
q g

x


 

 . (21) 

Let us sum over k  the values ( )kA l , determined in accordance with (15). As 
a result, we get 

 
11

( ) ( , )
n n

k k
kk l

A l q dx


   . (22) 

Taking into account relations (12) and (21), and from (22) we get (20), i.e. 
the sum of the work calculated along an arbitrary trajectory is equal to the incre-
ment in the energy of the system at the ends of this trajectory. 

As an example consider thermodynamic system with actions in the form of 
mass transfer, deformation, and heat transfer The vector fields of such actions are 
well known [5] and are represented by the matrix ( , , )p V m , looking like 

 



















 



001

010

1
V

p

m

p

, (23) 

where mVp ,,  are pressure, volume and mass of the system. The columns of the 
matrix (22) are vector fields of mass transfer, deformation and thermal effects, 
respectively.  

Let us introduce the energy of system in the form of a known relation for 
ideal gases (3), then 

 ),,(0,
1

1
,

1

1
321 gggpV

x

U















. (24) 

Substituting the (23) and (24) in the formula (19), we get a matrix 

 




































m

pVpV
p

m

pV

Q

111

00
1

00

,  

the rows of which are the components of the vectors of the quantities  of the cor-
responding actions  

  



)(

1 1l

dm
m

pV
A ;   

)(
2

l

pdVA ;  

 ,
111)(

3  


















l

dm
m

pV
pdVdp

V
A   

where 1A  is a work of mass transfer, 2A  is a mechanical work, 3A  is a heat. 



Generalization of the thermodynamic approach to multi-dimensional quasistatic processes  

Системні дослідження та інформаційні технології, 2023, № 1 69

It is easy to verify that sum of the rows of the matrix Q  coincides with the 
internal energy gradient, and 

 )()()()( 321 lJlAlAlA  .  

The considered approach to constructing a system of functionals satisfying 
the additivity condition (20) can also be extended to the case when the number of 
actions m  is less than the dimension of the system n . In this case, the matrix   
in the system of equations (18) is rectangular, and, consequently, constructions 
(19)–(24) lose their meaning. A way out of this situation can be obtained as a re-
sult of redefining the system of actions with the missing n m  dummy actions. 
These dummy actions are chosen so that the square matrix )( 21   , where 

1 ( )n m    – the matrix given actions, and ))(( 2 mnn   – the matrix of 
dummy actions will be nondegenerate. Substituting the matrix  obtained this 
way in relation (19) we get the matrix of works, which will depend on an arbitrary 
matrix 2  . 

INVERSE PROBLEM 

The performed analysis showed that if the laws of change of the phase coordi-
nates of the thermodynamic system depending on the type of influences are 
known, then for an arbitrarily given state function ( )U x , a system of functionals 

can be chosen that satisfies the structure of the energy conservation law. The 
question arises, is it possible to solve the inverse problem: for a given functional 
corresponding to the work of some action, construct the corresponding function 
 ( )U x , which has the meaning of the energy of the thermodynamic system. This 

approach is quite pragmatic, since it allows to “join” various physical processes 
that have the same types of external influences. For example, in mechanics and 
thermodynamics, such an action is deformation, and the corresponding work in 
both cases is calculated by similar functionals: 

 
)(

 
l

fdsA  is mechanics;  

 
)(

 
l

pdVL  is thermodynamics.  

So, let’s formulate the problem as follows. Let some reference action be 
given, which corresponds to the phase trajectories of the system of differential 
equations 

 nRxxx  ),(  ,  

where )( x  is a known vector function. 

Let the known functional correspond to the standard action, with the help of 
which the work of the standard action is calculated: 

 1 1 2 2
( ) ( )

( , )( ) ( ) ( )n n
l l

L q dx q dx q dx q dxx x x     .  
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Then, due to relation (17), the vector functions )( x , ( )q x  and  ( )g x  must 

satisfy the condition 

 ),() ,( gq  .  

The last equation can be interpreted as a linear differential equation in partial 
derivatives with respect to the function  of the energy of the thermodynamic sys-
tem ( )U x : 

 ),(, 





 



q
x

U
.  

To solve it, we use the method of characteristics. The system of differential 
equations of characteristics in symmetrical form can be written as 

 
))(),(()()()( 2

2

1

1

xxq

dU

x

dx

x

dx

x

dx

n

n











. (25) 

Since all )(xk  included in (25) do not depend on the desired function 
( )U x , then the set of first integrals of the subsystem of differential equations (25) 

 
)()()( 2

2

1

1

x

dx

x

dx

x

dx

n

n








 (26) 

will also be a subset of the set of integrals of the complete system (25). 
Let 

 kk Cx  )( , 1, 1k n   (27) 

be the first integrals of the system (26). Based on (27), we express the first 

1 2 1, , , nx x x   through nx  and 1 2 1, , , nC C C  : 

 

),,,,,(

............................................

;),,,,(

;),,,,(

12111

12122

12111













nnnn

nn

nn

CCCxx

CCCxx

CCCxx







 (28) 

and substitute the obtained relations into the last of equations (25) 

 
))(),(()( xxq

dU

x

dx

n

n





. 

As a result of such a substitution, we obtain a differential equation with 
separable variables nx  and U  

 
)),(),,((),( CxCx

dU

Cx

dx

nnnn

n





,  

where n ,  , q  are the functions of the vector nx  and the vector of constants 

 1 2 1, ,..., nC C C C   obtained after substituting (28) into the expressions for 

n ,  , q  respectively. 
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Integrating the last differential equation, we obtain the n -th first integral of 
the original system of differential equations of characteristics (25) in the form 

 nnn CCxU  ),( . (29) 

Substituting into (29) the expressions for the components of the vector of 
constants C  in the form (27), we finally obtain 

 ( )n nU x C  . 

As is known from the theory of partial differential equations, the general so-
lution ( )U x  satisfies the equation 

  1 2 1( ), ( ), ( ), , ( ) 0n nU x x x x       , 

where   is an arbitrary function of its arguments. 
Solving the last equation with respect to the first argument, we finally obtain 

 ,)](,),(),([)( 1210 xxxxUU n   (30) 

where )()(0 xxU n , and   is an arbitrary function of its arguments. 

Let’s analyze the result. As can be seen from (30), the function ( )U x  that 
satisfies the differential equation for the operation of a given action consists of 
two terms. The first term 0( )U x  is determined both by the type of the phase tra-
jectory of the system subject to the reference action and by the type of the stan-
dard functional (vector ( )q x ). The second term depends only on the phase trajec-
tories and is an arbitrary function of the first integrals of the system of differential 
equations that model the behavior of the thermodynamic system under the 
reference action. 

Thus, all ( )i x  1, 1i n   that are arguments of an arbitrary function   are 

constants, and therefore ],,,[ 121  n  also an arbitrary constant. Thus, 

 CxUxU  )()( 0 ,  

i.e. the energy of a quasi-static system is determined up to some constant C . 
Consider an example of finding the internal energy ),( VpU  for the simplest 

thermodynamic system subjected to a standard deformation effect, the work of 
which is defined as 

 
2

1

V

V

L pdV   .  

The system of differential equations modeling the deformation effect, as fol-
lows from [5], has the form 

 ,
V

p

dt

dp
   ,1

dt

dV
 

and differential equation (24) for ( , )U p V  can be written in the form 

 .p
V

U

p

U

V

p









   
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The corresponding system of ordinary differential equations of characteris-
tics can be written as 

 
p

dUdV

V

p
dp




 1
. (31) 

The first integral 1( , )p V , which is the equation of the adiabatic phase 
curve, is obtained by integrating the differential equation 

 
1

dV

V

p
dp




 

and has a well-known form 

 1CpV  . (32) 

Expressing p  through 1C  and V , and substituting the result into (31), we 

obtain a differential equation for determining the energy ( , )U p V . Thus  

  VCp 1 , dVVCdU  1 ,    dVVCU 1 , and  C
V

CU 





1

1

1 . 

Substituting expression (32) for 1C  into the last relation, we finally obtain 
the expression, well known from thermodynamics for the internal energy of an 
ideal gas,  

 CpVU 



1

1
. 

It should be noted that this result was obtained only on the basis of the 
known experimental adiabatic curves without involving the results of the well-
known experiment of Gay–Lussac and Joule, which showed the invariance of the 
gas temperature during its expansion into a vacuum. 

Let us now return to the original mathematical model of the thermodynamic 
system (2) and find the physical meaning of the quantities ku  – an action intensi-

ties of kW . To do this, we proceed as follows: let the work jA  be given by an 

integral of the form: 

 
 

( , )j j

l

A q dx  , (33) 

where jq  is previously defined vector of j -th work. Multiply the left and right 

parts of (2) scalarly by the vector jq , as a result we get 

 



n

k
kkjj uqxq

1

),(),(  . (34) 

Taking into account the conditions of orthogonality of works (12), from rela-
tions (33)–(34) we get 

 jjj
j uq

dt

dA
),(  . 
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From the last expression, and also from (17) it follows 

 .,1,
),(

1

),(

1
njA

g
A

q
u j

j
j

jj
j 





   (35) 

Let us substitute (35) into original differential equation (2). As result we get 

 k

n

k k

k A
g

x

dt

dx 
 



1 ),(

)(
. (36) 

From (36) it follows that if the column vectors )(xk  of matrix ( )x  divide 

accordingly into dot products ),( kg  , then each of the controls ku  will match the 

intensity of the corresponding work kA , i. е., using electromechanical terminol-

ogy, ku  with this normalization corresponds to the action power kW . In addition, 

the original system of equations (2) can be immediately normalized in accordance 
with (36), which will in no way affect the form of phase trajectories correspond-

ing to certain types of action and the corresponding work vector ( )kq x . 

Thus, without loss of generality, we can assume that the right side of the sys-
tem of equations (2) is normalized in accordance with (34), and the control vector 

ju  corresponds to the power vector jA . Therefore, any of the works can be cal-

culated both in the form of a curvilinear integral (33) and in the form of an inte-
gral over the time 

 dttuA
t

t
jj )(

1

0

 . 

QUASI-STATIC CONTROL SYSTEM OF GENERAL VIEW 

Let us consider an empirical approach to the construction of mathematical models 
of quasi-static systems, given by families of phase trajectories 1 2, ,..., nL L L , corre-

sponding to the impacts 1 2, ,..., nW W W . Let kL  it look like 

 

,),...,,(

..................................

;),...,,(

;),...,,(

1211

2212

1211

 




nnn

n

n

Cxxxf

Cxxxf

Cxxxf

 (37) 

of ( 1)n  -parametric family of lines in n -dimensional phase space. The set of 

constants 1 2 1, ,..., nC C C   set a specific phase trajectory k kl L , and a change in one 

of the variables (for example, nx ) determines all the coordinates of the points of 

the selected phase trajectory as a result of solving system (37). Let’s associate the 
change nx  with some parameter 1t R , which can be taken as time. Then all kx  

will also be functions of time due to equations (37). To find the vector field corre-
sponding to trajectories from kL , we differentiate (37) with respect to t . As a re-

sult, we get 
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 (38) 

Complementing (38) with the equation 

 1nx  ,  

we obtain n n  a linear system of algebraic equations with respect to 1 2, ,..., nx x x   , 
the solution of which gives the vector field of the k -th action or the correspond-
ing system of differential equations 

 ),...,,( 21 nk
k xxx

dt

dx
 , 1,k n . (39) 

Thus, from a family of phase trajectories of some process (37) we can get a 
quasi-static model of the same process, which has the structure of a system of dif-
ferential equations (39). 

The transition to the environment of differential equations allows us to use a 
wide arsenal of modern methods of control theory for solving all kinds of control 
problems for technical systems. 

REACHABILITY, CONTROLLABILITY, AND ENTROPY OF QUASI-STATIC 

SYSTEMS 

In the previous sections, the concepts of energy and work of various action were 
formalized and substantiated, which made it possible to interpret quasi-static sys-
tems as controlled dynamic ones. One of the central concepts of control theory is 
the concepts of reachability and controllability [16], which qualitatively charac-
terize the fundamental possibility of solving a control problem, i.e., the existence 
of a certain control law that implements the transition between two reassigned 
points of the phase space. Let us extend these concepts to controlled multidimen-
sional quasi-static processes. 

If the system of actions on the TS is complete, i.e. m n , then it is obvious 
that it is always possible to choose such a sequence of actions that the phase tra-
jectory will pass through any predetermined point of the state space. So the whole 

space nR  is achievable, and the TS is fully controllable. In another limiting case, 
when all controls except ku  are identically equal to zero, i.e. 1m  , the reachable 

set is some isolated phase trajectory k kl L , on which the represented point is 
currently located, and the system becomes uncontrollable. Bellow the obtain a 
criterion for the controllability of quasi-static systems for the general case 
1 m n  , relying, as before, on the methods of equilibrium thermodynamics. 

It is easy to see that the concept of controllability of quasi-static systems is 
closely related to the concept of adiabatic inaccessibility introduced by 
Carathéodory [11] when formulating the second law of thermodynamics. Accord-
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ing to Carathéodory, in the vicinity of an arbitrary state of the TS, there are adia-
batically inaccessible states. In other words, in the absence of thermal action, the 
phase trajectories of the TS belong to some hypersurfaces, which are a one-
parameter family 

 ( )f x c .  

To curry out to the transition of the representative point from a hypersurface 

1( )f x c  on a hypersurface 2( )f x c  it is necessary to involve thermal action. 
Carathéodory proved that in this case the differential form included in the inte-
gral (15) for the elementary amount of heat dQ  is holonomic, i.e must have an 

integrating factor )(x : 

 )()()),()(()),(( xdSxdxxqxdxxqdQ  .  

Function ( )S x , which remains constant in the absence of thermal interac-
tion, corresponds to the entropy of the TS. In [17], general criteria for the holon-
omy of differential Pfaffian forms are formulated.  

Thus, the second law of thermodynamics in the formulation of Carathéodory 
from the point of view of control theory is a criterion for the controllability of a 
n –dimensional dynamical system of the form (1) under a 1n   control action. 
Since this paper presents an abstract approach to equilibrium thermodynamics, the 
authors consider it fundamental to extend the Carathéodory method to an arbitrary 
number of control actions. In other words, below we will analyze the controllability 
of dynamic systems of the form (1) with the ( 1)m n   numbers of actions. 

To solve the formulated problem, we study the structure of the set of phase 
trajectories of solution of differential equations corresponding to m  action 

 )(),...,(1 x
dt

dx
x

dt

dx
m . (40) 

Regarding the set of phase trajectories of m  systems (40), we assume that it 
belongs to some invariant one-parameter manifold  

 ( )S x c , (41) 

i.e. all points ( )x t  of phase trajectories of the set of systems (32), satisfy the con-
dition  
 ( ( ))S x t c ,  [0, )t   ,  

where the constant c  is determined from the initial condition  

 0( ( ))c S x t .  

In this case, the set of states, that do not satisfy condition (41) will be inac-
cessible for a given set of actions, and from the point of view of control theory, 
such a system will be uncontrollable.  

To find the surface ( )S x  we compose the system of differential equations in 
partial derivatives, which it must satisfy 

 0)(,,...,0)(, 1 





 









 



x
x

S
x

x

S
m . (42) 
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The system (42) the conditions of orthogonality for the gradient vector of the 
function ( )S x  and for all vector fields that determined the TS trajectories for a 
given structures of actions. Thus the problem of inaccessibility of a TS of an arbi-
trary set of actions is reduced to the analysis of the solvability of the system of 
equations (42), which is the system of linear differential equations in partial de-
rivatives with respect to the function ( )S x . 

The theory of linear partial differential equations is quite well developed and 
contains a solution algorithm, including an analysis of the conditions for the exis-
tence of a solution [18]. This condition can be represented as  

 nv mmm   }...]],[,[],,[...][],,[,,...,,{rank 32112121 , (43) 

where ],[   is the commutator of the vector fields   and  . 

 








xx

],[ .  

Thus, this fulfilment of the condition (43) indicates that there is an invariant 
surface ( )S x c , to which all possible trajectories of the TS motion belong, i.e. (43) 
is a criterion for the uncontrollability of the generalized thermodynamic system. 

THE DISCUSSION OF THE RESULTS 

The thermodynamic approach to mathematical modeling of multidimensional 
quasi-static processes is generalized. The concepts of energy and work corre-
sponding to each of the feasible actions on the controlled system are introduced. 
The conditions for the orthogonality of the vectors of the coefficients of the dif-
ferentials of work made it possible to formulate the law of conservation of energy, 
similar to the first law of thermodynamics, in the most general form without in-
volving any physical laws. 

The axiomatic approach to the formation of the 2nd law of thermodynamics 
has been further developed as applied to multidimensional quasi-static systems. 
The concept of controllability of a quasi-static system is introduced. 

Conditions for the existence of an invariant set of states of a quasi-static sys-
tem are obtained for the number of actions less than the dimension of the system. 
It is shown that the existence of an invariant set is equivalent to the criterion of 
uncontrollability of a quasi-static system. 
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УЗАГАЛЬНЕННЯ ТЕРМОДИНАМІЧНОГО ПІДХОДУ ДО БАГАТОВИМІРНИХ 
КВАЗІСТАТИЧНИХ ПРОЦЕСІВ / О.С. Куценко, С.В. Коваленко, С.М. Коваленко 

Анотація. Запропоновано і обґрунтовано метод математичного моделювання 
багатовимірних квазістатичних процесів, які є узагальненням квазістатичних 
процесів рівноважної термодинаміки. Отримано узагальнення першого, а та-
кож другого закону термодинаміки у формі Каратеодорі на багатовимірні ква-
зістатичні процеси. Ідея узагальнення — побудова ортогональної системи 
функціоналів, аналогічних функціоналам роботи і теплоти класичної термоди-
наміки уздовж сімей фазових траєкторій, що відповідають різним видам впли-
вів на багатовимірну квазістатичну систему. Обґрунтовано подання квазіста-
тичних процесів системами звичайних диференціальних рівнянь, що містять 
керувальні змінні. Отримані результати дозволяють залучити широкий арсе-
нал методів теорії керування динамічними системами до розв’язання задач 
керування квазістатичними процесами. 

Ключові слова: квазістатичні процеси, рівноважна термодинаміка, математи-
чне моделювання, робота, енергія, керованість, ентропія. 
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ALGORITHMS OF STATISTICAL ANOMALIES CLEARING FOR 

DATA SCIENCE APPLICATIONS 
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Abstract. The paper considers the nature of input data used by Data Science algo-
rithms of modern-day application domains. It then proposes three algorithms de-
signed to remove statistical anomalies from datasets as a part of the Data Science 
pipeline. The main advantages of given algorithms are their relative simplicity and a 
small number of configurable parameters. Parameters are determined by machine 
learning with respect to the properties of input data. These algorithms are flexible 
and have no strict dependency on the nature and origin of data. The efficiency of the 
proposed approaches is verified with a modeling experiment conducted using algo-
rithms implemented in Python. The results are illustrated with plots built using raw 
and processed datasets. The algorithms application is analyzed, and results are com-
pared. 

Keywords: anomaly removal, anomaly detection, noise removal, statistical tech-
niques, data analysis, big data, data cleaning. 

INTRODUCTION 

The Data Science techniques and approaches are widely used to solve modern day 
technical problems. One of frequent use-cases is implementing Back-End soft-
ware components for distributed CRM and ERP with intellectual features. A pos-
sible format of input data for such systems is Big Data arrays that could be inter-
preted as numeric statistical samples. This kind of data is used in a variety of 
application domains, such as Commodity Trade and Risk Management systems, 
automotive applications like automated driver assistants, Unmanned Aerial Vehi-
cle software, Computer Vision software responsible for raster-to-vector conver-
sion et cetera [1–6]. 

In solutions from the aforementioned application domains, the underlying 
mathematical models are a priory known. Therefore, dataset processing is reduced 
to mapping data features to model properties. This allows to determine the trend 
line of a considered process both within observation range and beyond it (by 
means of interpolation and extrapolations – retrospective and perspective progno-
ses) [2–4]. This paper suggests treating the process of analytical model configur-
ing as an unsupervised learning activity, since any solution of Artificial Intelli-
gence problem, in its first iteration, is implemented as a process of parameters 
configuration with respect to input dataset [2–4]. Moreover, such models could be 
associated with artificial intelligence technologies because of the aforementioned 
and because of their prognosis features. 

Statistical dataset processing is based on the hypothesis of accidental factors 
model that result in input dataset bias. Statistical data are usually obtained through 
experiments and sampling. 
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The first stage of step-by-step statistical analysis includes a preparatory 
stage — data research [2–4, 7]. Tasks of this stage include checking input Big 
Data array for anomalies. Any value that has a significant difference from the 
other dataset values could be treated as anomaly. Abnormal data is a result of 
various miscalculations and malfunctions during the data sampling. Two major 
types of anomalies are value skips and crude measurements. Both of these 
anomaly types, if not handled during next stages, will result in distorted results of 
statistical analysis. The distortions are represented with increased dispersion of 
scoring and/or with bias of scoring result [2–4, 7]. Possible ways to address the 
problem of distorted data are smoothing or evaluation.  

In order to reduce influence of anomalies on further data processing, it is 
necessary to detect abnormalities and to restore or remove abnormal values. 
These actions could be translated to a tuple of stages that will represent the entire 
process of clearing dataset from abnormal values [3, 4, 7–10]. 

Anomaly detection is based on their analyzing properties with respect to ab-
solute values, trend dynamics and statistical properties change [3, 4, 7, 9–10]. 

Related works. A significant amount of known approaches to anomaly 
clearing has been considered [7, 8]. They possess a common flaw – it is necessary 
to manually tune parameters with respect to input dataset and anomaly properties. 
Moreover, the majority of them will result in NP problems when applied to Big 
Data array. This makes their application impossible. 

Therefore, the task of designing simple and efficient data clearing algorithms 
for Data Science purposes remains relevant. 

Goal. The goal of the paper is proposing precise, performant, efficient and 
relatively simple algorithms for clearing datasets from anomalies. 

Proposal. Experience of multiple IT proejcts related to Data Science allows 
to formulate practical requirements to algorithms responsible for anomaly 
detection and clearing. They include: 

1. High efficiency of detection, integrity and adequacy of output, precise 
values of dispersion and standard deviation. 

2. Relatively low computing complexity, therefore high performance with 
large datasets. 

3. Automatic adjustment of parameters with respect to the input data 
properties, or minimal amount of manual settings; 

Three algorithms of anomaly detection and removal have been developed to 
address these requirements. 

Data preprocessing algorithm – the “sliding_wind” algorithm 

The main idea of the algorithm is application of smoothing within a trivial sliding 
window. Within the window, an arithmetic mean value is calculated. The size of 
the sliding window is calculated in accordance to the demand of quasi-linear trend 
that describes the change considered process withing the window. 

Sliding_wind algorithm stages: 
1. Considering statistical sample nixX i ...1},{   as an input. 

2. Formulating Nwin-dimensional sliding window. 
3. Calculating an arithmetic mean: 

 winNj ,...,1 . 
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4. Formulating a clean dataset nixX i ...1},ˆ{ˆ   by replacing elements of 

X  sample with arithmetic mean jx̂ : jNwini xx ˆ , starting from the last entry 

within sliding window. 
5. Shifting the sliding window to the next dataset dimension to the right – to 
1 ii . 

6. Repeating steps 2–5 within input statistical sample ni ...1 . 
7. After processing the entire dataset, in order to adjust data within the first 

sliding window, a subset N=2Nwin is created. After that, steps 2–5 are applied to 
this subset, traversing it in reverse. 

The advantages of sliding_wind algorithm are its simplicity, minimum num-
ber of manual settings (only window size), potential for effective usage on data-
sets with fuzzy trend properties and anomalies and equal sizes of input and output. 

It could be possible to include nonlinear estimation model for jx̂  inside 

sliding_wind algorithm, but it is inadvisable due to major increase in complexity. 
This would especially affect Big Data inputs.  

Results of modeling and efficiency estimation of sliding_wind algorithm. 
For the modeling, a n = 10000 dataset has been considered. Quadratic trend and 
normal distribution are present in the dataset. Normal distribution has expected 
value of 0 and standard deviation X 5.0. Abnormal entries are evenly 
distributed within selection and constitute 10% of values. The model of trend and 
stochastic components is additive. Computations are conducted using Python 
implementation of algorithm [5, 6] using features of numpy and matplotlib 
libraries. 

Results of sliding_wind execution are provided in Fig. 1. 

Fig. 1, a represents a plot built from input dataset nixX i ,...,1,}{   with 
normal noise and anomalies, as well as the trend line obtained via least squares 
method [3, 4]. Standard deviation of input dataset with anomalies is X 6.64. 
Fig. 1, b represents a plot built from dataset cleared from anomalies by means of 
sliding_wind algorithm. Standard deviation of such a dataset is X 2.95. Com-
paring plots 1, a and 1, b, as well as reduced value of standard deviation indicates 
efficiency of the sliding_wind algorithm. 

 }{ ixX   

ni ...1

i
}{ ixX 

ni ...1a b

Fig. 1. Results of sliding_wind execution: a — input dataset, X 6.64; b — processed 
dataset,  X 2.95 
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Algorithm of dataset statistic properties control – the “medium” algorithm 

The main idea of the algorithm is detecting abnormal elements by determining 
etalon parameters of dataset (expected value, standard deviation) without anoma-
lies and comparing them with initial statistical features.  Detected anomalies are 
replaced with arithmetic mean. Etalon and initial statistical features are derived 
from datasets that formulate initial initial and current sliding windows respec-
tively. 

Stages of medium algorithm: 
1. Considering statistical sample nixX i ...,1},{  . 

2. Within the first sliding window with size of Nwin  dimensions, esti-
mation of etalon expected value, standard deviation and dispersion is con-
ducted: 

 



Nwin

j
jj x

Nwin
x

1
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ˆ , 
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


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jj xx
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D

1
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j )ˆ(

1

1ˆ , 

 jD̂ˆ etalon
j  , Nwinj ...1 . 

3. Formulating the next sliding window with size of Nwin dimensions is 
conducted. 

4. Determining expected value, dispersion and standard deviation for sliding 
windows:  

 



Nwin

j
jj x

Nwin
x

1

1
ˆ , 







Nwin

j
jjj xx

Nwin
D

1

2)ˆ(
1

1ˆ , jj D̂ˆ  , Nwinj ...1 . 

5. If the following condition is true 
etalon
jˆˆ  Qj ,  

( Q  — weighting factor), then current j -th dimension, added to sliding window 
is considered to be abnormal. 

Abnormal j -th dimension is replaced with estimated expected value of cur-

rent sliding window ji xx ˆ  inside }{ ixX   dataset. 

If condition etalonˆˆ jj Q  is false, then the }{ ixX   dataset is not modified. 

6. Repeating steps 3–5 within statistical sample of ni ...1 . 

7. The result of algorithm is dataset nixX i ...1},ˆ{ˆ   clear of anomalies. 

The main advantages of suggested algorithm are simplicity of 
implementation, statistical approach to determining abnormality of values, 
immutability of dataset when no anomalies detected,  keeping the same size of 
dataset after processing. 

One peculiarity of the algorithm is that etalon dataset should contain no 
anomalies. Also, Q  weighting factor is determined proportionally to the size of 
abnormality bias. 

Results of modeling and efficiency estimation of medium algorithm. 
Modeling conditions are the same as for sliding_wind algorithm. Research results 
are provided on Fig. 2, in equivalence to Fig. 1. 
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Comparing plots depicted at Fig. 2, a and 2, b, as well as standard deviation 
reduction ( X 4.45) tells of medium algorithm efficiency. 

Algorithm of control over dataset dynamic properties change — the LSM 
algorithm 

The idea of the algorithm is in detecting abnormal values by determining etalon 
parameters of trend dynamic change speed, and comparing them to current prop-
erties using Least Squares Method. Etalon values of speed are calculated accord-
ing to input dataset, and current values – according to sliding window selections. 
During comparison, the statistical estimation errors are respected. 

LSM algorithm steps: 
1. Considering input dataset nixX i ...1},{  . 

2. Using polynomial model LSM, the etalon speed is calculated within 
dataset: 

2
etalon cSpeed  , with LSM polynomial ...)( 2

210  xcxccxT  

3. Formulating sliding window with Nwin  dimensions. 
4. Determining current estimation of expected value, dispersion and standard 

error for the sliding windows: 

 



Nwin

j
jj x

Nwin
x

1

1
ˆ , 







Nwin

j
jjj xx

Nwin
D

1

2)ˆ(
1

1ˆ , jj D̂ˆ  , Nwinj ...1 . 

5. Determining controlled parameters for abnormality that are scaled up to 
size of the datasets with scores and respecting dimension errors: 

nSpeed  etalonInd_1 , NwinSpeedQ j  etalonˆInd_2 , 

( Q  — setting weighting factor). 

6. If condition is true 
 Ind_1Ind_2  , 

then current j -th dimension added to sliding window is treated as anomaly. 

Abnormal j -th dimension is replaced with LSM score )ˆ( ji xxTx   inside 

dataset }{ ixX  . 

If condition Ind_1Ind_2   is false, }{ ixX   dataset remains immutable. 

 
ixX }{  

ni ...1

}{ ixX 

ni ...1  a b
Fig. 2. Results of medium algorithm execution: a — input dataset X  6.64; b —
 rocessed dataset X 4.45 



Algorithms of statistical anomalies clearing for data science applications 

Системні дослідження та інформаційні технології, 2023, № 1 83

6. Repeating steps 3–5 within input dataset ni ...1 . 

7. The result of algorithm is dataset nixX i ...1},ˆ{ˆ   clear of anomalies. 

The main advantages of suggested algorithm are simplicity of implementa-
tion, dynamic criteria of abnormality, modification of abnormal elements only, 
same size of input and result datasets. 

One peculiarity of algorithm is that it does not require parameter control 
when determining etalon values; the weighting factor Q  is determined propor-
tionally to the size of abnormality bias. 

Results of modeling and efficiency estimation of LSM algorithm. Model-
ing conditions are the same as for sliding_wind algorithm. Results are depicted at 
Fig. 3. Equivalent to Fig. 1. 

Comparison of plots depicted at Fig. 3, a and 3, b, as well decreasing stan-
dard deviation ( X 4.7) illustrates algorithm efficienccy. 

Generalized statistical properties and reduction of bias with three proposed 
algorithms are depicted at table. 

Generalized statistical properties of three proposed algorithms 
Raw data with abnormalities sliding_wind medium MNK 

X 6.64 X 2.95 X 4.45 X 4.71 

 

Data from table demonstrate that sliding_wind algorithm is the most suc-
cessful precision-wise — it has the least standard deviation. This algorithm is also 
the most productive and has no need for configuration. However, it may be 
unapplicable to dynamic strongly nonlinear processes — its usage may result in 
biases. Medium and MNK algorithms are the opposites to sliding_wind. In order 
to choose specific algorithm, dataset properties and anomaly features (such as 
margin of error or the nature of the trend model) have to be considered. 
Comparing proposed methods with more sophisticated alternatives gave no 
results, since using data of equivalent complexity (N=10000) yielded no results 
from these alternatives in sensible time.  

Conclusions. The proposed algorithms are not expensive to implement, they 
do not require major manual tuning and show acceptable precision and 
performance for Big Data arrays processing. 

{ }{ ixX 

ni ...1  

}{ ixX   

ni ...1a b

Fig. 3. Results on MNK algorithm execution: a — raw dataset X 6.64; b — processed
dataset X 4.71 
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АЛГОРИТМИ ОЧИЩЕННЯ СТАТИСТИЧНОЇ ВИБІРКИ ВІД АНОМАЛІЙ 
ДЛЯ ЗАДАЧ DATA SCIENCE / О.О. Писарчук, Д.Р. Баран, Ю.Г. Міронов, 
І.О. Писарчук  

Анотація. Розглянуто природу даних, що використовуються в задачах сучас-
них прикладних областей. Запропоновано декілька алгоритмів очищення ста-
тистичної вибірки від аномалій в конвеєрі задач Data Science. Відзнакою та пе-
ревагою запропонованих алгоритмів є їх відносна простота та обмежена 
кількість параметрів налаштувань, що визначаються за технологіями навчання 
відповідно до властивостей вхідних статистичних даних. Запропоновані алго-
ритми є достатньо гнучкими у використанні і не залежать від природи та по-
ходження даних. Результати модельного експерименту запропонованих підхо-
дів у вигляді скриптів мовою Python та базових бібліотек довели їх 
ефективність. Результати проілюстровано графіками, побудованими з викори-
станням початкових даних та даних, що змінені за допомогою запропонованих 
алгоритмів. Застосування алгоритмів проаналізовано та порівняно результати 
виконання алгоритмів. 

Ключові слова: очищення від аномалій, виявлення аномалій, видалення шу-
му, статистичні методи, аналіз даних, великі дані, очищення даних. 
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OPTIMIZATION OF ROUTE DISTANCE USING  

K-NN ALGORITHM FOR ON-DEMAND FOOD DELIVERY 

PRADIP M. PAITHANE, SARITA JIBHAU WAGH, SANGEETA N. KAKARWAL 

Abstract. Customers are now more able to purchase goods over the phone or the 
Internet, and the ability for those purchases to be delivered safely to the customer’s 
location is proliferating. On-request meal delivery, where customers submit their 
food orders online, and riders deliver them, is growing in popularity. The cutting-
edge urban food application necessitates incredibly efficient and adaptable continu-
ous delivery administrations toward quick delivery with the shortest route. However, 
signing up enough food parcels and training them to use such food-seeking frame-
works is challenging. This article describes a publicly supported web-based food de-
livery system. IoT (Internet of Things) and 3G, 4G, or 5G developments can attract 
public riders to act as publicly sponsored riders delivering meals using shared bikes 
or electric vehicles. The publicly funded riders are gradually distributed among several 
food suppliers for food delivery. This investigation promotes an online food order-
ing system and uses K-Nearest Neighbor calculations to address the Traveling 
Salesman Problem (TSP) in directing progress. The framework also uses the Global 
Positioning System (GPS) on Android-compatible mobile devices and the TOM-
TOM Routing API to obtain coordinates for planning purposes. To evaluate the 
presentation of the proposed approach, recreated limited scope and certifiable enor-
mous scope on-request food delivery occurrences are used. Compared to the conven-
tional methodology, the proposed strategy reduces the delay time. Each rider will re-
ceive the most direct route to the order delivery address. The delivery delay time is 
reduced by approximately 10–15 minutes for every order. The food supplier can de-
termine whether an item is available to the rider; thus, the food supplier can add an 
order to the rider having the shortest way. 

Keywords: crowd-sourcing, hybrid optimization on-demand food-delivery, 
k-nearest neighbor algorithm (KNN), route optimization, traditional search (ts), ur-
ban logistic. 

 INTRODUCTION 

The development of mobile Internet over the past few decades has made it possible 
to use smartphones for online ordering and delivery (like Domino's deliveries). 
By enhancing client happiness, a service provider can grow their customer base 
[1]. To make it better, you'll have a food ordering system that enables consumers 
to purchase products without physically going to the store, but also possibly using 
a phone or the internet, and after delivering them safely and in good condition to 
the specific customer's home. Users of the OCD service should place online or-
ders for delivery of takeout food from crowd-sourced riders.  
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OCD framework enables food supply shops to accept food orders booked by 
customers through their computers or smartphones and then prepare personalized 
food and drinks[2]. With the help of on-demand couriers, customers of small ca-
tering businesses and food businesses can receive omnipresent scalable and af-
fordable food service. 

Deliveries make sure that the appropriate consumers receive the requested 
meal as quickly as feasible. The online-food in a sector where numerous small 
food suppliers often enter and exit. For these little food merchants, hiring a fleet 
of shipment boys would be quite expensive [3]. Additionally, because catering 
orders vary, it is challenging to modify the delivery team accordingly. However, 
some customers may be impatient and unable to wait many days for their food [4]. 

This suggested framework has encouraged a creative publically supported 
strategy framework to deliver parcels using already-existing taxicabs, hence re-
ducing the task's time cost. This pioneering study demonstrated the viability of 
public funding in the last-mile transportation sector [5]. Food delivery is contin-
gent on public support when requested. An online business known as "crowd-
sourced delivery" for food is made up of riders, restaurants, customers, and pub-
licly backed cargo[6]. Customers can order meals from catering shops via Food-
Net. Cooking establishments accept customer orders to produce personalized food 
packages that are subsequently delivered by volunteers in place of the cafés' de-
livery personnel. The publicly supported riders register with the Online Crowd 
Sourced Delivery system, accept their assigned delivery commitments, visit the 
cafés, purchase the food packages, and deliver them to the relevant customers [7]. 

The food cloud attracts members of society at large to travel as delivery riders. 
Such crowded drivers can complete delivery tasks using shared bikes or electric 
motor bicycles using IoT and 3G, 4G, and 5G advancements[8]. In this way, the 
recently created online crowd-sourced delivery system can adapt to meet 
changing client requests [9]. The online crowd-sourced delivery method can re-
duce the cost of hiring delivery staff, in the opinion of the food suppliers[10]. The 
OCD method will aid vulnerable people, alleviate traffic congestion, and reduce 
emissions from fossil fuels. To reduce the absolute trip expense and delivery de-
lay, a numerical model of the widely accepted delivery issue is developed [11]. 
The planning system makes use of Google Maps, an innovation of the Global Po-
sitioning System (GPS) [12]. By using one of the TSP solutions, heuristics calcu-
lation, the framework may speed up the delivery direction cycle. The matching of 
riders and suppliers is done via an expense-based coordination formula. Every 
rider's and supplier's respective moving costs are calculated. The problem is 
solved using a crossover meta-heuristic calculation that combines the Tabu 
Search and Adaptive Large Neighborhood Search methodologies for flexible 
large-area searches. Systems in Shenzhen that are both copied and truly demon-
strate the validity, effectiveness, and distinctive advancement structure of the sys-
tem that is being presented.  

MOTIVATION 

Today's unemployment is a growing issue, and this approach is suggested as a 
solution. The delivery wait time is longer than with more modern route optimiza-
tion techniques. According to reports, it will lessen traffic problems during the 
delivery. To satisfy customer demands for prompt and accessible meal delivery 
[13]. A quick and comparatively simple way to get lunch delivered on demand 



Optimization of route distance using K-NN algorithm for on-demand food delivery  

Системні дослідження та інформаційні технології, 2023, № 1 87

and on the same day. Since not every restaurant can afford to pay someone to de-
liver food, this approach will also solve that issue. A crowdsourced online deliv-
ery method that organizes between restaurants, clients, and crowdsourced riders 
can travel to the food supplier using this system while minimizing their overall 
travel costs and optimizing their route [10]. To distribute food delivery jobs and 
create high-quality delivery training in real-time. Overcome both the carbon emis-
sions that result from transportation congestion. The on-demand food vendor is 
provided with a crowdsourced shipping method. Food delivery services that are 
quick to deliver food are essential, as demonstrated by the meals on call for the 
transport industry. Through an online dynamic optimization framework [14], the 
time options of the customers and crowd-sourced riders are addressed. The 
neighbor customer order details and the quickest route are managed using the 
K-Nearest Neighbor algorithm in this study. Following each food delivery, the 
rider and supplier can calculate the shortest route and closest location for the food 
order because they are exchanging information with one another. 

METHODOLOGY 

We conducted the research, and the authors followed a set of processes to deter-
mine the optimal path for the rider to deliver the food on time.  

In each step, the activities are: 
1. Observe the business process of different meal delivery services in the lo-

cal area near the city. The proposed On-Demand Food Delivery via Online 
Crowdsourced in this study is based on these observed business processes. 

2. Study of GPS technology to gain information, data, and expertise for the 
system's development. The developed application in this study makes use of 
Android handsets’ GPS capability. 

3. Examine the Tom-Tom API. This procedure seeks to investigate the char-
acteristics and capabilities of Tom-Tom API for Maps. The research makes use of 
the internet and university library resources. 

4. The author conducts analysis using the results of phases (1), (2), and (3) to 
create comprehensive knowledge for designing the system. 

5. The author designs the system in the design phase utilizing the informa-
tion gathered during the analysis phase. The blueprint for the created system is 
provided in this phase. 

6. The application is developed utilizing the specified technology and tools 
during the implementation phase. 

7. A testing phase is initiated to confirm the application’s functionalities, 
during which the program  is tested using many test cases 

Food Ordering System via Online Crowdsourcing 

Figure 1 depicts the architecture of the created online food ordering system. The 
main applications of the food ordering system are: 

On-Demand Online Crowdsourcing application on the web. A rider has ac-
cess to this application and can deliver orders after logging in. For the admin, this 
app is used to log in a rider who has placed an online purchase, input the order 
into the program, and create information about the outlet that will handle the re-
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quest and the route that Delivery Staff should follow. The application is also used 
by the administrator to receive orders and prepare food. Customers can also use 
this web-based tool to check the status of their orders. 

K-Nearest Neighbor Algorithm for Routing Optimization 

Steps: 
Algorithm 1: K-Nearest Neighbor Algorithm 
Input: I: The order set, J: The provider set, K: The rider set, ,a bC  : Travel 

Cost, ,a bT : Travel Time, i: order, a  placed by provider 

Output:  The initial routes K 
1. sort_orders(I)  
2. inserted node set D  empty 
3. for all Ii do 
4. 1 ,min  bestif  

5. for all Do Da  

6. initialize route for : ( )a k a  

7. if Then  and ),(_cosmin kk qQiatinsertf   

8. min _ cos ( , )f insert t a i  

9. besti a  

10. end if 
11. insert_node ( , )besti i  

12. iDD   
13. end for 
14. end for 
The below algorithm is used for demand match between rider and provider 

for a new shortest path for the next location address. 

Fig. 1. The Crowdsourced on-demand Food Delivery System 
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Algorithm 2: Rider Provider Matching 

Input: J: The provider set, K: the rider set 
Output: The initial routes ( )k p  

_ _ cos ( , )kjC calculate travel t K J , for all K and all J 

2.  Store step 1 cost in a queue L, 
3.  Initialize rider status for route: ks  false 

4.  Initialize current total load of route: 0jq   

5.  for all Lckj  do 

6. if ks  false and j k jq q Q  ,  then apply K-Nearest Neighbor algorithm 

7. ks   True, j kq q   

Above equation is used for update shortest path with rider data. 
8. update the rider’s provider: jk j  

9. end if 
10. end for 
The jQ  is total number of provider orders.  The above algorithm is used for 

the determination of the shortest path for new orders as per the current status of 
the order and the location of a rider. 

The Rider Provider Matching algorithm is working on the total calculated 
travel cost and a queue of riders available for the same route. In the first step, the 
initial route will be calculated as per the travelsellsman algorithm. In the second 
step, collect the status of all riders and the status of available food items in the 
basket. The new cost of distance will be calculated from the current status of rid-
ers. The proposed algorithm is used to get an updated route with the help of step 
number 7 and 10. 

The output of this algorithm is the sequence of steps as the TSP solution. 
A simple web-based application was developed to test the heuristic algorithm for 
routing optimization. This testing application also utilizes TOM-TOM API for 

Fig. 2. K-Nearest Neighbor Graph 
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Map [15]. In this application, the user can input several locations/addresses, and 
then Maps API will return the coordinate of those locations [16]. This function 
can be seen in Fig. 3, which shows an example of the optimized route for four 
addresses. In this application, point 1 is the initial and end point. The table with 
blue cells contains the data about the distance between two points that are gener-
ated using Google Maps API. Meanwhile, the table with red and yellow cells con-
tains the solution for optimized routes [17]. 

As the Customer and Admin want to know the real-time location of the 
Rider for tracking purposes as shown in Fig. 4. 

Fig. 3. Shortest Route for Food Delivery 

Fig. 4. Location of Rider 
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Mathematical Model 

    
   


Kk Aa Ab Ia

e
a

k
aab

k
ab tTcxF ),0(max* 21 .  (1) 

The objective of OCD is the weighted travel cost and delivery delay, as 
shown in Eq. 1, where ]1,0[2,1   are weight parameters, ,a b  — source deliv-

ery and destination delivery location respectively, k  — rider’s index, k
aT —  ar-

rival time of rider for delivery at node a , e
at  — arrival time of rider from node a 

to provider location e, e- provider location, ,a bC  — weighted traffic cost from a 

to b delivery station 

 Ibx
JIa Kk

k
ab  

 
     1 , (2) 

where I-the set of users, b-next destination location, x-travelling distance cost, J: 
The provider set, K: the rider set 

  
 


JIb Kk

k
ab Iax     1 , (3) 

The certain restrictions defined in Eq. 2 and Eq. 3 require that all accepted 
user orders must be provided and delivered. 

 



JIa

k
ba

JIa

k
ab KkIbxx ,   .  (4) 

Eq. 4 requires a crowd-sourced rider to leave a user's location after delivering 
that user's delivery order. 

 1      k k
a ab b abkT t T x a I      .  (5) 

Eq. 5 states that the arrival time at user “b” is equal to the arrival time at the 
previous user “a” plus the travel time from node “a” to node “b”, ,a bt . Note that 

the travel time ,a bt  can be updated using dynamic transportation analysis tech-

niques, “xabk” is travelling distance cost by k rider from “a” to “b”. 

 KkxqQ
Ib

k
abk

k
a  


   1 .  (6) 

Eq. 6 ensures that the total amount delivered by crowd-sourced rider R does 
not exceed its capacity qK. 

 KkJIbaxk
ab   ,,   }1,0{ .  (7) 

Eq. 7 defines the decision-variables. 
In the above diagram, the K-Nearest Neighbor algorithm is used for the iden-

tification of the shortest path for the initial stage as well as the new order launch 
in the system.  After improving the shortest path, the system is going to check the 
availability of riders for the next delivery order location and transfers or updated 
route share with an available rider. The K-Nearest Neighbor algorithm is focusing 
on neighbor values with the help of distance values. The closer neighbor distance 
value is performing a vital role in the identification of the shortest path route 
only [18]. 
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EXPERIMENTAL RESULT 

Result Analysis for Online Crowd-sourced Delivery vs. Traditional  
Approach 

The proposed method is compared with a traditional method. The traditional 
method is used for food delivery with additional time for searching for the correct 
destination. In the OCD method, riders are getting updated information on their 
destination with location and delay time[19]. Based on the above information, 
Rider can transfer the same order to the nearest rider for delivery of the order so 
the waiting period is reduced. 

The real-world OCD dataset consists of 10 instances from Baramati, Pune. 
The dataset covers the central business area as well citywide area of Baramati. 
Each instance consists of 435–1250 orders along with a set of providers and 
crowdsourced riders. The customers’ preferred delivery times span the lunch pe-
riod, from 11:00 AM to 2:00 PM, and another slot from 6.00 PM to 9.00 PM.  

The travel speed is set to the average of the speeds of a bicycle and a motor-
cycle. The population of Baramati city is near about 200.000 and many people 
from Baramati MIDC are using food delivery applications for fast delivery. 
Heavy traffic and a limited number of a rider are major constraints to delivering 
food items at a scheduled time.  The proposed system overcomes this drawback 
with updated delivery address information and updated rider details[20]. 

The presented dynamic crowdsourced food delivery framework was imple-
mented in Python. The experiment was conducted on a personal computer 
equipped with an Intel(R) Core(TM) i7-4790 CPU @3.60 GHz and 16 GB of 
RAM. Two baseline algorithms were employed to solve the OCD instances for 
comparison with the presented hybrid solution method. The computing time for 
CPLEX was limited to 7200 seconds. The second algorithm used for comparison 
was the normal TS metaheuristic implemented in Python [21]. 

Food Orders I Food Providers J Traffic Network Crowdsourced 
riders K

Produce Format Shortes Path 
Solution 

The Best Shortest Paths

Improved the Shortest Path 
Solution using KNN Algorithm 

with Neighgbour 

Check the Riders information 
with Food Item Data 

If Riders Available
NO

Fig. 5. Shortest Path Identification 
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T a b l e  1 .  Detail Comparison of Proposed Method with Traditional Method 
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1 Rui Hospital R1 8  4  4  2  6 
2 Tandulwadi R2 10 12  18  4  8  
3 Muktai Lawns R3 6  3  13  3  9  
4 

Saily  
Nagar 

Reliance Mart R1 12 20  25  5  12  
5 Vidyanagari R1 11 18  22  7  20  
6 Suryanagari R2 5  3  8  2  4  
7 

Vivekanad 
Nagar 

Shriram Nagar R2 12 5  5  4  22  

8 Baramati  
Bus Stand R1 13 3  3  5  8  

9 Malegoan R3 8  10  10  3  16  
10 

Kasaba 

Desai Estate R1 18 5  5  2  19  
 

T a b l e  2 .  Performance analysis of OCD with the tradition method according to 
distance and time parameter 

Sr.No Distance 
OCD 

Distance Travel 
by Traditional 

Way 

Extra 
Distance

Time  
OCD 

Time 
Travel(Min) 

Traditional Way
Delay(min) 

1 3.7 3.7 0 0+8 8 0 
2 4 5+4 5 0+10 13+10 13 
3 2.9 4.8+2.9 4.8 R1=8+6 9+6 9 
4 6.2 1.2+6.2 1.2 R3=0+11 4+11 4 
5 1.1 5.1+1.1 5.1 R2=10+5 12+5 12 

Total 17.9 34 16.1 58 78 38 

 

Fig. 6. Comparison between OCD and Traditional Method for Food delivery 
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 A key feature of the proposed OCD method is that crowd-sourced riders 
are not tied to a single supplier, unlike the traditional approach, and can move 
between food suppliers. By limiting each passenger to a single vendor, the system 
simulated traditional food delivery logistics and compared the results. 

 Crowd-Sourced food delivery goes beyond traditional logistics. As riders 
are spread across food vendors, which results in a reduction in median-total-
travel-distance, and at the same time, the median total delivery delay is improved. 

Above Table 3 depicted the detail comparison of traditional and K-Nearest 
Neighbor approach performance using time, distance and delay parameter. 

T a b l e  3 .  Performance Analysis of the Traditional Approach and KNN approach 

Traditional Approach KNN Approach Loca-
tion 

Rider 
No Obj Time 

(Min) 
Dist 
(Km) 

Delay 
(Min) Obj Time 

(Min) 
Dist 

(Km) 
Delay 
(Min) 

L1 R1 32.52 8  4  6  30.21 2  4  2  
L2 R2 56.24 10  12  8  54.34 4  3  4  
L3 R3 51.33 6  3  9  48.53 3  1 3  
L4 R1 68.22 12  20  12  65.20 5  12 5  
L5 R1 28.4 11  18  20  25.64 7  12 7  
L6 R2 49.25 5  3  4  46.35 2  1  2  
L7 R2 65.33 12  5  22  62.53 4  2 4  
L8 R1 74.44 13  3  8  72.47 5  1 5  
L9 R3 67.22 8  10  16  64.24 3  2  3  

L10 R1 33.4 18  5  19  32.4 2  1  2  
Average 52.64 10.3 8.3 12.4 50.20 3.7 3.9 3.7 

 

Fig. 7. Comparison between OCD and Traditional Method for Food delivery using Time 
Parameter 
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The K-Nearest Neighbor approach is reduced the time, delay and distance 

value for online food delivery process. 

In above Fig. 9, the food delivery process is performed by the traditional 

method among all food suppliers. In this 3 food suppliers, 3 riders, and 6 cus-

tomer locations are mentioned. The red line indicates the route path of rider 1 for 

provider A, the green line indicates the route of rider 2 for provider B and the blue 

line indicates the route path of rider 3 for provider C. Traditionally, the total 78 

distance is covered by providers with 38 min minimum delay delivery time. The 

shortest path is not identified by Google Maps for the same process so an addi-

tional delay has been added to this method. Google map fails to detect the next 

order location with the shortest path because of the unavailability of food and 

other rider location data. 

The proposed OCD system consists of information available for food item 

information, nearest neighbor rider information, and updated order with shortest 

path information. The proposed OCD method reduced the delivery delay time and 

identified the shortest path for the next order location. 

From Fig. 9 and Fig. 10, we can claim that the KNN method is reduced the 

distance for food delivery location.  

In Fig. 9, the traditional search algorithm has been used and the total dis-

tance covered by Rider is near about 56 km in figure 10, the K-Nearest Neighbor 

approach has been used and the total distance covered by the rider is 33 km 

only. 

Fig. 8. Comparison between Traditional Approach and K-Nearest Neighbor Approachs 
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User Characteristics and Main Functions 

The following are the major functions of the delivery system: 
1. The registration of customers. This allows customers to save personal in-

formation for future orders. Customers must also register before they can place an 
order in the system. 

2. The ability to delegate outlets. This function selects the most appropriate 
outlet to handle the order. The distance between the outlet and the customer's ad-
dress is taken into account. 

3. Create a delivery address routing that is optimum. The system generates 
optimized routing to provide detailed information about the sequence of delivery 
routes. 

4. Management of orders. Order management allows the restaurant's workers 
to get order information and track the progress of each step. 

5. Verification of order status. This feature allows customers to keep track of 
the status of their orders. 

6. Order closure is a feature that allows you to close an order. This function 
is used to close an order by changing the order's status to "handled" and reporting 
the payment. 

Aside from that, the application should be able to configure the following: 
1. The outlet's address and exact coordinates. 
2. An outlet's opening and closing times. This setting ensures that the order 

is handled by the only accessible outlet. 
3. A delivery fee is a sum of money that the customer must pay to receive 

delivery service. This fee will be applied to the order bill automatically. 
4. A food menu from which the customer can order. 
5. The number of vehicles and delivery personnel available. 

Web Service 

A web service mediates data transmission between web-based applications. Users 
can obtain order information generated by the web-based application through the 
web service. The web services additionally provide a function that allows the 
Rider to update his current location. 

The development tools for developing Online Crowd-Sourced Food Delivery 
can be seen in Table 4. 

T a b l e  4  Development Tools 

USER ACTIVITIES 
Platform Microsoft Windows 

Application Server XAMP Server ,MySQL Server 
IDE Sublime Text 

Technology Web Service, CSS, Apache HTTP Server 
Database MySQL 

Programming Languages PHP, Java, Javascript, HTML 
API TOM TOM 

 



Optimization of route distance using K-NN algorithm for on-demand food delivery  

Системні дослідження та інформаційні технології, 2023, № 1 99

After coding the application, the screenshot of the web-based food ordering 
system homepage can be seen in Fig. 11 

CONCLUSION 

This study suggested and created a web-based application for On-Demand Food 
Ordering using Online Crowdsourcing. In this research work, the utilization of 
riders with proper order delivery is performed. The traditional shortest method 
takes more time to deliver an order as compared to the OCD method. The OCD 
method minimizes the delay time and identifies the shortest path with the help of 
available Rider information. In future research, the author advises including more 
variables in the route optimization process, such as vehicle type, food package 
size, holiday season, Delivery Service’s driver license type, and the maximum 
capacity of a vehicle type. These additional factors will increase the routing opti-
mization's complexity. 
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ОПТИМІЗАЦІЯ МАРШРУТНОЇ ДИСТАНЦІЇ З ВИКОРИСТАННЯМ АЛГОРИТМУ 
K-NN ДЛЯ ДОСТАВКИ ЇЖІ НА ВИМОГУ / Прадіп М. Пайтане, Саріта Джібхау Ваг, Сан-
гіта Н. Какарвал 

Анотація. Сьогодні можливість клієнтів купувати товари в Інтернеті чи по 
телефону і безпечно транспортувати до місця розташування клієнта швидко 
зростає. Стає поширеною послуга доставки їжі за запитом, коли клієнти роз-
міщують запити на їжу в Інтернеті, а пасажири передають ці замовлення.  Но-
ве застосування столичних харчових продуктів вимагає продуктивних і уні-
версальних безперервних адміністрацій транспортування для швидкої 
доставки найкоротшим шляхом. Складно зареєструвати достатню кількість 
пакетів їжі та навчити їх працювати з такими структурами запиту їжі. У цій 
роботі подано загальнодоступний веб-підхід до транспортування їжі за запи-
том.  У співпраці з IOT (Інтернет речей) і досягненнями 3G, 4G або 5G громад-
ські гонщики можуть бути залучені до подорожей як громадські гонщики, які 
перевозять їжу за допомогою спільних велосипедів або електромобілів. Під-
тримувані громадськістю райдери поступово розподіляються між різними по-
стачальниками їжі для її транспортування. У дослідженні створено систему за-
питів на їжу в Інтернеті та застосовано обчислення KNN для вирішення 
проблеми комівояжера (TSP). Платформа додатково використовує технологію 
глобальної системи позиціонування (GPS) у мобільних пристроях, що підтри-
мують Android, і використовує API маршрутизації TOM-TOM для координат 
для планування розташування.  Для оцінювання запропонованого підходу ви-
користовуються відтворені події обмеженого обсягу та сертифікованого вели-
кого обсягу за запитом. Такий підхід зменшує час затримки доставки (до 10–15 хв). 
Кожен пасажир отримає оновлене місце призначення доставки замовлення 
найкоротшим маршрутом. Постачальник продуктів харчування може отримати 
статус харчового продукту, доступного на райдері. 

Ключові слова: краудсорсинг, гібридна оптимізація, доставка їжі на вимогу, 
алгоритм k-найближчих сусідів, оптимізація маршруту, традиційний пошук, 
міська логістика. 
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МОДИФІКАЦІЯ МЕРЕЖ ПЕТРІ З АНТИСИПАЦІЄЮ 

ПО ПОЗИЦІЇ 

В.М. СТАТКЕВИЧ 

Анотація. Запропоновано модифікацію мережі Петрі з урахуванням сильної 
антисипації по позиції. Розширення реалізовано за допомогою введення в пра-
вило запуску переходу нового доданка, який містить цілочислову функцію від 
нової кількості фішок у позиції. Знайдено важливі відмінності від класичних 
мереж Петрі, наприклад, множина маркувань, досяжних з поточного марку-
вання запуском дозволеного переходу, може бути як порожньою, так і містити 
більше одного маркування. Розглянуто питання побудови графу досяжності та 
дерева покриття. Указано умови, за яких дерево покриття існує, а для його по-
будови запропоновано алгоритм, який узагальнює відомий класичний алго-
ритм. Основні ідеї та конструкції проілюстровано на прикладах. 

Ключові слова: мережа Петрі, антиcипація, умова запуску переходу, граф 
досяжності, дерево покриття. 

Пам’яті Юрія Вікторовича Богданського (10.06.1949–21.11.2021) 

ВСТУП 

Мережі Петрі, запропоновані К.А. Петрі в 1962 р., є зручним засобом для 
проектування, аналізу та моделювання різних процесів та мереж [1–3]. Бага-
тьма авторами були розглянуті та досліджені різні модифікації мереж Петрі: 
інгібіторні, часові, стохастичні, кольорові, неперервні та інші [1–6]. У де-
яких з цих мереж правила запуску переходу можуть відрізнятись від класич-
ного правила запуску переходу, запропонованого К.А. Петрі. Наприклад, в 
інгібіторних мережах вводиться інгібіторна дуга, яка проведена від позиції 
до переходу та яка забороняє запуск цього переходу, якщо в позиції наявна 
фішка. Також в неперервних мережах правило запуску відрізняється від 
класичного і пристосоване до ситуації, коли кількість фішок у позиції може 
бути будь-яким дійсним невід’ємним числом і перехід може бути запущений 
нецілу кількість разів, а саме вводиться поняття ступеня запуску переходу. 

У 1992 р. Д. Дюбуа [7–9] запропонував поняття інкурсії, антисипації 
або передбачення, коли новий стан об’єкта залежить не тільки від певних 
попередніх станів, а і від певних майбутніх станів (сильна антисипація) або 
їх оцінок (слабка антисипація). Об’єкти можуть бути різної природи: дифе-
ренціальні рівняння з неперервним часом та їх скінченно-різницеві аналоги 
з дискретним часом, диференціальні рівняння звичайні та з частинними по-
хідними, клітинні автомати досліджувались, наприклад, у працях [7–12], 
диференціальні рівняння з випереджальним аргументом – у працях [13–15]. 

У цій роботі пропонується модифікувати правило запуску переходу 
класичної мережі Петрі з урахуванням сильної антисипації, а саме: ввести 
новий доданок, який містить функцію від нової кількості фішок у позиції. 
Якщо функція }0{}0{:  NΝf , то кількість фішок у позиції також буде 
цілим невід’ємним числом, як і у випадку класичних мереж Петрі. Наскіль-
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ки відомо автору, такі модифікації мереж Петрі з антисипацією в літературі 
не розглядались. 

ПОПЕРЕДНІ ВІДОМОСТІ 

Мережею Петрі називають набір 0μ,,, WTP , де },,{ 1 mppP   – скінчен-

на множина позицій, },,{ 1 nttT   – скінченна множина переходів, 
}0{)()(  NTPPTW  – вагова функція, }0{:μ0  NP  – почат-

кове маркування. Для зображення мереж Петрі використовують дводольний 
орієнтований мультиграф [1–3]. Перехід t  називають дозволеним, якщо для 
кожної вхідної позиції p  виконується нерівність ),()(μ tpWp  . Якщо пере-
хід t  дозволений, то він може бути запущений (але не обов'язково має бути 
запущеним), після його запуску нова кількість фішок у позиції p  дорівнює 

 ),(),()(μ)(μ 1 ptWtpWpp kk  . (1) 

Модифікуємо правило запуску переходу (1). А саме розглянемо розши-

рення класичної мережі Петрі },,{,μ,,,
10 mpp ffWTP  , де функція 

}0{}0{:  NN
ipf  відповідає позиції ip , mi 1  (також будемо вико-

ристовувати позначення 
ipi ff  ). Перехід t , як і раніше, називаємо дозво-

леним, якщо для кожної вхідної позиції p  виконується нерівність 
),()(μ tpWp  . Нехай після запуску дозволеного переходу t  нова кількість 

фішок )(μ pnew  у позиції p  задовольняє рівняння запуску переходу: 

 ))(μ(),(),()(μ)(μ pfptWtpWpp newpknew  . (2) 

Рівняння (2) запуску переходу узагальнює правило запуску переходу (1) 
в класичній мережі Петрі. Запропоноване розширення назвемо мережею 
Петрі з антисипацією по позиції. 

ВИКОНАНИЯ МЕРЕЖ ПЕТРІ З АНТИСИПАЦІЄЮ ПО ПОЗИЦІЇ 

Розглянемо виконання мереж Петрі з антисипацією по позиції по декількох 
прикладах. 

Приклад 1. Розглянемо класичну мережу Петрі, зображену на рис. 1. Її 
граф досяжності зображено на рис. 1. Для функції наступного стану 

22 })0{(})0{(:δ  NN T , яка природним чином узагальнюється для 

довільної скінченної послідовності запусків переходів [1], виконується, на-
приклад, рівність 

 )0,1(),μ(δ),μ(δ 120210  tttt . (3) 
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Розширимо дану класичну мережу, а саме введемо антисипацію по по-
зиції. Нехай позиціям ip  відповідають функції }0{}0{:  NΝif , 

2,1i , 

 6,2)(;54,2)(;30,0)( 111  kkkfkkkfkkf ; (4) 

 5)5(};4,3{,2)(};5,4,3{,0)( 222  fkkkfkkf . 

Обидва переходи 1t  і 2t  дозволені в початковому маркуванні. 

Рівняння запуску переходу 1t  з маркування 0μ  згідно з рівнянням (2) 

мають вигляд 

 ))(μ(3))(μ(1)(μ)(μ 1111101 pfpfpp newnewnew  ; (5) 

 ))(μ(2))(μ(1)(μ)(μ 2222202 pfpfpp newnewnew  . 

Тоді 3)(μ 1 pnew , }4,3,2{)(μ 2 pnew . Аналогічні рівняння запуску 2t  такі: 

 ))(μ(2))(μ(2)(μ)(μ 1111101 pfpfpp newnewnew  ; (6) 

 ))(μ(1))(μ(2)(μ)(μ 2222202 pfpfpp newnewnew  . 

Тоді }5,4,2{)(μ 1 pnew , 1)(μ 2 pnew . Таким чином, на відміну від кла-

сичної однозначної функції стану  T2})0{(:δ N 2})0{( N , для мережі 

рис. 1 отримуємо з введенням антисипації по позиції багатозначну функцію: 

 )})0{((2 2
2})0{(:δ  NN T ; 

 )}4,3(μ),3,3(μ),2,3(μ{),μ(δ 32110 t ; (7) 

 )}1,5(μ),1,4(μ),1,2(μ{),μ(δ 65420 t . (8) 

З’ясуємо, чи виконується рівність (3), тобто як саме співвідносяться 
множини ),μ(δ 210 tt  і ),μ(δ 120 tt ? 

Розглянемо рівняння запуску переходу 2t  з маркувань ),μ(δμ 10 tk  , 
3,2,1k : 

 ))(μ(2)(μ)(μ)),(μ(1)(μ 2222111 pfpppfp newknewnewnew  . (9) 

Із першого рівняння отримуємо 1)(μ 1 pnew . Для другого рівняння роз-

глянемо випадки: 
1) для 1k  маємо ))(μ()(μ 222 pfp newnew  , }5,0{)(μ 2 pnew ; 

2) для 2k  маємо ))(μ(1)(μ 222 pfp newnew  , 1)(μ 2 pnew ; 

3) для 3k  маємо ))(μ(2)(μ 222 pfp newnew  , }4,3,2{)(μ 2 pnew . 

Таким чином, )}5,1(),4,1(),3,1(),2,1(),1,1(),0,1{(),μ(δ 210 tt . 

Тепер розглянемо рівняння запуску переходу 1t  з маркувань 

),μ(δμ 20 tk  , 6,5,4k : 
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 ))(μ(1)(μ)(μ 1111 pfpp newknew  , ))(μ()(μ 222 pfp newnew  . 

Для першого рівняння розглянемо випадки: 
1) для 4k  маємо ))(μ(1)(μ 111 pfp newnew  , 1)(μ 1 pnew ; 

2) для 5k  маємо ))(μ(3)(μ 111 pfp newnew  , 3)(μ 1 pnew ; 

3) для 6k  маємо ))(μ(4)(μ 111 pfp newnew  , розв’язків немає. 

Із другого рівняння отримуємо }5,0{)(μ 2 pnew . Отже, остаточно от-

римуємо )}5,3(),0,3(),5,1(),0,1{(),μ(δ 120 tt . 

Підсумовуючи маємо, що рівність (3) у загальному випадку не викону-
ється. Множини ),μ(δ 21tt  та ),μ(δ 12tt  у загальному випадку різні, більш того 

жодна з цих множин не обов’язково у загальному випадку має бути підмно-
жиною іншої: ),μ(δ),μ(δ 1221 tttt  , ),μ(δ 12tt ),μ(δ 21tt . 

Зауваження 1. Для мережі Петрі з антисипацією по позиції, яка міс-

тить m  позицій, функція )})0{((2})0{(:δ
m

Tm  NN . 

Приклад 2. Модифікуємо умову прикладу 1, а саме: в рівності (4) по-
кладемо 

 6,2)(
~

;54,4)(
~

;30,0)(
~

111  kkkfkkkfkkf . 

Тоді замість рівняння (5) отримуємо ))(μ(
~

3)(μ 111 pfp newnew  , 

3)(μ 1 pnew , замість рівняння (6) маємо ))(μ(
~

2)(μ 111 pfp newnew  , 

2)(μ 1 pnew . Таким чином, множина (7) не змінюється, а множина (8) стає 

одноелементною: )}1,2(μ{),μ(δ 420 t . Інакше кажучи, із запуском пере-

ходу 2t  з маркування 0μ  настає маркування, визначене однозначно, як і у 

випадку класичних мереж Петрі. Зазначимо, що перехід 2t  у маркуванні 4μ  
не дозволений. 

Рівняння (9) із заміною функції 1f  на 1
~
f  мають такі самі розв’язки, то-

му )}5,1(),4,1(),3,1(),2,1(),1,1(),0,1{(),μ(δ 210 tt . Рівняння запуску переходу 1t  

з маркування ),μ(δμ 204 t  набувають вигляду ))(μ(
~

1)(μ 111 pfp newnew  , 

))(μ()(μ 222 pfp newnew  . Тоді 1)(μ 1 pnew , }5,0{)(μ 2 pnew . Таким чином, 

),μ(δ)}5,1(),0,1{(),μ(δ 210120 tttt  . 

Наведений приклад показує, що в окремому випадку може виконува-
тись вкладення ),μ(δ),μ(δ 2112 tttt  . 

Зауваження 2. У прикладі 2 маркування )0,1(  слід назвати тупиковим 

за аналогією із класичними мережами Петрі, оскільки жоден перехід у ньо-
му не дозволений. У маркуванні )5,1(  перехід 2t  не дозволений, а перехід 1t  

хоча формально і дозволений, але друге з рівнянь запуску переходу 1t  

))(μ(
~

)(μ 111 pfp newnew  , ))(μ(4)(μ 222 pfp newnew   не має розв’язків. У 

цьому і є відмінність ситуації від класичної. А саме, у мережі Петрі з анти-
сипацією по позиції перехід може бути дозволений в тому сенсі, що кількос-
ті фішок у вхідних позиціях не менші, ніж ваги відповідних дуг, але рівнян-
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ня запуску такого переходу не має розв’язків і ),μ(δ t . Таке маркування 

)5,1(  назвемо некласичним тупиковим маркуванням. 

Зауваження 3. Якщо у прикладі 1 у рівності (4) вибрати 

 6,3)(
~~

;54,2)(
~~

;30,0)(
~~

111  kkkfkkkfkkf , 

то рівніння (5) набуде вигляду ))(μ(
~~

3)(μ 111 pfp newnew   і має нескінченну 

множину розв’язків },8,7,6,3{)(μ 1 pnew . Отже, множина ),μ(δ t  у загаль-
ному випадку зліченна. 

Приклад 3. Розглянемо мережу Петрі з антисипацією по позиції, зо-
бражену на рис. 2, і нехай позиції 1p  відповідає функція 

}0{}0{:1  NΝf , де 0)(1 kf  для }4,3{k , 

2)(1  kkf  для }4,3{k , а позиції 2p  відповідає 

тотожно нульова функція 0)(2 kf . Рівняння за-
пуску переходу t  з поточного маркування μ  ма-

ють вигляд 

 2)(μ)(μ)),(μ(1)(μ)(μ 221111  pppfpp newnewnew . (10) 

Кожний запуск переходу t  додає по дві фішки в позицію 2p , як і 

в класичних мережах Петрі. Очевидна рівність  210 μ),2,2(μ{),μ(δ t  

)}2,4(μ,)2,3( 3  . 

Рівняння запуску переходу t  з маркування 1μ  згідно з рівняннями (10), 

мають вигляд ))(μ(1)(μ 111 pfp newnew  , 2)(μ)(μ 22  ppnew , звідки ви-

пливає )}4,1{(),μ(δ 1 t . Аналогічним чином )}6,0{()),41((δ t, , а маркування 
)6,0(  тупикове, оскільки в ньому перехід t  не дозволений. 

Маркування 2μ  є покривним для маркування 0μ , з рівнянь (10) випливає 

 )};4,4(),4,3(),4,2{(),μ(δ 2 t  

 }0{)},22,4(),22,3(),22,2{(),)(3,2(δ  Nkkkktk . 

Нарешті, маркування 3μ  теж є покривним для маркування 0μ , але в 

ньому перше з рівнянь (10) набуває вигляду ))(μ(3)(μ 111 pfp newnew   і не 

має розв’язків ),μ(δ 3 t . Тому згідно із зауваженням 2 маркування 3μ  
некласичне тупикове. Отримана ситуація, яка суперечить класичним мережам 
Петрі: у загальному випадку з маркування μ , яке є покривним для маркуван-

ня μ  , неможливо запустити ті самі переходи, що з маркування μ  , яке по-
кривається. Тому введення елемента ω  потребує додаткових умов. 

Отже, можемо побудувати граф досяжності, зображений на рис. 3. Для 
даної мережі граф нескінченний, є деревом і має єдину нескінченну гілку 

kk :)2,3{(  }}0{Ν . Інші гілки скінченні і завершуються або тупико-

вими маркуваннями },4,3:)2,0{( kk , або некласичними тупиковими 

маркуваннями }:)2,4{( Nkk . Зазначимо, що у працях [4, гл. 4; 6] для ілю-

Рис. 2 
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страції досяжних маркувань неперервних мереж Петрі з двома (трьома) по-
зиціями використовуються двовимірні (тривимірні) графіки відносно коор-
динат )(μ),(μ 21 pp  ),((μ 1p  ),(μ 2p  ( )(μ 3p  відповідно). 

Також зазначимо, що в побудові дерева 
покриття для класичної мережі Петрі кіль-
кість нових маркувань дорівнює кількості до-
зволених переходів у відповідному маркуван-
ні [1, 2]. Проте для мережі з антисипацією по 
позиції кількість нових маркувань визнача-
ється рівняннями запуску переходів і у загаль-
ному випадку може бути зліченною (див. за-
уваження 3). 

Перехід від нескінченного графу досяж-
ності до скінченного дерева покриття 
пов’язаний із введенням елемента ω . 
Тоді виникає питання, чи можна з маркування 
μ , яке є покривним для маркування μ  , за-
пустити ті самі послідовності переходів, що з 
маркування μ  , яке покривається. Наприклад, обидва маркування 2μ  і 3μ  є 

покривними для маркування 0μ , але множина ),μ(δ 2 t  непорожня, а ),μ(δ 3 t  
  Зазначимо, що умова обмеженості носіїв усіх функцій не дає відповіді 

на це питання:  }4,3{supp 1f , 2supp f . Причому недостатньо 
лише знати всі некласичні тупикові маркування – множина послідовностей 
запусків переходів може бути вужчою, але вона може бути непорожною. 

Зазначимо, що граф досяжності може бути також і скінченним: для 
мережі прикладу 2 граф досяжності скінченний (рис. 4). Таким же способом 
можна переконатись, що і граф досяжності для мережі прикладу 1 

скінченний, всі маркування з множини μ  з множини 2}5,4,3,2,1,0{   досяжні. 
У цьому неважко переконатись, якщо записати відповідні рівняння запусків 

переходів 1t  і 2t  з кожного досяжного маркування. 

Рис. 4 
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Приклад 4. Розглянемо мережу Петрі з антисипацією по позиції, зобра-
жену на рис.  5, і нехай позиціям ip  відповідають функції  }0{:Νif  

}0{ N , 2,1i ; 
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Поточне маркування позначимо через ))(μ),((μμ 21 pp . 

Розглянемо рівняння запуску переходу 1t  з поточного маркування: 

 )(μsgn1)(μ)(μ),(μsgn1)(μ)(μ 222111 pppppp newnewnewnew  . 

Якщо 0)(μ 1 p , то перехід 1t  не дозволений. Якщо 1)(μ 1 p , то 

}1,0{)(μ 1 pnew . Якщо ж 2)(μ 1 p , то оскіль-

ки 1)(μ 1 pnew , 1)(μsgn 1 pnew , отримуємо 

)(μ)(μ 11 ppnew  . Друге рівняння з урахуван-

ням того, що 1)(μ 2 pnew , 0)(μsgn 2 pnew , 

має єдиний розв’язок 1)(μ)(μ 22  ppnew . Та-

ким чином, у поточному маркуванні ))(μ,0( 2p  

перехід 1t  не дозволений, ))),(μ,1((δ 12 tp )}1)(μ,1(),1)(μ,0{( 22  pp , а 

для 2)(μ 1 p  ))),(μ),(μ((δ 121 tpp )}1)(μ),(μ{( 21 pp . 

Тепер розглянемо рівняння запуску переходу 2t  з поточного маркування: 

 )(μsgn1)(μ)(μ),(μsgn1)(μ)(μ 222111 pppppp newnewnewnew  . 

Перше рівняння, 1)(μ 1 pnew , 1)(μsgn 1 pnew , має єдиний розв’язок 

2)(μ)(μ 11  ppnew . Якщо 0)(μ 2 p , то перехід 2t  не дозволений. Якщо 

1)(μ 2 p , то друге рівняння набуде вигляду )(μsgn)(μ 22 pp newnew   і не 

має розв’язків. Якщо ж 2)(μ 2 p , то з урахуванням того, що 1)(μ 2 pnew , 

0)(μsgn 2 pnew , отримуємо )(μ 2pnew 1)(μ 2 p . Таким чином, у поточно-

му маркуванні )0),((μ 1p  перехід 2t  не дозволений, )),1),(μ((δ 21 tp , 
)}1)(μ,2)(μ{())),(μ),(μ((δ 21221  pptpp  для 2)(μ 2 p . 

Отже, можемо побудувати граф 
досяжності, зображений на рис. 6. Для 
даної мережі граф нескінченний, має 
єдине некласичне тупикове маркування 

)1,0(  (оскільки в ньому перехід 1t  

не дозволений, а перехід 2t  хоча і до-

зволений, але )),1,0((δ 2t ) і не є 

деревом (  )),2,2((δ)),2,2((δ 1221 tttt  

)}2,4{( ). Зазначимо, що для класичної 

мережі Петрі без антисипації, зображеної 
на рис. 5, граф досяжності був би скін-
ченним і містив би всього два марку-
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вання )0,1(  і )1,0( . Також зазначимо, що умова обмеженості носіїв усіх фун-

кцій не виконується: N1supp f , }0{supp 2 f . 

Нарешті, зазначимо, що запуском переходу 1t  з маркування )1,1(  

)),0,1((δ 1t , яке є покривним для маркування )0,1( , можна отримати марку-
вання )2,0( , яке вже не є покривним для маркування )0,1( . Крім того, з мар-

кування )1,1(  можна запускати перехід 1t  нескінченну кількість разів і отри-

мувати маркування ),1( k , }1{\Nk , а в маркуванні )),1,1((δ)2,0( 1t  перехід 

1t  хоча і дозволений, але )),2,0((δ 1t . Таким чином, проблема введення 
елемента ω  (див. приклад 3) для даної мережі зберігається. 

ДЕРЕВО ПОКРИТТЯ ДЛЯ МЕРЕЖ ПЕТРІ З АНТИСИПАЦІЄЮ ПО ПОЗИЦІЇ 

Розглянемо мережу Петрі з антисипацією по позиції з початковим марку-
ванням 0μ . Нагадаємо, що множину маркувань, досяжних з маркування μ , 

позначають через )μ(R  [1–3]. Нехай мережа задовольняє дві додаткові умо-
ви 1 і 2. 

Умова 1. Існує константа NC , яка залежить від мережі та від функ-
цій if  ( mi 1 ), що для кожного маркування )μ(μ 0R  і для кожного пе-

реходу t , дозволеного в маркуванні μ , рівняння запуску переходу t  мають 

не більше ніж C  розв’язків. 
Умова 2. Якщо маркування μ  досяжне з маркування )μ(μ 0R  послі-

довністю запусків переходів σ  і є покривним для маркування μ  , і до того 

ж для певної позиції p  )(μ)(μ pp  , то: 

а) або заздалегідь відоме скінченне число NN , що послідовність σ  
можна запустити з маркування μ  не більше ніж N  разів; 

б) або заздалегідь відомо, що послідовність σ  можна запустити з мар-
кування μ  нескінченну кількість разів, і причому жодне з отриманих цими 
запусками маркувань не є некласичним тупиковим, а для всіх }0{Nk  

довільне маркування )σ,μ(δμ k
k   покривається кожним маркуванням 

)σ,μ(δμ 1 kk   і для вказаної позиції p  )(μ)(μ 1 pp kk  . 

Зазначимо, що для класичної мережі Петрі без антисипації по позиції 
умови 1, 2 і 2б виконуються завжди ( 1C ), умова 2а ніколи не виконується. 
Проте з введенням антисипації по позиції з’являються мережі, для яких мо-
же не виконуватись 

– або умова 1 – див., наприклад, зауваження 3; 
– або умова 2 – у прикладі 3 маркування ),μ(δ)2,3( 0 t  є покривним 

для маркування 0μ , послідовність tδ  можна запускати з маркування )2,3(  
нескінченну кількість разів та отримувати маркування )2,3( k , }1{\Nk , але 
маркування )),2,3((δ)4,2( t  вже не є покривним для маркування )2,3( , 
більш того маркування ),(3,2)(δ)4,4( t  некласичне тупикове. 

Також зазначимо, що умова 2б є формалізацією нескінченного зростан-
ня по кожній гілці. 
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Якщо додаткові умови 1 і 2 виконуються, стає можливим ввести еле-
мент ω . Пропонується такий алгоритм побудови скінченного дерева 
покриття, який узагальнює добре відомий класичний алгоритм [2, c. 51; 
1, c. 94; 3, с. 23; 4, с. 39–40]. 

Крок 1. Позначити початкове маркування 0μ  як корінь та присвоїти 
йому мітку “нове”. 

Крок 2. Поки існують нові маркування, виконувати такі операції: 
Крок 2.1. Вибрати нове маркування μ . 

Крок 2.2. Якщо μ  збігається з одним з маркувань на шляху від кореня 
до μ , присвоїти μ  мітку “старе” та перейти до іншого нового маркування. 

Крок 2.3. Якщо для маркування μ  немає дозволених переходів, присвоїти 

μ  мітку “тупикове”; якщо ж для кожного дозволеного переходу t  рівняння 
запуску t  не мають розв’язків, приcвоїти μ  мітку “некласичне тупикове”. 

Крок 2.4. Поки для маркування μ  існують дозволені переходи t , рів-
няння запуску яких мають розв’язки, для кожного з них виконати такі 
операції: 

Знайти множину маркувань ),μ(δ t  і для кожного маркування 

),μ(δμ t  виконати такі операції: 

– якщо на шляху від кореня до маркування μ  існує маркування μ  , яке 

покривається маркуванням μ , і для них виконується умова 2б, то замінити 

)(μ p  на ω  для кожної позиції p , указаної в умові 2; 

– ввести μ  як вузол, з’єднати μ  з μ  дугою, помітити дугу символом t  

і присвоїти μ  мітку “нове”. 

Очевидно, що певні операції наведеного алгоритму точно збігаються з 
операціями класичного алгоритму [2, c. 51]. Відмінності обумовлені спосо-
бом введення  , а також множиною ),μ(δ t , яка для дозволеного переходу t  
може бути в загального випадку як порожньою, так і містити більше одного 
маркування. 

Теорема 1. Нехай для певної мережі Петрі з антисипацією по позиції 
виконуються умови 1 і 2. Тоді дерево покриття для такої мережі скінченне. 

Доведення точно повторює доведення теореми 4.1 [1, с. 97–98]. Ви-
користані в ньому леми 4.1–4.3 [1, с. 95–97] запозичуються без змін, а в до-
ведення само́ї теореми 4.1 вносяться такі два коригування: 

1) наявність нескінченного шляху ,,, 210 xxx , який виходить з кореня 

0x , свідчить про те, що в умові 2 виконується саме пункт 2б, а не пункт 2а – 
таким чином введення елемента ω  коректне; 

2) кількість вершин, які слідують за кожною вершиною в дереві, обме-
жена не кількістю переходів, а константою C  з умови 1. 

Для мережі прикладу 4 побудова дерева покриття викликає складності: 
вказані у прикладі 4 міркування свідчать про те, що умова 2 не виконується. 

Приклад 5. Змінимо початкове маркування мережі в прикладі 4, нехай 
)1,2(μ0  . Тоді умови 1 і 2 виконуються і в результаті застосування наведе-

ного алгоритму отримуємо дерево покриття, зображене на рис. 7. 
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Зазначимо, що можливість побудови 
дерева покриття за допомогою наведеного 
алгоритму, тобто виконання умов 1 і 2, за-
лежить у тому числі  і від початкового ма-
ркування 0μ  та множини )μ( 0R . Тут си-
туація відрізняється від класичної: для 
мережі Петрі без антисипації по позиції від 
початкового маркування залежить конкре-
тний вигляд само́го дерева покриття, але 
аж ніяк не можливість його побудови. Як і 
у прикладі 4 умова обмеженості носіїв усіх 
функцій не виконується, але на відміну від 
прикладу 4 дерево покриття побудоване. 

Як і у випадку класичних мереж Петрі, у дереві покриття не відобража-
ється певна інформація. Наприклад, послідовність 2

21 tt  запустити неможли-
во, але на рис. 7 це не відображається. 

Граф покриття будується за таким же принципом, як і у випадку класич-
них мереж Петрі [2]. Граф покриття для мережі прикладу 5 зображено на рис. 8. 

Зауваження 4. Якщо послабити умову 2б і дозволити отримувати не-
класичні тупикові маркування, то дерево покриття залишиться скінченним. 
Але виникне інша проблема — 
можуть з’явитись зайві недося-
жні маркування. А саме, якщо в 
дереві покриття буде наявне 
певне маркування μ , яке місти-
тиме ω , то не можна буде зро-
зуміти чи повинне це марку-
вання μ  бути насправді 
наявним, чи наявність некласи-
чних тупикових маркувань ви-
ключатиме появу маркування μ . Один зі способів розв’язання цієї проблеми 
може полягати у введенні нового додаткового елемента [ω /н.т.], але це мо-
же призвести до суттєвого збільшення кількості маркувань у дереві покрит-
тя, хоча дерево і залишиться скінченним. 

ВИСНОВКИ 

Запропоновано мережі Петрі з урахуванням сильної антисипації по позиції, 
які розширюють класичні мережі Петрі за допомогою модифікації правила 
запуску переходів. Наведено приклади виконання таких мереж; розглянуто 
питання побудови графу досяжності та дерева покриття. Виявлені відмінно-
сті від класичних мереж Петрі, які вказують на необхідність подальшого 
дослідження мереж такого типу. 

Автор вдячний Олександру Сергійовичу Макаренко за плідні обгово-
рення та коментарі. 
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Abstract. We propose a modification of Petri nets with strong anticipation on a po-
sition. The extension modifies a transition rule by adding a new term that contains 
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rent marking by firing the enabled transition can either be empty or contain more 
than one marking. We consider the construction of a reachability graph and a cover-
ability tree. We give the conditions for the existence of the coverability tree and pro-
pose the algorithm for constructing the coverability tree that generalizes the well-known 
classic algorithm. The main ideas and constructions are illustrated in the examples. 

Keywords: Petri net, anticipation, transition rule, reachability graph, coverability tree. 
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RESEARCHES AND APPLICATIONS OF THE COMBINATORIAL 

CONFIGURATIONS FOR INNOVATIVE DEVICES AND 

PROCESS ENGINEERING1 

V.V. RIZNYK 

Abstract. This paper is devoted to the memory of Solomon Wolf Golomb (1932–
2016) — a famous American mathematician, engineer, and professor of electrical 

engineering. He was interested in developing 
techniques for improving the quality 
indices of engineering devices and 
systems with respect to performance 
reliability, transmission speed, positioning 
precision, and resolving ability based on 
novel combinatorial configurations. In 1996 
S. Golomb have supported the project “Re-
searches and Applications of the 
Combinatorial Configurations for 
Innovative Devices and Process 
Engineering” as a scientific collaboration 
with the Former Soviet Union (FSU) 
research team from Lviv Polytechnic State 
University (Ukraine) under the Cooperative 

Grant Program by CRDF (U.S.). The underlying project to be edited by S. Golomb 
is presented, and short information on the development of the researches and appli-
cations of optimized systems with ring structure given. 

Keywords: project, combinatorial configuration, Ideal Ring Bundle, optimization, 
model, scientific school.  

INTRODUCTION 

Solomon Wolf Golomb was a world-famous American scientist, specialist in the 
field of telecommunications, digital electronics, cellular automata and  informa-
tion theory. He was a world leader in the application of combinatorial mathe-
matics in coding theory and radiophysics. Golomb was the inventor of Golomb 
coding, a form of entropy coding, the Golomb rulers used in astronomy and data 
encryption, also named after him, as was one of the main methods for generating 
Costas arrays, the Lempel–Golomb generation method. 

S. Golomb developed the idea of using the advantages of multi-bit shift reg-
isters with a balanced number of 0 and 1, or 00, 01, 10, 11, revealing in them the 
absence of autocorrelation, which made it possible to improve encoding systems – 

1This material is based upon project of the Lviv State Polytechnic University (Ukraine) to 
cooperate with the University of Southern California under of the U.S. Civilian Research 
& Development Foundation (CRDF): Researches and Applications of the  Combinatorial 
Configurations for Innovative Devices and Process  Engineering // CRDF Cooperative 
Grants Program, Los Angeles, CA 90089-2565, US, March 5, 1996, 10 p. 
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decoding signals with correction of errors using sequences generated by shift 
registers. S. Golomb used versions of these sequences (Reed-Solomon codes) to 
encode video images of Mars, in CDMA cell phones (Codé Division Multiple 
Access) with multiple access and code separation of communication channels. In 
1956, he joined Glenn L. Martin Company, which later became a defense contrac-
tor [1]. This explains all his further scientific activities under conditions of strict 
secrecy, developing military and space communications. Continuing to study se-
quences on shift registers to improve radio control systems for missiles, 
S. Golomb with the help of the 85-foot Golstone radio antenna located in the Mo-
jave Desert, specified data on the distances Earth – Venus and the Earth – the 
Sun. The sequences generated by the sequence shift registers made it possible to 
clarify the distance to Venus using a radar system. In 1985, Golomb received the 
Shannon Prize of the IEEE Society of Information Theory, and later the Medal of 
the U.S. National Security Agency. He was also the winner of the Lomonosov 
Medal of the Russian Academy of Sciences and the Kapitsa Medal of the Russian 
Academy of Natural Sciences. In 2000, Golomb was awarded the Richard 
W. Hemming IEEE Medal for his exceptional contributions to information sci-
ence and systems engineering.  In 2016, he was awarded the Benjamin Franklin 
Medal in Electrical Engineering for his pioneering work in space communications 
and digital signal processing, secure data forwarding, improving methods for de-
ciphering cryptographic texts, rocket guidance systems, cellular communications, 
radars, sonar, GPS [1]. 

In 1996, S. Golomb have supported the proposal of the Lviv State Polytech-
nic University (Ukraine) to cooperate with the University of Southern California 
on the project “Researches and Applications of the Combinatorial Configurations 
for Innovative Devices and Process Engineering”, which was sent to the U.S. Ci-
vilian Research & Development Foundation (CRDF). This non-profit organiza-
tion was founded in 1995 by the National Science Foundation of the United States 
in accordance with the decision of the U.S. Congress in order to promote interna-
tional scientific and technical cooperation with the provision of grants, technical 
resources, training for scientists and researchers. S. Golomb has edited the text of 
the project, motivating the advantages of the proposed combinatorial configura-
tions with a ring topological structure over chain sequences.  

NARRATIVE PROJECT 

Research and Applications of Combinatorial Configurations for Innovative 
Devices and Process Engineering 

 The objectives of the proposed project are as follows: 
1. Research into the underlying mathematical principles relating to the opti-

mal placement of structural elements in spatially or temporally distributed sys-
tems, including the appropriate algebraic constructions based on cyclic groups in 
extensions of Galois field; development of the scientific basis for technologically 
optimum distributed systems theory; and the generalization of these methods and 
results to the improvement and optimization of a larger class of technological sys-
tems. 

2. Experimental verification of the effectiveness of this new methodology, as 
it affects the whole range of new high-performance devices, systems, or technolo-
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gies to which it can be applied, including applications to coded design of signals 
for communications and radar, positioning of elements in an antenna array, and 
other areas to which the mathematical apparatus of contemporary combinatorial 
theory can be applied. 

 Expected results of the completed project: 
1. Mathematical results – development of new algebraic results and tech-

niques, based on the idea of “perfect” combinatorial constructions, and expanding 
the applicability of cyclic group relationships in Galois fields, and a variety of 
results in number theory. 

2. Physical results – a better understanding of the role of geometric structure 
in the behavior of natural and man-made objects. 

3. Technological results – the development of new directions in fundamental 
and applied research in systems engineering, for improving such quality indices 
as reliability, precision, speed, resolving ability, and functionality, using innova-
tive methodologies based on combinatorial techniques, with direct applications to 
radio- and electronic engineering, radio astronomy, applied physics, and other 
engineering areas. 

“Ideal Ordered Chain” Combinatorial Constructions. The “ordered 
chain” approach to the study of elements and events is known to be of widespread 
applicability, and has been extremely effective when applied to the problem of 
finding the optimum ordered arrangement of structural elements in a distributed 
technological system. 

Sums on ordered-chain numbers. Let us calculate all nS  sums of the terms 
in the numerical n-stage chain sequence of distinct positive integers 

1 2{ , , , }n nC K K K  , where we require all terms in each sum to be consecutive 
elements of the sequence. Clearly the maximum such sum is the sum 

1 2 nK K K T     of all n elements; and the maximum number of distinct 
sums is  

 1 2 ( 1) / 2nS n n n      .  (1) 

If we regard the chain sequence nC  as  being cyclic, so that nK  is followed 

by 1K  , we call this a ring sequence. A sum of consecutive terms in the ring se-
quence can have any of the n  terms as its starting point, and can be of any length 
(number of terms) from 1 to 1n  . In addition, there is the sum T  of all  n   
terms, which is the same independent of the starting point. Hence the maximum 
number of distinct sums ( )S n  of consecutive terms of the ring sequence is 
given by  

 ( ) ( 1) 1S n n n   . (2) 

Comparing the equations (1) and (2), we see that the number of sums ( )S n  
for consecutive terms in the ring topology is nearly double the number of sums 

nS  in the daisy-chain topology, for the same sequence nC  of  n terms.  

Ideal Numerical Rings. An n-stage ring sequence 1 2{ , , , }n nC K K K   of 

natural numbers for which the set of all ( )S n  circular sums consists of the num-

bers from 1 to ( ) ( 1) 1S n n n    (each number occurring exactly once) is called 
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an “Ideal Numerical Ring” (INR). Here is an example of an IRN with n=5 and 
( ) 21S n  , namely {1,3,10,2,5}. To see this, we observe: 

 

1 1 6 5 1 11 2 5 1 3 16 1 3 10 2

2 2 7 2 5 12 10 2 17 10 2 5

3 3 8 2 5 1 13 3 10 18 10 2 5 1

4 1 3 9 5 1 3 14 1 3 10 19 5 1 3 10

5 5 10 10 15 3 10 2 20 3 10 2 5

21 1 3 10 2 5

          
       
         
           
        

    

 

Note that if we allow summing over more than one complete revolution 
around the ring, we can obtain all positive integers as such sums. Thus:  

 22 1 3 10 2 5 1      ,  23 2 5 1 3 10 2      , etc. 

Next, we consider a more general type of INR, where the ( )S n  ring-sums of 
consecutive terms give us each integer value from 1 to M , for some integer M , 
exactly R  times, as well as the value of 1M   (the sum of all n numbers) exactly 
once. Here we see that: 
 ( 1) /M n n R  . 

An example with 4n   and 2R  , so that 6M  , is the ring sequence (1, 1, 
2, 3), for which the sums of consecutive terms are:  

 

1, 1, 2, 3;

1 1 2, 1 2 3, 2 3 5, 3 1 4,

1 1 2 4, 1 2 3 6, 2 3 1 6, 3 1 1 5,

1 1 2 3 7.

       
           
   

 

We see that each “circular sum” from 1 to 6 occurs exactly twice ( 2)R  . 

We say that this INR has the parameters 4n  , 2R  . 
 The individual competence of the FSU research team: 
1. Theoretical research on the ideal configurations named Ideal Numerical 

Bundles (INB), in particular, Ideal Numerical Rings (INR), as modifications of 
certain combinatorial block-designs (existence, enumeration, classification). 

2. Cyclic difference sets and some properties of Galois Field cyclic groups. 
3. Construction of BIB designs, using INRs and Golomb rulers, and the re-

verse. 
4. Software for construction of BIB designs using INRs. 
5. Compiling a general catalogue of INRs and Golomb rulers. 
6. Circuit design for the high performance technology of information coding 

and modulation. 
7. Applied research and engineering design of concrete innovative devices 

and technologies based on combinatorial theory. 
8. INBs and some problems of harmony and optimization of systems. 
 The individual competence of the US research team: 
1. Theoretical research on Golomb rulers and their relationships with differ-

ence (existence, enumeration, classification). 
2. Construction of difference sets and Golomb rulers. 
3. Compiling a general catalogue Golomb rulers. 
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4. Circuit design of high performance technology for coding of information 
and the design of communication signals. 

5. Applied research and engineering design of innovative devices and tech-
nologies based on combinatorial theory. 

6. Using combinatorial designs to obtain sequences with favorable correla-
tion properties. 

For carrying out the project, it is necessary to combine the achievements of 
Golomb ruler theory (US) and possibilities of Ideal Bundles theory (FSU) for ex-
tending the sphere of practical applications, with the aim of obtaining commercial 
products. 

The FSU team developed the basis of the bundles theory as a new modifica-
tion of combinatorial configurations on graphs involving Golomb ruler theory and 
proposed a new approach to the synthesis of technical devices and to engineering 
technology. 

The US team developed the basis of Golomb ruler theory and proposed areas 
of their possible applications. 

Equipment: 1) PC TSDX-4-120 540M, SVGA 0.28 LR NI 1M, 1, 2+1, 44; 
2) Printer EPSON Stylus 800; 3) Telecommunications Services: Scanner 
HEWLETT PACKARD Jet-555, Fax-modem US Robotics Sportster; 4) Writing 
materials, floppy disk. 

The FSU and U.S. co-investigators  the project implementation and assess 
progress ar regular intervals (monthly) by using Fax and E-mail. 

PLANNED STEPS 

Title of stages Stage duration Anticipated results 
Theoretical research on Ideal  

Numerical Rings (INR) 
6 mos 

Conditions of INR existence 
will be determined 

Research of properties of extended 
Galois Field cyclic groups 

6 mos 
Patterns in the distribution  
of cyclic group elements  

will be established 
Construction of INRs and Ideal  

numbere ring configurations 
6 mos Catalog of INRs 

Applied research and engineering de-
sign of specific innovative  
devices and technologies 

6 mos 
Creation of concrete  

innovative devices and tech-
nologies 

 

CONCLUSION 

The Ideal Numerical Bundles (INB)s provide, essentially, a new conceptual model 
of technical systems. Moreover, the optimization has been embedded in the un-
derlying combinatorial models. The remarkable properties and structural perfec-
tion of one- and multidimensional INBs provide an ability to reproduce the 
maximum number of combinatorial varieties in the systems with a limited number 
of elements and bonds. The favorable qualities of the combinatorial structures 
provide many opportunities to apply them to numerous branches of science and 
advanced technology. A perfection, beauty and harmony exist not only in the ab-
stract models but in the real world also. 
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Here is the print of the cover page of the project, worded by S. Golomb. 

 

Note, S. Golomb personally signed the date of his birthday 31.05.1932 (not 
30.05.1932, as indicated in the Wikipedia [1]). 

AFTERWORD  

In mathematics, a Golomb ruler is a set of marks at integer positions along a ruler 
such that no two pairs of marks are the same distance apart. The Golomb ruler 
was named for  Solomon W. Golomb. There is no requirement that a Golomb rul-
er be able to measure all distances up to its length, but if it does, it is called 



Researches and applications of the combinatorial configurations for innovative devices … 

Системні дослідження та інформаційні технології, 2023, № 1 119

a perfect Golomb ruler. It has been proved that no perfect Golomb ruler exists for 
five or more marks [2]. Unlike of them, an infinite quantity of one- and multidi-
mensional IRBs exist, and the more long is an n-stage of IRB, the more invariants 
we can see by a majority. For example, the two variants of one-dimensional IRBs 
{1,3,10,2,5} and {1,1,2,3,4} exist for 5n   [3], while exactly the 1717 ones with 

1R   for 102n   [4, p.163]. Of very interest are two-dimensional IRBs, which 
properties hold for the same set of the rings in varieties permutations of terms in 
the set, e.g. set of two-dimensional  five-stages ( 5n  ) ring sequences 
{(1,1),(1,0),(1,4),(1,3),(1,2)} and {(1,1),(1,3),(1,0),(1,2), (1,4)}, called “Gloria to 
Ukraine Stars” [5]. Examples of two paired pentagonal (n=5) such IRBs shown 
below. 

It is shown that the star{(1,1), (1,3), (3,3), (0,3),(2,3)} to be marked with 
dash edges,  and the {(1,1), (2,3), (1,3), (0,3), (3,3)} – solid ones is the paired star 
(the outside star). The star {(1,1), (1,4), (1,2), (1,0), (1,3)} marked with dash 
edges, аnd the star {(1,1), (1,0), (1,4), (1,3), (1,2)} – solid ones is paired star also 
(the inner star). We have found numerous families of the two- and multidimen-
sional stars, originated from the remarkable geometric properties and creative 
harmony of the real word [6].  

S. Golomb’s aptitude allowed him to see in the proposed project not only the 
“ideal ordered chain” combinatorial configurations but also the “ideal rings”, 
which provide novel opportunities for the development of a new direction of fun-
damental and applied research in systems engineering with the direct use of one- 
and multidimensional combinatorial configurations of ring topology in radio elec-
tronics, communication, and numerous fields of advanced technologies. He not 
only approved our project, but also edited and substantiated the prospects for the 
implementation and further development of fundamental and applied research of 
combinatorial structures with ring topology, placing the right emphasis on the 
advantages of the latter over systems with a chain structure. Our collaboration 
was started in August 1996 from the report “Combinatorial Sequencing Theory 
for Optimisation of Signal Data Vectors Converting and Signal Processing” [7]. 
However, shortly we have got refusal letters from the CRDF in financial support-
ing the project.  

(1,4) 

(1,1)

(1,3)

(1,2) 

(1,1) 

(1,3)

(3,3)(0,3) 

(2,3) 

Two paired pentagonal (n=5) “Gloria to Ukraine Stars” 
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Brief data on the scientific school of combinatorics at the Lviv Polytechnic 
National University 

The scientific school of сombinatorics at Lviv Polytechnic National University 
became known due to the fundamental and applied research of the “intelligent” 
two- and multidimensional combinatorial configurations prospected from the real 
world law of “elegant” deviding rotational symmetry into two complementary 
asymmetric parts. Each of them is an IRB with appropriate information parame-
ters which being interrelated by this symmetry [6]. Design of systems with the 
“ideal” ring structures originated from solution of the engineering problem for 
expanding the range of time delays in transient analyzer on capacitor storage for 
researching dynamic processes in power electric stations on analog computers in 
1968. One of the first publications for the perfect rings is connected with design-
ing optimized memory devices [8]. The mathematical problem was to fix four 
switches on a moving rotor with different relative angular shifts of the ring 
switch, with the possibility of obtaining the widest possible range of time delays 
on a set of combination options for selecting the corresponding pair of swithes, 
one of them should bring the flowing voltage value to the memorizing element, 
and the second – to read the same value with a delay in time after turning the rotor 
of the switch to the appropriate angle [9]. Currently, we have a lot of patents, 
based on the idea of “perfect” one- and multidimensional IRBs. 

The remarkable properties both optimal Golomb rulers and IRBs discover 
many opportunities to apply them to numerous branches of science and advanced 
technology, including vector information technologies and communications, vec-
tor data coding and multidimensional signal processing. These properties embed-
ded in the laws of real world penetrating rotational symmetry.  
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ДОСЛІДЖЕННЯ ТА ЗАСТОСУВАННЯ КОМБІНАТОРНИХ КОНФІГУРА-
ЦІЙ ДЛЯ ІННОВАЦІЙНИХ ПРИСТРОЇВ І ТЕХНОЛОГІЙ / В.В. Різник 

Анотація.  Присвячено пам’яті Соломона Вольфа Ґоломба (1932–2016) — ві-
домого американського математика, інженера, професора електротехніки, який 
зробив значний внесок у розвиток теорії лінійних регістрів зсуву і комбінатор-
ної математики в теорії кодування та радіофізиці. Він цікавився розробленням 
методів підвищення якісних показників інженерних пристроїв і систем з погляду 
надійності, швидкості передавання, точності позиціонування і роздільної здат-
ності на основі нових комбінаторних конфігурацій. У 1996 р. С. Ґоломб під-
тримав проєкт “Дослідження та застосування комбінаторних конфігурацій для 
інноваційних пристроїв та технологій” як наукову співпрацю дослідницької 
групи Державного університету «Львівська політехніка» (Україна) і Південно-
каліфорнійського  університету за спільною грантовою програмою Фонду ци-
вільних  досліджень та розвитку (США). Подано основний проєкт під редакці-
єю С. Голомба, а також коротку інформацію про розвиток досліджень та 
застосування оптимізованих систем з кільцевою структурою. 

Ключові слова: проєкт, комбінаторна конфігурація, ідеальна кільцева 
в’язанка, оптимізація, комбінаторна модель, наукова школа.  
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ІНТЕГРАЛЬНІ ЗОБРАЖЕННЯ ДОДАТНО  

ВИЗНАЧЕНИХ ЯДЕР 

Ю.Є. БОХОНОВ 

Анотація. Доведено можливість інтегрального зображення додатно визначе-
ного ядра від двох пар змінних. Використано техніку побудови за цим ядром 
нового гільбертового простору, у якому формально комутують симетричні 
диференціальні оператори. При цьому ядро задовольняє систему диференціа-
льних рівнянь із частинними похідними. Відомо, що ядро, задане в підобласті 
дійсної площини, не завжди припускає продовження на всю площину. Така 
можливість зумовлена проблемою існування комутувального самоспряженого 
розширення симетричних операторів. Застосовано результати, отримані авто-
ром, пов’язані з комутувальним самоспряженим розширенням у більш широ-
кому гільбертовому просторі. Одержане інтегральне зображення за спектраль-
ною мірою, породженою розкладом одиниці операторів, дає змогу 
продовження додатно визначеного ядра на всю площину.   

Ключові слова: гільбертовий простір, скалярний добуток, симетричний опе-
ратор, самоспряжений оператор, додатно визначене ядро, індекс дефекту, про-
довження оператора. 

ВСТУП 

Можливість інтегрального зображення додатно визначеного ядра (невиро-
дженого) — одна з відомих класичних задач гармонічного аналізу. Існують 
різні підходи до її розв’язання. Один з них — побудова гільбертового прос-
тору зі скалярним добутком, що визначається за допомогою ядра, і знахо-
дження симетричного (ермітового) оператора в цьому просторі, що припус-
кає самоспряжене розширення. У разі необмеженості оператора ядро 
припускає інтегральне зображення за елементарними додатно визначеними 
ядрами. На цьому шляху доводиться, наприклад, відомий класичний факт 
Бохнера про інтегральне зображення додатно визначеної функції. У випадку 
ядра від кількох (парної кількості) змінних треба знайти симетричні опера-
тори, що припускають комутувальне самоспряжене розширення в даному 
гільбертовому просторі або з виходом у більш широкий гільбертовий прос-
тір. Це вдається зробити не завжди, але існують умови на оператори, для 
яких таке продовження можливе. Якщо ядро визначено на підмножині прос-
тору змінних, таке інтегральне зображення дає можливість його продовжити 
на весь простір. Автор, спираючись на отримані ним результати [1, 2], про-
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понує інтегральне зображення одного додатно визначеного ядра,  функції 
),,,( 2121 yyxxK , пари аргументів ,),( 21 xx  ),( 21 yy  якої  визначені на пів-

смузі двовимірної площини. На цьому шляху вдається продовжити цю функ-
цію на площину зі збереженням додатної визначеності. 

Нагадаємо основні конструкції, пов’язані з побудовою гільбертового 
простору, виходячи з розглядуваного додатно визначеного ядра, із симетрич-
ними операторами, що припускають комутувальне самоспряжене розши-
рення. Міркування досить проводити для двох операторів. 

Нехай є ланцюги сепарабельних комплексних гільбертових просторів з 
додатною і від’ємною нормами [3], у яких діє інволюція hh : 

 )2()2(
0

)2()1()1(
0

)1( ,   HHHHHH . 

Використовуючи тензорні добутки, утворимо гільбертові простори 

 )2()1()2(
0

)1(
00

)2()1( ,,   HHHHHHHHH  

і ланцюг  

   HHHHHH 00 . 

Позначатимемо через 0(.,.)  скалярний добуток у просторі 00 HH  . 

Виходячи з конструкції побудови гільбертових просторів з додатною і 
від’ємною нормами, зазначимо, що цей скалярний добуток визначено для 
елементів ,  HH  0),(: wHHw   .  

Узагальненим додатно визначеним ядром називається елемент 

  HHK  такий, що    HuuuK 0, . Будемо вважати це ядро 
невиродженим, тобто рівність 0),( uuK  може справджуватись тоді і 

тільки тоді, коли 0u . Це дає змогу ввести новий гільбертовий простір 

KH , поповнивши H  за допомогою нового скалярного добутку .,. : 

  HvuuvKvu ,),(, . 

Елементарним додатно визначеним ядром (ермітовим) називається 
елемент  

 
 CHH

HH
:,  ; 

 0,))(,(
0

*
0

* 




   IuAvuvIA . 

Інакше кажучи, елементарне ядро — це узагальнений власний вектор 
оператора. 

Далі замикання довільної множини KHX   позначатимемо через ][X .  

Розглянемо оператори 21, AA  із всюди щільними, відповідно, у 
)2()1( ,  HH  областями визначення )2(

2
)1(

1 )(,)(   HADHAD . Побудуємо 
оператори  

 )2(
1111 )()(,  HADBDIAB , )()(, 2

)1(
222 ADHBDAIB   . 
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Вони комутують у такому розумінні: 

 )()( 211221 ADADuuBBuBB  . 

Будемо вважати, що оператори 1B  і 2B  симетричні у KH .  

Нагадаємо, що для симетричного оператора A  з областю визначення 
)(AD  у гільбертовому просторі H  вводиться поняття дефектних чисел 

zz dd , . Нехай )()()(Im),( ADzIAzIAzAR   і  )),((),( zARzAN . Тоді 

),(dim zANdz   — дефектне число для верхньої півплощини ,z  

0Im z , ),(dim zANdz  для нижньої півплощини 0Im,  zz  . Пара 

),( zz dd  називається індексом дефекту симетричного оператора. Індекс де-

фекту ),0( zd  відповідає максимальному оператору, )0,0(  — самоспряжено-

му. Зауважимо, що 

},:)({),( ** uzuAADuzAN   }:)({),( ** zvvAADvzAN  . 

Далі вважається, що, скажімо, симетричний оператор 1B  максимальний 

у KH . Розглянемо його перетворення Келі за деякого 0Im, 11  zz  :  

 )()()()(:)()()( 111111
1

111111 BDIzBBDIzBIzBIzBzV   . 

Із максимальності 1B  випливає, що одна з цих множин, наприклад, 

)()( 111 BDIzB  , всюди щільна у KH . 

Нагадаємо результат, отриманий у праці [1].  
Теорема 1. Нехай оператори 1B  і 2B  симетричні в KH , причому для 

довільного )2(
2 Hw  замикання у ][ 2

)1( wH   звуження 1B  на 21)( wAD   є 

максимальним оператором за деякого 0Im, 11  zz  . Тоді існує комуту-
вальне самоспряжене розширення цих операторів з виходом у більш широ-
кий гільбертовий простір. 

Застосуємо цей факт для одного конкретного прикладу. 

ПОСТАНОВКА ЗАДАЧІ 

Розглянемо додатно визначене невироджене ядро, яке є звичайною 

функцією:  ],0[],0[),0[),0[: llDK , 













2

2

1

1

2111

,,,,
l

l

l

l

y

K

x

K

y

K

x

K
K  

)(DC , 2,1, 21 ll . 

Нехай  

 0),(exp)( 111  MMxxp  і ))((exp)()(),( 11111111 yxMypxpyxp  . 

Покладемо )2()1(
2,2,2 ],0[),0[]),0[),0([

11   HHlLLlLH pp  

[3, с. 709].  
Будемо вважати, що виконуються такі умови: 
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1) справджується оцінка 

 0,),(exp),,,( 112121  MyxMyyxxK ,  (1) 

2)  Hu  

 
  dxdyxuyuyxKuuK

D

)()(),(),(  

 ,0),(),(),,,( 212121
0 0 0 0

212121     



dydydxdxxxuyyuyyxxK

l l

  (2) 

причому рівність нулю можлива лише, якщо 0u , 
3) функція K  задовольняє рівняння 

 .0;0
2
2

2

2
2

2

11

















y

K

x

K

y

K

x

K
  (3) 

Будемо також вважати, що за довільного )2(
2 Hw  і деякого 0  

розбігається інтеграл 

    


21212222
0 0

11
0 0

2121 )()())((exp),,,( dydydxdxxwywyxyyxxK
l l

,  (4) 

ІНТЕГРАЛЬНЕ ЗОБРАЖЕННЯ ДОДАТНО ВИЗНАЧЕНОГО ЯДРА 

У ПІВСМУЗІ І ЙОГО ПРОДОВЖЕННЯ НА ПЛОЩИНУ 

Визначимо на H  скалярний добуток за формулою 

 
  dxdyxuyvyxKuvKvu

D

)()(),(),(,  

       .,,,,, 212121
0 0 0 0

212121 dydydxdxxxuyyvyyxxK
l l

   


  

Уведемо гільбертовий простір KH  як поповнення H  за нормою, по-
родженою цим скалярним добутком.  

Розглянемо оператори в KH : 




















2
2

2

22
1

11 ,
x

IAIBI
x

iIAB , 

де 21, AA  визначені на досить гладких фінітних функціях відповідно в об-

ластях ],0[,),,0[, 2211 lyxyx  . 

Використовуючи умови (3) і фінітність функцій з області визначення 
операторів 1A  і 2A , доведемо симетричність 1B  і 2B .  

  21211 ),( vvuuB  
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 










    


21212211
10 0 0 0

22112121 )()()()(),,,( dydydxdxxuxu
x

iyvyvyyxxK
l l

 

    
 

 212
0 0 0

221122112121
1

)()()()(),,,( dydydxxuxuyvyvyyxxKi
l

x
 

 



    


21212211
0 0 0 0

22112121
1

)()()()(),,,( dydydxdxxuxuyvyvyyxxK
x

i
l l

 

 



    


21212211
0 0 0 0

22112121
1

)()()()(),,,( dydydxdxxuxuyvyvyyxxK
y

i
l l

 

    
 

 212
0 0 0

221122112121
1

)()()()(),,,( dydydxxuxuyvyvyyxxKi
l

y
 

 










    


21212211
0 0 0 0

2211
1

2121 )()()()(),,,( dydydxdxxuxuyvyv
y

iyyxxK
l l

 

 .)(, 21121 vvBuu   

Аналогічним чином доводиться симетричність оператора 2B . 

Доведемо, що індекс дефекту оператора 1B  дорівнює  1,0 , тобто опе-
ратор максимальний.  

Нехай 0Im),,(  zzANu , тобто .
1

* uz
dx

du
iuA   Звідси  

 )Re(exp)(Imexp)(exp 111 xzixzCxziCu  . 

Вибираючи zIm  з інтегралу (4), упевнюємось в розбіжності 
інтеграла 

    


21212222
0 0

11
0 0

2121 )()())((exp),,,( dydydxdxxwywyxyyxxK
l l

. 

Це означає, що }0{),( zAN  і дефектне число оператора 1B  для верх-
ньої півплощини комплексної площини дорівнює нулю.  

Нехай 0Im),,(  zzANv . Звідси 

 )Re(exp)Im(exp)(exp 111 xzixzCxizCv  . 

Вибираючи Mz Im , впевнимось, що 0Im),,(  zzANv  пород-

жується функцією )(exp 1xiz , із чого випливатиме, що дефектне число опе-

ратора 1B  для нижньої півплощини комплексної площини дорівнює 1.  

Згідно з оцінкою (1) маємо: 

    


21212222
0 0

1
0 0

12121 )()()(exp)(exp),,,( dydydxdxxwywizxizyyyxxK
l l
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.)()())((exp))(Im(exp 2121222222
0 0 0 0

11     


dydydxdxxwywyxMyxzM
l l

 

Очевидно, індекс дефекту оператора 2B  дорівнює )1,1( . Відповідно до 
результатів [1, 2] існує комутувальне самоспряжене розширення операторів 

1B  і 2B  у більш широкому гільбертовому просторі. Тоді, згідно з працею 
[3], додатно визначене ядро K  припускає інтегральне зображення від еле-
ментарних ядер за мірою ),( 21 d , породженою розкладом одиниці (неор-
тогональним) цих самоспряжених продовжень. Елементарні ядра породжу-
ються фундаментальними системами розв’язків задач Коші: 

 ;)(exp),(1)0(, 11111
1

xixuuu
dx

du
i    

  1)0(,0)0(,0)0(,1)0(,1,0, 110022
2

2

vvvvkv
dx

vd
k

k  

 .
sin

),(,cos),(
2

22
22122220






x
xvxxv  

У результаті доходимо до такого висновку. 
Теорема 2. Нехай функція CllDK  ],0[],0[),0[),0[: , що 

задовольняє оцінку (1), є додатно визначеним ядром в розумінні (2) і задо-
вольняє рівнянням (3). Тоді існує інтегральне зображення цього ядра за 
мірою, яка визначається неоднозначно: 

 ),,,( 2121 yyxxK  

 ),(),(),())((exp 21

1

0,
2222111    







 
dxvyvxyi

kj
jk .  (5) 

Наслідок. Із виразу (5) випливає можливість продовження додатно ви-
значеного ядра з півсмуги ],0[),0[),(),,( 2121 lyyxx   на всю площину 

2
2121 R),(),,( yyxx . 

ВИСНОВКИ 

Додатно визначені ядра, зокрема функції, відіграють важливу роль у різних 
розділах математики, зокрема, у гармонічному аналізі, теорії ймовірностей 
та теорії зображень груп. Для їх дослідження використовуються різні підхо-
ди. Один з них, використаний у роботі, належить М.Г. Крейну і базується на 
побудові за додатно визначеним ядром гільбертового простору і досліджен-
ням формально комутувальних ермітових операторів. У разі існування їх 
комутувального самоспряженого продовження в даному просторі або з ви-
ходом з нього ядро припускає інтегральне зображення від елементарних до-
датно визначених ядер, які знаходяться як узагальнені власні функції цих 
операторів. У математичній літературі частіше розглядались ситуації, у яких 
самоспряжені комутувальні продовження будуються в гільбертовому прос-
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торі. Автору належить кілька результатів, у яких доведено можливість по-
будови таких розширень у більш широкому гільбертовому просторі. Зви-
чайно, в одержаному інтегральному зображенні ядра операторна міра зна-
ходиться неоднозначно. Інші підходи до інтегральних зображень додатно 
визначених ядер містяться у працях [6, 7].  

Слід також зауважити, що подібну техніку можна використати для ін-
тегральних зображень додатно визначених ядер від нескінченної кількості 
змінних, які досліджуються, наприклад, у працях [4, 5].   
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INTEGRAL REPRESENTATIONS OF POSITIVE DEFINITE KERNELS / 
Yu.E. Bokhonov 

Abstract. The paper proposes proof of the possibility of an integral representation 
of a positive definite kernel of two pairs of variables. Using this kernel, we use the 
technique of constructing a new Hilbert space in which symmetric differential op-
erators formally commute. In this case, the kernel satisfies a system of differential 
equations with partial derivatives. It is known that a kernel given in a subdomain of 
the real plane, generally speaking, does not always imply an extension to the entire 
plane. This possibility is related to the problem of the existence of a commuting self-
adjoint extension of symmetric operators. The author applies his own results related 
to a commuting self-adjoint extension in a wider Hilbert space. The resulting repre-
sentation in the form of an integral of elementary positive-definite kernels with re-
spect to the spectral measure generated by the resolution of the identity of the opera-
tors allows us to extend the positive-definite kernel to the entire plane. 

Keywords: Hilbert space, scalar product, symmetric operator, self-adjoint operator, 
positive definite kernel, defect index, operator extension. 
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APPROACH TO POSITIONAL LOGIC ALGEBRA 

M. KOVALOV 

Abstract. The method of Boolean function representation in terms of positional 
logic algebra in compact operator form is offered. Compared with the known 
method, it uses position operators with a complexity of no more than two and only 
one type of equivalent transformations. The method is less labor intensive. It allows 
parallelizing logic calculations. The corresponding way of Boolean function imple-
mentation is developed. It competes with some known ways in terms of hardware 
complexity, resource intensity, and speed when implemented on an FPGA basis. 
Possibilities open up for creating effective automating means of representing Boo-
lean functions from a large number of variables, synthesizing the corresponding 
LCs, and improving modern element bases. 

Keywords: boolean functions, positional logic algebra, positional operators, equiva-
lent transformations, logic circuits, FPGA. 

INTRODUCTION 

The development of information systems involves a significant expansion and 
complication of logic calculations. Therefore, the development of new directions 
in the study and implementation of Boolean functions (BF), one of which is posi-
tional logic algebra of (PLA), seems promising. It includes principles and 
methods that allow BF representing and calculating using equivalent transforma-
tions and positional operators with polynomial complexity [1]. The application of 
positionality principles for arithmetic and parallelization of logic calculations is 
substantiated in PLA [1, 2]. Therefore, effective application of its apparatus is 
possible for artificial intelligence, pattern recognition, cryptography and etc., 
where it is necessary to operate BF from a large number of variables. 

However, the following problems might be identified within PLA framework: 
 cumbersome apparatus of sequentially performed equivalent transforma-

tions  -,  -,  -,  , i-inversions;  -permutations; multi-parametric  -,  -, 
 -,  -transformations) and complex positional operators). The known method 
of BF representing from n variables [1] actually includes cumbersome analysis of 
many n order operators. The operator, which generates the most similar BF and 
has identical level, is chosen from them. After that with no less difficulty a se-
quence of multi-parameter equivalent transformations is selected. Therefore, for 
large n value, the application of the method is significantly labor-intensive; 

 researches within PLA framework were mainly theoretical (solving a 
complex systems of logic equations, determining ratios of NP- and P-complete 
problem classes, etc.). Its practical application has not been considered enough [2, 3]. 

In view of these problems, it is reasonable not to idealize PLA and to oppose 
it to Boolean algebra, but interaction. Therefore, a less labor-intensive method of 
BF representing was proposed. It does not involve enumeration of solutions, but 
the formation process of less complex operators, only one type of equivalent 
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transformations and some Boolean algebra apparatus. Also, prerequisites are cre-
ated for logic calculations parallelization. In accordance with the method hard-
ware implementation of the BF was developed, which competes with some 
known methods in terms of hardware complexity, resource intensity and speed. 

BF REPRESENTATION 

The essence of the offered method is in the following. An arbitrary BF is covered 
by its fragments given by the corresponding conjunctions. For each of them, a 
simple positional operator can be formed, which generates closed BF of the frag-
ment, which must be corrected to obtain exact BF values: 

 )))(][()((~ 01

1
kicork

k
jkicort

kn

t
i XfXXfxf

i







  




S ,  (1) 

here kX  — input argument vector with k digit capacity; 





  



 t

kn

t
x~

1
 — ( kn  )-rank 

conjunction ( nt ,1 ), which defines if  fragment; k
ji

S  — simple positional 

operator (ji — binary vector of operator with dimension ( 1k ), 120 1  kj ; 
k — operator order, nk  ), which generates the BF-prototype (the closest to the 

if ). BF-correction 1
icorrf  has “1” values on those kX  vectors, where k

ji
S  has “0” 

values but if  has “1” values; BF-correction 0
icorrf  has “0” values on those kX  

vectors, where k
ji

S  has “1” values but if  has “0” values. 

The covering process begins with shaping and analysis of great fragments. 
With a large number of differences between BF-prototypes and fragments its sizes 
should be reduced. For this reason, the BF might be covered by the operator's re-
cords (1) fast enough. If we disjunctively combine records (1) and transform the 
resulting expression to the operator form, it will be received a representation of 
the original BF in PLA terms. Obviously, it is necessary to minimize complexity 
of such representation. There is no general decision of this minimization task. 
Larger fragments may have many corrections, but smaller fragments may result in 
a large number of fragments and records (1) respectively. Therefore, the follow-

ing rule is developed. If 1
icorrf  and 0

icorrf  don’t require large number of operators 

(usually two), it is not further defragmentation. And according record (1) includes 
in BF representation. On the other hand, the method does not need more complex 
transformations of input arguments as inverting. For this reason, from large num-
ber of equivalent transformations it is expedient to use one-parameter w  trans-

formation. It inverts binary digits of argument corresponding to “1” in binary w 

code. For example, ][10
4

16 abcdSdcba  . It is obvious that the implementation 

of such transformation is trivial. So, the process of BF representing is as follows: 
1. The set F of fragment representations in the form (1) that cover BF is as-

sumed to be empty. In set G of conjunctions that define analyzed fragments in-
clude initial BF Z. 

2. If set G is empty, then go to step 9. 
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3. For each analyzed fragment in the set G generate: 

– a binary vector )...( 0 kjjj   of a simple positional operator k
jl

S  that gen-

erates the BF-prototype, the closest to )( klpr Xf . Here 1mj  )0( km  , if 

the case number when lf =1 on vectors kX  with m 1's digits exceeds half of the 

total number of such vectors, else 0mj ; 

– estimate the operator number for describing of BF corrections )(1
klcorr Xf  

and )(0
klcorr Xf  based on mismatches between lf  and )( klpr Xf .  

4. Select a fragment sf  with the simplest records of BF corrections. 

5. If )(1
klcorr Xf  and )(0

klcorr Xf  records in PLA terms don’t require large 

number of operators (typically two) then go to step 7. 
6. Include in set G all conjunctions of the next ( 1 kn )-rank, which de-

fine non-empty sf  fragments. Go to step 8. 

7. The selected fragment sf  written in form (1) include in the set F. 

8. Exclude from G conjunction defining sf  and alternative conjunctions ob-

tained with it in step 7, except the conjunction with which chosen conjunction can 
be glued. Go to step 2. 

9. Disjunctively merge all records in form (1) of fragments included in the 
set F, obtaining a combined original BF representation. It includes positional op-
erators and logic operations of Boolean algebra: 

 ,
1

i

r

i
fZ


   (2) 

where r — number of resulting fragments if  )1( ri  . 

10. Open all brackets in (2) and simplify it using Boolean algebra relations. 
11. The original BF representation obtained in previous step is finally re-

duced to an operator form using relations between PLA and Boolean algebra, for 
example: 

 ]...[~...~
121 aaSaa nw

n
n n ;  (3) 

 ]...[... 1221 1 aaSaa n
n

n n  ;  (4) 

 ]...[]...[~...~
1211 1 aaSSaaSaa nw

k
j

kn
k

k
jkn kn  

  .  (5) 

Example. Let some BF )( 5XfF   has values “1” on vectors 1–3, 13–15, 

19, 21–23 and 25–28. Following the known method [1], BF can be represented by 
a complex positional operator and a sequence of equivalent two-parameter trans-
formations like this: 

 ]12345[16
17

16
18

23
20

21
24

19
29

17
30

4
14

1
4 xxxxxSSZ  .  (6) 

The BF representation following the proposed method looks like: 
s. 1: }.{{}; ZGF   
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Cycle 1: 
s. 2: G is non-empty, go to s. 3. 

s. 3–5: for Z form: ]12345[)12345( 5
24 xxxxxxxxxxf Zpr S . 

)12345(1 xxxxxf Zcorr  has values “1” on vectors 1–3, )12345(0 xxxxxf Zcorr  has 

values “0” on vectors 1–3, 7, 11, 29, 30. To record them more than 2 operators are 
required, hence go to s. 6. 

s. 6, 8: }5,4,3,2,1,5,4,3,2,1{ xxxxxxxxxxG  . 

Cycle 2: 
s. 2: G is non-empty, go to s. 3. 

s. 3–5: the fragment defined by the conjunction 1x  requires the simplest cor-

rections. For it ]2345[)2345( 4
81

xxxxxxxxf
xpr

S . There is no need in 

)2345(0
1

xxxxf
xcorr

, only one operator is enough for )2345(1

1
xxxxf

xкор
 defining 

on vector 1 ( 2345 xxxx =0001), hence go to s. 7. 

s.7: write the selected fragment in the form (1) as 1xf  

)2345]2345[(1 4
8 xxxxxxxxSx  . Hence )}2345]2345[(1{ 4

8 xxxxxxxxSxF  . 

s. 8: }1{xG  . 

Cycle 3: 
s. 2: G is non-empty, go to s. 3. 
s. 3–5: for the fragment defined by conjunction 1x , form 

]2345[)2345( 4
131 xxxxxxxxf xpr S . )2345(1

1 xxxxf xcorr  has value “1” on vec-

tor 1, а )2345(0
1 xxxxf xcorr  — has value “0” on vectors 3, 5, 14. More than 2 op-

erators are required to write them, hence go to s. 6. 

s. 6, 8: }51,41,31,21,51,41,31,21{ xxxxxxxxxxxxxxxxG  . 

Cycle 4: 
s. 2: G is non-empty, go to s. 3. 

s. 3–5: the fragment defined by the conjunction 21xx  does not require cor-

rection. For it ]345[)345( 3
521

xxxxxxf
xxpr

S . Go to s. 7. 

s. 7: write the selected fragment in the form (1) as 

]345[21 3
521

xxxSxxf
xx
 . Hence ),2345]2345[(1{ 4

8 xxxxxxxxSxF   

]}345[21 3
5 xxxSxx . 

s. 8: }21{ xxG  . 

Cycle 5: 
s. 2: G is non-empty, go to s. 3. 
s. 3–5: for the fragment defined by conjunction 21xx , form 

]345[)345( 3
521 xxxxxxf xxpr S . )345(1

21 xxxf xxcorr  has value “1” on vector 4, 

only one operator is enough for it, there is no need in 0
21xxкорf . Go to s. 7. 
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s. 7: write the selected fragment in the form (1) as 21xxf  

)345]345[(21 3
5 xxxxxxSxx  . Therefore ),2345]2345[(1{ 4

8 xxxxxxxxSxF   

)}345]345[(21],345[21 3
5

3
5 xxxxxxSxxxxxSxx  . 

s. 8: }1{xG  . 

The set G is empty. Entire original BF is covered with fragments from the 
set F, so go to s. 9. 

s. 9: Get first Z representation: 

  ]345[21)2345]2345[(1 3
5

4
8 xxxSxxxxxxxxxxSxZ  

 )345]345[(21 3
5 xxxxxxSxx  .  (7) 

s. 10: Open brackets in (7):  

  ]345[2112345]2345[1 3
5

4
8 xxxSxxxxxxxxxxxSxZ  

 12345]345[21 3
5 xxxxxxxxSxx  . 

Glue 3rd and 4th conjunctions and select common variables in the 2nd and 
5th conjunctions:  

 ].345[1)1515(234]2345[1 3
5

4
8 xxxSxxxxxxxxxxxxSxZ    (8) 

s. 11: expression in brackets of the second term in (8) might be written as 

]15[2
5 xxS , for each conjunction, use (5). It is necessary to use corresponding one-

parameter transformations w  for variable inverting (3): 

 ]3451[]15234[]23451[ 3
5

1
424

2
5

3
1616

4
8

1
4 xxxxSSxxxxxSSxxxxxSSZ  . 

Now apply (4) and finally get original BF representing as: 

]]3451[],15234[],23451[[ 3
5

1
424

2
5

3
1616

4
8

1
4

3
14 xxxxSSxxxxxSSxxxxxSSSZ  .  (9) 

This example shows that the internal operators in complex positional opera-
tors serve to set the BF-prototypes of fragments, and the external ones set con-
junctions that uniquely determine these fragments. Therefore, the complexity of 
positional operators in such representing in most does not exceed two, while 
maintaining their compactness. 

According to representation (9), it is possible to build a flow graph of logic 
calculations (Fig. 1). If it is assumed that transformation and operator are per-
formed during the same time, then the calculation of the BF will take 4 steps. The 
sequential process of calculating the same BF according to expression (6) lasts 8 
steps. It might also be seen that, compared with the known method, the proposed 
method also allows parallelize execution of positional operators and equivalent 
transformations, reducing the time for BF calculating. 

It is difficult to compare the complexities of the proposed and known [1] 
methods directly. However, it might be done by evaluating the number of ana-
lyzed fragments in the maximum case and positional operators of order n. In ac-
cordance with the proposed method, first, the entire original BF is considered, 
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then — )2( n  fragments depend on (n–1) variables, then — ))1(2( 2 n  frag-
ments on (n–2) variables, etc. Therefor the maximum number of fragments is 

evaluated as 1n
fN 2  . Estimating the number of operators analyzed in accor-

dance with the known method reduces to the combinatorial task of partitioning 
the number n into terms. Using the Hardy-Ramanujan formula [4] and consider-

ing that for any complexity and order n it might be build )2( 1n  operators at least, 

get 

2
1 32

4 3

n
n

op

e
N

n



  all types positional operators. Obviously, the developed 

method is significantly less labor intensive. 

HARDWARE IMPLEMENTATION 

The BF implementation in accordance with the proposed method is a combina-
tional logic circuit (LC). It should be based on the form (2). For example, hard-
ware implementation of the conjunctions and disjunctions in (1) and (2) is more 
efficient directly using logic elements. And BF corrections are implemented in 
accordance with their disjunctive normal form. The maximum number of frag-
ments in form (2) is a power of two. Hence the same number of identical func-
tional blocks (FBs) is applicable for its implementation, as well as the correspond-
ing number of other logic blocks and elements. Thus, structure of such LC 
(Fig. 2) includes:   

( 12 kn ) blocks for determining the number of “1” in the input argument 
vector kX ;  

( kn2 ) FBs for fragments if  implementing;  

OR logic element 4 for disjunction implementing in accordance with the 
form (2). 

Each FB contains:  
group of logic elements 1, which with the corresponding block for determin-

ing the number of “1” implements a simple positional operator ][ k
k
j X
i

S  for cur-

rent fragment;  

]2...51[16 xxx

]1...4[4
8 yyS

]15[4 tyS 2

]654[14 tttS 3

t1

]152...4[24 xxxx

]12[2
5 yyS 

]23...5[4
16 tyyS 

5Y 

t2

]3...5[3
5 xxS

]31[2
4 txS

t3

t4 t5 t6

5Y

Z
Fig. 1. Flow graph of logic calculations )( 5XfZ   
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l correction blocks (CBs “0” or “1”), that implement respectively BF-

corrections )(0
kicorr Xf  and )(1

kicorr Xf  with a group of logic elements 2. Each of 

them is a k-input logic element AND with controlled input inverters; 

block 3 of logic element AND, one input of which is the if  value. Remain-

ing (n-k) inputs have controlled inverters for the implementation of the conjunc-

tion 







 



 t

kn

t
x~

1
 accordance with (1). 

Input signals of the LC: 
input vector of arguments Xn (input X); 

kn2  vectors of positional operators (input S); 
kn2  control signals for CB inverters (input M); 
kn2  control signals for inverters of block 3 (input N). 

The number of BFs, calculable by the LC, is directly determined by thes 
number and bit capacity k of FBs, CBs: 

 





 1

0

22 )()),((
kn

i
frBFPALBF

ikn
inlkNN ,  (10) 

where ),( lkN frBF  – the number of BFs depending on k variables, which, taking 

into account l CBs “0” and “1”, are calculated by one FB.  

Fig. 2. LC for the BF implementation by the proposed method 
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Being a complex combinatorial dependence 12  n
PALBFN  (number of all 

simple positional operators). Therefore, this LC is capable to calculate a large 
number of practically used regular BFs depend on n variables. In addition, many 
partially defined BFs might be extended to a form convenient for calculating on 
similar LCs. 

The following hardware characteristics of the proposed LC were defined: 
– complexity as a number of two-input logic elements: 

 1))58(43(2)2,( 22   lknknL kn
PAL ;  (11) 

– LC depth defined as a number of cascades on signal way from input to 
output through the block for determining the number of “1”, groups 1, 2 of logic 
elements and block 3: 

 1)[(log][log] 22  knkknTPAL ;  (12) 

– input numbers: 

 )1)12(2(2   lknnN kn
PALin .  (13) 

The developed LC allows to simply change the number and bit capacity of 
the main logic blocks. It allows flexible change the ratio between its functionality 
and hardware requirements, that follows from (10)–(13). 

Let’s implement BF considered in the example by this LC. According the 
LC structure, it is necessary transform (7) so that all operators have same order 3. 

Simple positional operator ][ k
k
j XS  might be represented with simple operators 

of smaller order in the next way:  

 ]......[]......[]......[ 111
1

2111
1

11 xxxxxxxxxxxxx iik
k
jiiik

k
jiik

k
j 




  SSS .  (14) 

Using (14), represent the first operator in (7) as: 

 ]345[2]345[2]2345[ 3
4

3
8

4
8 xxxSxxxxSxxxxxS  . 

Transform (7) to the form: 

  ]345[21)345]345[(21 3
4

3
8 xxxSxxxxxxxxSxxZ  

 )345]345[(21]345[21 3
5

3
5 xxxxxxSxxxxxSxx  ,  (15) 

getting 4 fragments described by operators 3
5

3
5

3
4

3
8 ,,, SSSS . The first and last of 

them are corrected by 3451
1 xxxfcorr   and 3451

4 xxxfcorr   respectively. There-

fore, for BF calculating in the form (15) it is suitable LC that includes 3-bit 2 
blocks determining the number of “1” and 4 FBs, including one CB per block. 
The input variables are inverted according to the input control signals M and N. 
Zero values might be entered to the information inputs of unused CBs of FBs 2 
and 3. Thus, LC inputs (Fig. 2) are:  

blocks determining the number of “1”: 212 xx hh
1 XX ;  l

2
l
1 XX  

345 xxx ; 
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FB 1: 10001S , 1111M , 101N ; 

FB 2: 01001S , 0002M , 112N ; 

FB 3: 01013S , 0003M , 013N ; 

FB 4: 01014S , 0114M , 004N . 

PRACTICAL RESEARCH 

In practical research, in addition to the developed method some known ways of 
BF implementation [5] were considered. They implement any BF depend on n 
variables with optimal hardware complexity: 

– multiplexer with ( 1)n   selector inputs based on a rectangular decoder [6]. 
The values of its hardware complexity, depth and number of inputs are: 

 












  3223)2,( 21

n
n

MUXnL ,  (16) 

 
2

3n
TMUX  ,  (17) 

 12 1   nN n
MUXin ;  (18) 

– LC based on the cascade method [7]: 

 )12(3)2,( 1  n
cascnL ,  (19) 

 )1(2  nTcasc ,  (20) 

 12 1   nN n
cascin . (21) 

Dependences of hardware complexity, depth, number of LC inputs are based 
on (10)–(13), (16)–(21). Also, for the developed LC structure with a different 
number of FBs and CBs (l CB “0” and “1” in each FB) the number of countable 
BFs depend on the number of variables n is obtained. The parameters of resource 
intensity and speed of the FPGA-based (Field Programmable Gate Array) imple-
mentation of the proposed LC were gotten. Schemes were described on VHDL, 
synthesis and modeling were carried out using Intel Quartus Prime and Siemens 
Modelsim. Comparative studies are made. 

Dependencies on Fig. 3 and 4 (given on a logarithmic scale) show that FB 
number increasing (a k decreasing at invariable n) leads to the significant increase 
of the calculable BF number and hardware complexity of the proposed LC (de-
pendencies 2, 5 and 7). However, it makes sense to increase, the number of CBs 
within the FB. This can increase the functionality of the proposed LC to the level 
provided by a large number of FBs, but with lower hardware costs (dependen-
cies 4–6). When 7n  developed LC structure provides an overwhelming 
advantage sod. 
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The resource intensity of the FPGA-based LC implementations (Fig. 5) at 
most corresponds its hardware complexity (Fig. 3). When 10n  the proposed 
LC provides a significant advantage over the known ways also in the LC input 
numbers (Fig. 6). From these dependences it is shown that for functionality ex-
panding and equipment minimizing more effectively increase the CB number. 

The depth of the developed LC (Fig. 7) depends mainly on n, so the depend-
ences 1, 2, 5 and 7 are close to each other. A similar trend is observed for the per-
formance of LC integral implementations (dependencies 1, 2, 4–7 on Fig. 8). Al-
though the LCs based on multiplexer or cascade method, when implemented on 
FPGA basis, have less depth, but the difference in performance is practically lev-
eled. The proposed LC structure may provide higher performance when a large 
number of variables (n>11). 

СONCLUSIONS 

In comparison with the known method the developed method of boolean function 
representation in terms of PLA is characterized by the following: 

– uses positional operators with complexity no more than two and only one 
type of equivalent transformations; 

Fig. 6. LC input numbersFig. 5. Resource intensity of the LC integral 
implementations 

Fig. 3. Hardware complexity of LCs Fig. 4. Number of calculable BFs 
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– less labor intensive and compactness of BF representation; 
– allows to parallelize execution of equivalent transformations and operators, 

reducing BF calculation time. 

The developed LC structure, in comparison with some known ways of BF 
implementation, has a significantly fewer hardware complexity when 7n . As a 
result, corresponding FPGA-based implementation also requires fewer logic re-
sources and input number without losing in performance. To expand its function-
ality, it is more efficient to increase the number of CBs in FBs. The regularity and 
scalability of the LC structure provide effective control the involvement in opera-
tion process its parts by using, for example, “operand isolation” technology [8, 9]. 
This creates the prerequisites to change flexible the ratio between LC functional-
ity, technical and economic parameters of the integral implementation, “bypass-
ing” possible failures, increasing its reliability. In addition, possibilities for creat-
ing effective automating means of representing BF from a large number of 
variables, synthesizing the corresponding LCs and modern element bases im-
provement open up. 
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ПІДХІД ДО ПОЗИЦІЙНОЇ АЛГЕБРИ ЛОГІКИ / М.О. Ковальов 
Анотація. Запропоновано метод подання булевих функцій у термінах пози-
ційної алгебри логіки в компактній операторній формі. Порівняно з відомим 
методом у ньому застосовуються позиційні оператори зі складністю не більше 
двох і лише одного виду еквівалентних перетворень. Метод відрізняється мен-
шою трудомісткістю і розкриває паралелізм логічних обчислень. Запропоно-
вано відповідний спосіб реалізації булевих функцій. Він становить конкурен-
цію деяким відомим способами за апаратною складністю, ресурсомісткістю та 
швидкістю із застосуванням базису FPGA. Відкриваються можливості для 
створення ефективних засобів автоматизації подання булевих функцій від ве-
ликої кількості змінних, синтезу відповідних комбінаційних схем та вдоскона-
лення сучасних елементних баз. 

Ключові слова: булеві функції, позиційна алгебра логіки, позиційні операто-
ри, еквівалентні перетворення, комбінаційні схеми, FPGA. 
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MATHEMATICAL MODELLING OF CRYSTALLIZATION  

OF POLYMER SOLUTIONS 

K. ZELENSKY 

Abstract. The processes of homogenization and crystallization of polymer solutions 
in cylindrical pipes are considered, which are described by the convective-diffusion 
equation with respect to the solution temperature and kinetic equations with respect 
to homogenization and crystallization of the polymer known as the thermokinetic 
nonlinear boundary value problem. A numerical-analytical iterative method for 
solving this problem is proposed, which consists of stepwise obtaining solutions of 
kinetic equations with respect to homogenization and crystallization of polymer 
solutions depending on the solution temperature and obtaining a solution of the 
convective-diffusion problem with respect to melt temperature. The accuracy of the 
obtained solution is determined by the norm of the difference between two adjacent 
iterations. The value of the crystallization coefficient, which is close to unity, 
determines the length of the dosing zone and the transition to the next zone – the 
flow of homogenized polymer into the distribution head of the extruder. The results 
of mathematical modelling are given. 

Keywords: homogenization, integral transformations, iterative method, crystallization, 
mathematical model, nonlinear boundary value problem. 

INTRODUCTION 

The solution of the problem of polymer crystallization can be carried out on the 
basis of a mathematical model that describes the heat transfer processes of 
polymer melts and the cooling agent. 

The main difference between the crystallization of polymers and the 
crystalliza\-tion of other types of materials (eg, metals) is that the crystallization 
of polymer melts is carried out in the space-time domain. With regard to the 
crystallization of polymer solutions in extrusion devices, the situation is 
complicated by the movement not only of the crystallization front, but also by the 
motion of the solid mixture heated to the melting temperature under the rotational 
motion of the screw worm. The crystallization process is phase, accompanied by 
the release of heat and leads to stresses. Determining the values of the coordinate 
z L , in which the degree of crystallization becomes close to unity, determines 
the length of the dosing zone of the polymer, after which the polymer enters the 
extruder head. This factor plays a crucial role in ensuring the formation of a 
quality source product (for example, the quality of the insulating coating of the 
cable or the quality of the polyethylene film) at the outlet of the extruder. 

PROBLEM STATEMENT 

The goal of solving the problem of crystallization of polymer solutions is to 
develop an optimal strategy for cooling polymer solutions in order to reduce 
processing time and limit the use of excessively low cooling temperatures. 
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Overview of approaches to building models 

A significant number of scientific and applied works [1, 6–8,10–15] are devoted 
to the construction of mathematical models of crystallization for various purposes. 

Mathematical models of polymer crystallization in the form of a thin disk 
(one-dimensional model) are considered in [1, 12, 13]. The model consists of two 
nonlinear differential equations for the degree of crystallinity ),( try , defined as 
the average volume fraction of the space occupied by crystals, and the 
temperature field ),( trT , combined using the norm of the nucleation and growth 

function )(TbN  and )(TbG , the nucleation initiation function and the aggregation 
21=)( yyk   and saturation function of nuclei )(1=)( yyy  : 
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In the given mathematical model of crystallization of the polymer solution, 
there are no connections of the determining components Gb , Nb  from the 
temperature of the solution. 

In [4], a mathematical model is considered, in which the dependence of the 
crystallization coefficient on the temperature of the polymer melt is specified 
explicitly. 

In [8], the mathematical model takes into account the clear dependence of 
not only the crystallization coefficient, but also the polymerization coefficient, 
since these characteristics are interconnected. 

Two macrokinetic parameters   and  , which determine the specific 

contribution of the polymer and crystalline phases, respectively, are introduced. 
The degree of polymerization )(t  determines the degree of completion of the 

polymerization process and can take values from 0 (the polymer content is 0) to 1 
(all the monomer has turned into a polymer). The degree of crystallization )(t  
determines the degree of completion of the crystallization process and can take 
values from 0 (the content of the crystalline phase is 0) to 1 (the entire amorphous 
phase of the polymer has turned into a crystalline one). To quantitatively 
characterize the degree of completion of the phase transformation [0,1] , a 

parameter called the relative degree of crystallinity is used. 
Determination of temperature fields ),( zrT  and the degree of crystallinity 

),( zr  in insulation consists in the joint solution of the heat conduction equation 

and the kinetic equation: 
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The problem is solved under appropriate boundary and initial conditions. 
Note that the equations (1), (2) are written relative to the processes in the 
insulation, and the boundary conditions contain the conditions for the current-
conducting core. In addition, the equation for the degree of crystallization is 
written relative to the variable , that is, a stationary problem is considered. 

The presented mathematical model of polymer crystallization refers, 
according to the authors, to the processes of applying polymer insulation to a 
conductive core. However, the process of crystallization of the polymer solution 
is carried out even before the insulation is applied to the core, that is, in the 
dosing zone of the extruder. Therefore, such an approach to the study of the 
crystallization process of polymer solutions cannot be considered to correspond to 
the essence of the matter. For this reason, the mathematical model does not take 
into account the convective transfer of the polymer melt during the cooling 
process in the dosing zone. 

Formulation of the problem 

Assuming that technological stresses do not affect the temperature and flow of the 
crystallization process, it is necessary to solve the problem of determining the 
temperature fields and the degree of homogenization and crystallization, or the 
thermokinetic problem. 

The problem of determining temperature fields and the degree of 
polymerization and crystallization is described by the following boundary value 
problem: 
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kinetic equation of polymerization 
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kinetic equation of crystallization 
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Initial and boundary conditions: 
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where c is the specific heat capacity;   — density;   — thermal conductivity 

coefficient;  QQ ,  — intensities of heat sources due to polymerization and 

crystallization, respectively; R  — universal gas table; 10,,,,, cckkEU   — 

kinetic steels determined experimentally from calorimetric measurements; 
melting point; p  — equilibrium degree of crystallization; 
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Thermophysical properties of low density polymer (PENG): 

 2,4=c  )C/( kgkJ ); 0,182=  )C(/ mW ;  

 C170= 
pT ; 1080= kg/m

3
; .C60= 

cT  

Taking into account the fact that at the melting temperature of the polymer, 
the thermophysical coefficients can be considered constant, the differential 
equations describing the processes of heat release in the dosing zone, taking into 
account the smallness of the gradients relative to the axial component of the speed 
of movement of the polymer solution, take the form: 
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Initial and boundary conditions: 
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Cooling channel: 
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On hard surfaces for the components of the agent that cools, meet the 
conditions of adhesion and impenetrability. 

In the equations, the following are indicated:   — thermal conductivity 
coefficient; Q  — thermal effect of polymerization; Q  — the thermal effect of 

crystallization (the rate of specific heat release during PENG crystallization); 

 kk ,  — polymerization and crystallization rate constants; U  — activation 

energy of the polymerization process;   — characteristic temperature of the 
polymer; R  — universal gas table; 10 , hh  — coefficients of heat exchange with 

the environment; 415=pT K is the equilibrium melting temperature. 
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PROBLEM SOLVING 

So, we have a system of differential equations (9), (10), (3), (4) with respect to the 
temperature of the polymer melt and the degree of homogenization   and crys-
tallization   with the corresponding initial and boundary conditions (6)–(8). 

This system of equations is nonlinear, its solution will be sought by an 
iterative scheme by analogy with the previous sections. 

Let’s consider the equations regarding the degree of polymerization and the 
degree of crystallization  . At the same time, at the first stage, we consider, 

 kK  ,  kK  . 

Since these equations contain a nonlinear component relative to ),,( tzrT , 
the exponent must be approximated, for example, by a fractional-rational 
expression [16]. Let’s denote RUe /=0 . Then we will have 
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By analogy, we approximate K
 
in (6) REb /=0 , 01 = bb  ).  

 .
)(

exp=
4

4
3

3
2

210

4
4

3
3

2
21010

TcTcTcTcc

TdTdTdTdd
k

TTT

Tbb
kK

p 



















   (11) 

Consider the equation (3) and denote 
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We get the solution of the equation (12) without taking into account 
),( TN  : 
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The solution of this equation in the first approximation: 
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Further iterations in determining the expressions for the solutions in this 
form leads to a significant increase in the exponential terms in the solution, which 
actually makes it impossible to use the iterative procedure. 

Therefore, it is worth now to apply the simplification algorithm and obtain 
the following solution of the equation (12): 
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Now further iterations to determine the expression for the polymerization 
coefficient can be implemented according to the standard algorithmic 
procedure [16]. 

Let’s go back to the expression (12). It contains an expression for the 
melting temperature of the polymer: 
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This expression is obtained in [17]. Application of integral transformations 
by spatial variables gives: 
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Substituting the expression for the melt temperature in the image space by 
the spatial variables in gives: 
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Substituting (13) and (14) into this expression, performing the corresponding 
transformations gives 
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Taking into account (13) 
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In Fig. 1, 2 graphs of the distribution of the proportion of melt homogenization 
at fixed time values are given. It can be seen that the distribution of the 
homogenization (and crystallization) process is evened out due to the decrease in 
the temperature of the polymer melt. 

In the space of originals by spatial variables: 
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Taking (11) into account, the equation (4) for determining the degree of 
crystallization takes the form 

 
dt

td
TcTcTcTcc

)(
)( 4

4
3

3
2

210


 = 

 ;])()())[)((= 44
10

4
4

3
3

2
210  TTEtETdTdTdTdd p   

  .0,26/= 2
1 pTE  

 );,())((=
)( 2

21000 


 TNeeed
dt

td
c  (16) 

  ))((=),( 2
210

3
4

2
321  eeeTdTdTddTTN . 

 .
)(

)( 3
4

2
321 dt

td
TcTcTccT


  (17) 

By analogy with (13) we obtain the solution of the equation (16) 
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In the next step, we will add to the obtained solution the dependence on the 
temperature of the melt ),( txT , perform the transformation for ),( tTN  
according to (17). Due to the algorithms of equivalent simplification, the solution 
of the equation (16) can be written in the form 

Fig. 1. Graph of distribution of polymer melt homogenization at the 1st iteration 
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Fig. 2. Distribution graph of polymer melt homogenization at the 3rd iteration 



K. Zelensky 

ISSN 1681–6048 System Research & Information Technologies, 2023, № 1 148

 )()(=),,(
,

zZrRtzr kknn
kn

  × 

 .)))(())(((
)

,2
2
,,1

1
,

,(0
, 



  


tfBtfB

t
eB knknknkn

kn
kn  

Now we need to define an expression for 
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Taking into account the obtained solutions regarding the degree of polymerization 
and crystallization and the calculation of the time-dependent ones, we have: 
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Therefore, the temperature field of the polymer in the cooling zone is 
determined by the expression: 
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The coefficients in these expressions are calculated using the appropriate C 
program. 

Calculations were performed for the following values of the problem 
parameters: 

 ;)CckJ/(m102,14848=;kg/m101,1=;)CJ/(kg57,3= 2
0

33  kc  
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 kgkJERAkgkJU /0,034=;C45=8,314;=;10=;/0,0443= 2  . 

In fig. 3 shows the graph of the distribution of the fraction of crystallization 
for a fixed value of time. 
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Fig. 3. Distribution graph of polymer melt crystallization on the 3rd iteration 
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CONCLUSIONS 

1. The purpose of mathematical modeling of polymerization and 
crystallization processes was to determine the equilibrium state of these processes 
and to determine the length of the dosing zone. 

2. The problem of determining the degree of polymerization and 
crystallization of the polymer melt in the dosing zone of the extruder is 
formulated in the form of a system of nonlinear differential equations with respect 
to the temperature of the melt (mass and heat transfer equations), taking into 
account the cooling boundary conditions and nonlinear kinetic equations of the 
degree of polymerization and crystallization of the polymer melt. 

3. The solution of the system of equations of motion of the polymer melt 
(thermal conductivity) and kinetic equations of the degree of polymerization and 
crystallization is carried out by a numerical-analytical iterative method, which 
made it possible to obtain a solution in quadrature. 

4. The distribution of the temperature of the melt crystallizing in the dosing 
zone, the degree of polymerization and crystallization of the polymer are 
obtained. 

5. The proposed numerical analytical method for solving nonlinear differen-
tial equations made it possible to automate the software implementation of the 
iterative procedure and obtain an approximate solution for the distribution of the 
crystallization field of polymer solutions. Four iterations were performed to 
achieve a relative solution error of 5%. 

6. The proposed iterative numerical analytical method proved the effective-
ness of its application to a wide range of problems described by systems of non-
linear equations of the parabolic type. 
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МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ КРИСТАЛІЗАЦІЇ РОЗЧИНІВ ПОЛІМЕРІВ 
/ К.Х. Зеленський 

Анотація. Розглянуто процеси гомогенізації та кристалізації розчинів 
полімерів у циліндричних трубах, які описуються рівнянням конвективно-
дифузійної залежності від температури розчину та кінетичними рівняннями з 
гомогенізації та кристалізації полімера, відомими як термокінетична нелінійна 
крайова задача. Запропоновано числово-аналітичний ітераційний метод 
розв’язування цієї задачі, який полягає в поетапному отриманні розв’язків 
кінетичних рівнянь з гомогенізації та кристалізації розчинів полімерів залежно 
від температури розчину та отримання розв’язку конвективно-дифузійної 
задачі щодо температури розплаву. Точність отриманого розв’язку 
визначається нормою різниці двох сусідніх ітерацій. Значення коефіцієнта 
кристалізації, близьке до одиниці, визначає довжину зони дозування і перехід 
до наступної зони – потоку гомогенізованого полімера в розподільну головку 
екструдера. Наведено результати математичного моделювання. 

Ключові слова: усереднення, інтегральні перетворення, ітераційний метод, 
кристалізація, математична модель, нелінійна крайова задача. 
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