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AUTOMATED CONTROL OF DYNAMIC SYSTEMS
FOR ENSURING UKRAINE’S SECURITY USING COGNITIVE
MAP IMPULSE PROCESS MODELS.

PART 1. DEMOGRAPHIC SECURITY

V. ROMANENKO, Y. MILTIAVSKYI

Abstract. The paper provides a cognitive map (CM) of demographic security and a
dynamic model of CM impulse processes described as a difference equations system
(Robert’s equations). The external control vector for the CM impulse process is im-
plemented by means of varying the CM nodes’ coordinates. A closed-loop control
system for the CM impulse process is proposed. It includes a multivariate discrete
controller designed based on an automated control theory method, which generates
the chosen control actions. We solve a discrete controller design problem for auto-
mated control of dynamic processes to ensure demographic security. The controller
suppresses external and internal disturbances during CM impulse processes control
based on the invariant ellipsoids method. The paper presents an algorithm for CM
weights identification based on the recurrent least squares method. We present the
results of a qualitative research study on dynamic processes related to demographic
security in Ukraine under various disturbances during martial law.

Keywords: cognitive map, demographic security, invariant ellipsoid, linear matrix
inequalities, impulse process.

INTRODUCTION

To study the dynamic processes for system ensuring of Ukraine’s demographic
security we use cognitive modelling, which is one of the most relevant areas of
scientific and practical research of complex systems of different nature now.
Cognitive modeling is based on the notion of a cognitive map (CM), which is a
weighted directed graph, its nodes reflect coordinates (factors, concepts) of the
complex system and weighted edges (arcs) of the graph describe interrelations
between CM nodes. When disturbances affect CM nodes, we can observe impulse
transitional process, its dynamics is described by the difference equation [1]:

Ay;(k+1)= zaszyj(k)’ ()

J=1
where Ay; (k) =y;(k)-y;(k-1),i=12,..n, a; — weight of an edge connecting
the j-th node and the i -th one. Equation (1) describes the free motion of the i -th
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node of CM without external control impact. We can write this equation in vec-
tor-matrix form:

AY (k +1) = AAY (k), )

where AY (k)=Y (k)-Y (k—-1), Ais a weighted adjacency matrix of the CM of
size nxn.

In order to implement control of the CM impulse process (2) based on mod-
ern control theory it is necessary to be able to physically change some coordinates
of CM nodes as control actions. Then we can describe the forced motion of the
CM impulse process under external control as the difference equation:

AY (k +1)= AAY (k) + BAU (k), 3)

where AU(k) = U(k) - U(k —1) — vector of controls increments with size m<n.
The operator fills the control matrix B(nxm) and in its simplest form uses ones
and zeros.

If the CM has unmeasurable coordinates, they can be included into equation
(3) as disturbances. In such a case the impulse process (3) will be written as

AY (k +1) = AAY (k) + BAU (k) + WAE(k), 4)

where AE(k)=E(k)—E(k—1) — vector of unmeasurable coordinates (disturbances).

PROBLEM STATEMENT

The first problem is to create a controlled dynamic model of CM impulse process
describing multivariate demographic process in Ukraine. The second problem is
to research and develop the system for suppressing constrained internal and exter-
nal disturbances by means of control of the demographic security CM impulse
process during martial law. The third problem is to implement an adaptive CM
impulse process control under unknown or unmeasurable coefficients of the adja-
cency matrix 4; this control should combine procedures of the matrix 4 elements’
estimation during the transient process and usage of these estimates of the matrix
A for a control vector design. The forth problem is to perform a simulation of the
designed closed-loop control system and to research dynamic processes’ quality
with respect to ensuring demographic security of Ukraine under different distur-
bances during martial law.

CREATION OF A DEMOGRAPHIC SECURITY COGNITIVE MAP

Fig. 1 represents the schema of the CM of demographic security of Ukraine, de-
veloped based on cause and effect relations during martial law. The CM nodes
have the following meaning:

0 — state support of families with children; 1 — average salary of a worker;
2 — consumer price index; 3 — export volume; 4 — import volume; 5 — popula-
tion in Ukraine; 6 — real GDP of Ukraine; 7 — inflation rate; 8 — migration out
of Ukraine; 9 — birth rate; 10 — unemployment rate; 11 — death rate; 12 — mil-
itary events, spends on the war.

The following CM nodes coordinates can be varied as control actions:

e state support of families with children (Au, (k) );
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e average salary of a worker (Au, (k) );
e export volume (Aus(k));
e import volume (Au,(k)).
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Fig. 1. Demographic security CM

Adjacency matrix 4 of the CM impulse process has the following form:

0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0.4 03 -03 0 0.6 0.65 0 0 -07 O 0
0 0 0 0 06 O 0 0.8 0.3 0 -03 O 0
0 0 0 0 -02 0 0.4 0 -02 0 0 0 0
0 0 0 0 0 0 -01 -07 02 0 0 0 0
0 005 0 0 0 0.1 0 0 -07 08 -01 -08 0
A= 0 0.7 0 05 -04 0 0.1 0 0 04 -04 -04 -03
0 03 04 -035 035 0 -0.05 0 0 0 0 0 0.2
-03 0 03 -01 015 0.1 -03 0.2 0 0 0 0 0.5
07 015 -02 0 0 0 02 -015 -035 0 -02 0 -05
0 0 0 0 01 -045 05 -015 O 0 0 0
0 -01 0 0 0 0 -02 0 0 0 03 0 0.5
0 0 0 0 0 0 0 0 0 0 0 0 0

Consider main disturbances affecting the demography, to implement control
of the demographic security under martial law:

1. Mass migration of population out of Ukraine because of the threat to life
under missile attacks on civilian targets in all regions and because of occupation
of the territories.
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2. High death rate because of military actions at the front and because of
missile attacks over all territory of Ukraine.

3. Low birth rate because of young men population in the army, migration,
unemployment rate increase and general uncertainty about the future affecting
willingness of people to have children.

All these disturbances are practically impossible to describe mathematically
using probabilistic indicators, specifically, to find their distributions, research
their stationarity, analyse their fluctuations calculating their variance, find correla-
tions etc. We can only set up limitations on their amplitude when describing the
disturbances.

PROBLEM OF SUPPRESSING CONSTRAINED INTERNAL AND EXTERNAL
DISTURBANCES DURING CONTROL OF DEMOGRAPHIC SECURITY
COGNITIVE MAP IMPULSE PROCESS

Studies [3—5] present the theoretical foundations on the suppression of arbitrary
constrained external disturbances in terms of invariant ellipsoids based on the de-
sign of a static state feedback, which minimizes the size of the invariant ellipsoid
of the dynamical system. In this case, we implemented a robust control, where the
analysis and synthesis problems are reduced to equivalent conditions in the form
of linear matrix inequalities (LMI), solved numerically on the basis of semi-
definite programming. In [5] we solve the problem of suppression of constrained
external disturbances based on the invariant ellipsoids approach in the implemen-
tation of a closed-loop control system of impulse processes in CM of cryptocur-
rency on financial markets.

The general model of the dynamics of impulse processes (2) is decomposed
into two interrelated systems of difference equations:

AX (k+1)= AAX (k) + DAZ(k); (5)

AZ(k+1) = A, AZ (k) +YAX (k). (6)

Here X is the vector of measurable coordinates of CM nodes which are to
be stabilized later; 7 is the vector of CM coordinates considered as disturbances.
The matrices 4;, D, A,, ¥ are parts of the adjacency matrix of the initial model
(2). The matrices D, ¥ show the relationships between the first (5) and the sec-
ond (6) parts of the initial CM (2). The increments of coordinates Az(k) are tak-

en into account as external constrained disturbances with unknown probabilistic
characteristics in the first system of equations (5) of the CM model.

We designed a control vector to suppress constrained perturbations Af(k)
by implementing static state controller in the feedback loop

AU(k)=-K ,AX (k), (7)

which acts directly on the measured nodes coordinates X of the first impulse
process equations system (5) according to the controlled model:

AX (k+1)= A AX (k) + BAU (k) + DAZ (k) (8)
The control is performed by changing the resources of the CM nodes, which
are affected by the vector AU (k).
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In this paper, the change in the weight coefficients A4, (k) with respect to

the known estimated values of the matrix 1211 is proposed to be considered as the

internal perturbations in the CM impulse process model (5) of the demographic
situation. For this purpose, in [4, 5] we modify the model (5) as follows:

AX (k+1)= AAX (k) + A4AX (k) + DAZ(k), ©9)
where A4, =4, -4, (k) is the change in the adjacency matrix of CM (5) during
the sampling period, 4, (k) is the real unknown value of the matrix 4;, which
changes as the demographic system evolves.

Let us denote the increment of internal perturbations in (9) as A4, (k)A;(k) =

=Av_v(k). Then the equation of the uncontrolled impulse process (9) will be
written as:

AX (k+1)= AAX (k) + (1, D){A”_”(k)} (10)
AZ(k)
where the vectors and matrices have the following dimensions: dimAfzn;
dimAE:p ;dimAv_v:n;Al (nxn); D(nxp), I is a unit matrix of dimension
nxn. We assume that the internal and external perturbations are jointly con-
strained by the norm /, , so that:

. — 1/2
awi| o o LAWK
{AE(!{)} ) =sup {[Aw (k) AZ (k)]{ — }} <I. (11)

AZ(k)
In [3] invariant ellipsoids on state variables are proposed to describe the
characteristic of the effect of disturbances of the type (11) on the trajectory of a
dynamic discrete system (10). For the CM they take the form:

e,y = {AX (k) e R":AXTPTAX <1}, P>0, (12)

if from A}(O) €g,y the condition A}(k) €g, follows for all discrete moments
oftime £ =1, 2, 3,.... Then the matrix P is called the matrix of the ellipsoid ¢ AT

In [4; 5] the condition of invariance of the ellipsoid (12) under disturbances (11)
is proven. According to it, invariance is guaranteed when the following LMI is met:

T
Lpal —pe PP

o (1-a) (13)

ALGORITHM FOR A STATE CONTROLLER DESIGN FOR THE COGNITIVE
MAP IMPULSE PROCESS

The state equation of the controlled CM impulse process (10) under additional
internal disturbances Aw(k) takes the form:
— — — Aw(k)
AX(k+1)=A4AX(k)+BAU(k)+(I;, D) — . (14)
1 ( 1 AZ(k)

When the state controller (7) is applied, the equation of the closed-loop CM
impulse process control system is written as follows:
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(15)

AX(k+1)= (4 — BK ,)AX (k) +(I, D) {AW("" )} .

AZ (k)
It is assumed that the pair (4, B) in the model (14) is controllable. Then
the LMI (13) for the closed-loop system looks like:
T
L +DD” < (16)
(1-a)

We consider the minimization of the trace of the ellipsoid matrix (12) as the
optimality criterion for the design of the controller (7):

é(Al—BKp)P(AI—BKP)T—P+

trP(0) = min, o <a<l, 17)

This ensures minimization of the size of the invariant ellipsoid (12) with the

largest suppression of disturbances {igig} , which are constrained only by the
maximum range (11). After multiplying the factors in the inequality (16), we obtain:

I,+DD"
(1-a)

Inequality (18) is nonlinear with respect to P and K, , which need to be op-

l(AIPAIT —BK ,PA4," - APK,"B" +BK ,PK,"B")~ P+ <0. (18)
a

timized. In [3] a replacement L =K ,P and introduction of an additional con-

RL>0 19
r pl (19)

where R=R" . This inequality is equivalent to R > LP'IT =K »PK pT according

straint is done:

to the Schur’s formula at P > 0. Then to meet inequality (18) it is sufficient that:
T
L 4T —BLAT - 417 BT +BRBT) - P+ LD <o (20
o (I-a)
Minimization of criterion (17) under constraints (19), (20) is performed with
respect to variables P, L, R using semi-definite programming method by using

Matlab-based SeDuMi Toolbox. Then the matrix K ,» of the optimal state control-
ler (7) is defined as:

K,=LP" Q1)
with the estimated values of &, P,L,R , providing minimization of criterion (17)
under constraints (19), (20).

PROBLEM OF THE COGNITIVE MAP WEIGHTS IDENTIFICATION BASED
ON THE RECURRENT LEAST SQUARES METHOD

The model of the controlled CM impulse process (3) of the “input-output” type
can be represented as:

(I - Ag " HAY (k)= Bg"'AU (k) . (22)
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Weighting coefficients of the adjacency matrix 4 are usually determined by
applying expert estimates based on cause-and-effect relations. In the process of
evolving of the demographic situation, these coefficients in the model (22) will
change over time, depending on changes in the influence of the CM nodes on
each other. So the problem of adaptive control of the CM implulse process ap-
pears, when both estimation of the parameters (coefficients) of the adjacency ma-

trix 4, and design of the control vector U (k) must be performed simultaneously.
Let us describe the equation (22) coordinate-wise (for each CM node):

n
Ay (k)= 3 agAy (k= 1)+ bduy (k 1)+ &; (k). (23)

j=1
It is assumed that the disturbances &;(k), caused by inaccurate measuring of
the CM nodes coordinates and inaccurate knowledge of the model coefficients,
are white noise. This assumption is plausible because y;(k),u;(k) in model (23)
are presented in the form of the first differences, i.e. increments. It should also be
taken into account that the structure of the matrix 4; is known and some of the

coefficients a; are obviously equal to zero (in those cases when there are no con-

nections between the corresponding CM nodes).
Let us write model (23) as follows:

Ay, (k) = bAu; (k —1) = X[ (k)©;: + &, (k), (24)
where ©; =[ay, ...a;p ]T consists of the non-zero coefficients in the i-th row of
matrix A4, )?f(k)z[Ale(k—l),...,AYjB (k—1)] is a vector of measured CM
nodes coordinates.

The current estimate of the vector ®; is denoted by ©,(k). To estimate the
weight coefficients of the matrix 4; we apply the recurrent least squares method [6-9]:

©,(k) =0, (k — 1) + K, (k)(Av; (k) - bAu, (k — 1) - X7 (K)©, (k — 1))
1

1+ X7 (k)P.(k =1)X i (k)
1

1+ X7 (k)P.(k=1)X (k)

The recurrent procedure (25) should be performed for each CM node
Ay;(k), i=12,..,n at each sampling period. We use the obtained estimates

K;(k)= P(k=DX:()X] (B (k=1);  (25)

R(k)=P(k=1)- P(k=1)X (k) X] (k)P (k~1).

O, (k) as the coefficients values of the adjacency matrix 4, at the current sam-
pling period in the control algorithm (7), (20), (21). For parametric identification
of the adjacency matrix 4;, we can also apply non-recurrent identification meth-
ods outlined in [10].

EXPERIMENTAL RESEARCH OF THE SYSTEM SUPPRESSING CONSTRAINED
INTERNAL AND EXTERNAL DISTURBANCES DURING CONTROL OF THE
DEMOGRAPHIC SECURITY COGNITIVE MAP IMPULSE PROCESS

To ensure demographic security in Ukraine it is reasonable to stabilize the follow-
ing coordinates X of the CM on Fig. 1: 0, 1, 2, 3, 4, 5, 6, 9. The following coor-
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dinates Z are considered as disturbances affecting the demographic security: 7, 8,
10, 11, 12. After decomposition of the model (2) into models (5) and (6) we con-
clude that although model (2) is unstable, state equations (5) and (6) are stable.
Control actions Au(k), Au,(k), Auz(k),Au,(k) are fed to the nodes 0, 1, 3, 4

respectively. So matrix B in the controlled impulse process equation (8) is the

following:
T

[ R

0
1
0

(= e N -

0
0
1

S O O
S O O

0
0
0

S O O

000O01O0O0

During simulation of closed-loop control system dynamics of the CM im-
pulse process based on the proposed method, we applied step impulse with unit
amplitude as an external disturbance at the initial time moment fed to the node
(12) — military events, spends on the war. Internal disturbances are generated as
following: at each sampling period non-zero coefficients of the matrix 4, are var-

o

ied under the formula 4, (k)= 4,(k), where (k) is a normal random variable
(Gaussian white noise) for the control only values of 4, are used while 4,,,, are
applied as unknown internal disturbance. Initial levels of all the CM nodes coor-
dinates are taken equal to zero for simplicity.

Fig. 2 shows the transient processes of the CM nodes coordinates, Fig. 3 —
their increments. Here solid lines denote transient process under control, dashed
lines — without control. Fig. 4 shows control actions changes.
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Fig. 2. CM nodes coordinates
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Fig. 3. CM nodes coordinates increments
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Fig. 4. Control actions

CONCLUSIONS

The paper considers important problem of demographic security under martial
law in Ukraine. Possible approach to solve this problem was suggested based on
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the CM impulse processes modelling and control. Specifically, the CM of demo-
graphic security was created and the control method for suppressing disturbances
based on invariant ellipsoids was applied. As a result, the control system was de-
signed and the simulation was performed.

Based on the simulation results, we can conclude that the suggested ap-
proach will help to stabilize very dangerous and unstable demographic process
initiated by increase of the military spends and the military events intensity.
Without control this process leads to the catastrophic depopulation of Ukraine.
Under the suggested control, the simulation demonstrates that despite significant
decrease of the population at the beginning, we are able to stabilize it at some
level and stop this process. Main control actions the government should apply are:
export increase and import decrease, average salary increase and support of the
families with children. The latter two of them are necessary to increase birth rate
and decrease migration, while the former two actions are necessary to prevent
inflation and stabilize economy.
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3AJAUI ABTOMATHU30BAHOI'O KEPYBAHHSA JUHAMIYHUMHA
MPOIIECAMU CHUCTEMHOI'O 3ABE3IIEYEHHS BE3INEKH YKPATHU HA
OCHOBI MOJIEJIEM IMOYJbCHHUX MPOILECIB Y KOI'HITUBHUX
KAPTAX. YACTHHA 1. 3ABE3IIEYEHHSI JEMOI'PA®IYHOI BE3IEKH /
B.J1. Pomanenko, FO.JI. MinsBcbkuit

Amnorauisi. HaBeneno koruitueny kapty (KK) memorpadivunoi 6e3nexu, Ha OCHOBI
SIKOT OIMMCaHO MUHAMIYHY Mojens iMmynbcHuX mpoueciB KK y Burmsni cucremu pis-
HULIEBHUX PiBHSHD (piBHSAHBb PobOeprca). Bukonano BuOip 30BHIIIHBOTO BEKTOpa Ke-
pyBasbHHX fiif iMmynscHEM nporiecoM KK, sikmii pearmizyeTbCsl NUIIXOM BapifoBaHHS
koopaunat BepmuH KK. PeanizoBaHo 3aMKHEHy CHCTeMy KepyBaHHS IMITyJIbCHHM
nporecoM KK, 1o ckimamy skoi BXOAWTh CHHTE30BaHHA Ha OCHOBI METOJIB Teopil
AQBTOMaTHYHOTO KepyBaHHs 0araTOBUMIpHHI IUCKPETHHI PeryisTop, kUi Gopmye
BUOpaHi KepyBaibHi 1ii. Po3B’s13aHO 3aJa4y MPOEKTYBAaHHS JHUCKPETHOTO PEryJsITO-
pa [UIs aBTOMaTH30BaHOIO KEPYBAHHS AWHAMIYHUMM IIPOLIECAMH IS 3a0€3IeUeHHS
nemorpadiunoi 6e3nexkn. DyHKIISA peryasTopa MOsrae y MpUriynIeHH] 30BHIIIHIX
Ta BHYTPIIIHIX 30ypeHb NPpH KepyBaHHI iMITynbcHIMH niporiecamMu KK Ha ocHOBI Me-
Toy iHBapiaHTHUX enincoiniB. HaBeneno anroputm inenrtudikarmii BaroBux koegi-
nienTiB KK Ha OCHOBI pekypeHTHOrO MeToxy HaiiMeHmmx kBaapatiB. Ilomamo pe-
3yJNBTaTH JOCHI/UKEHHS SKOCTI IUHAMIYHUX HPOIECIB CTOCOBHO 3a0e3NeyYeHHS
neMorpadiqnoi Oe3nexu B YKpaiHi B pasi Aii pi3sHOMaHITHUX 30ypeHb B YMOBAax BO-
€HHOTO CTaHy.

KunrodoBi ciioBa: xorHiTHBHA KapTa, qeMorpadivHa Ges3reka, iHBapiaHTHUH einco-
in, MiHIMHI MaTPUYHI HEPIBHOCTI, IMITYJIbCHHUI IpoLIEC.
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