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MATRIX-GRAPHIC SIMULATION OF SOCIAL NETWORK:
ERGODIC PROPERTIES

I.Ya. SPECTORSKY, V.M. STATKEVYCH, O.V. STUS

Abstract. We propose mathematical tools for a social network simulation in order to
obtain some sufficient conditions of the network’s ergodicity, that is, the existence
of a steady state as ¢ — +oo . The proposed model is linear; the elements of the net-
work form a two-dimensional array (i.e., a matrix) Q={1,2,...,n} x{1,2,...,m},
where Ai,j(t) €[0,1] is the state of the element (i, j))e Q, >0 is time. An impact

operator 7 is a four-dimensional array; the element T k120 denotes the impact

n m
of the element (j, ) on the element (k,/): (TA)Z.’J. = zznj,k,lAk,l . The impact
k=11=1
operator T is also presented as a directed graph G, whose vertices correspond to
elements (i, j) ) : a directed edge (an arc) leads from the vertex (k,/)eQ to the
vertex (i, j)e Q) if and only if 7; ik >0 and this edge is labelled by the number

A bound B < Q is introduced in such a way that T, ik =0 for

T jt
(k,1)eQ, (i, /)€ B . The state A(¢t+1) attime ¢+1 is defined by the state A(¢)
at the current time ¢ >0 via equation A(f +1) =TA(¢)+ A, where matrix A of di-

mension nxm defines the states of bound elements (i, j)e B ; A, ;=0 for inter-
nal elements (7, j) € Q\ B. Some sufficient conditions for the network’s ergodicity

are given in the form of connectivity properties of the impact graph G . This graph

must contain paths between all pairs of vertices and loops for all vertices. Suggested
conditions provide the spectrum of 7' (with the possible exception of A =1) to be
located inside the open unit disk; we prove that A =1 is an eigenvalue of 7" if and
only if the bound B < Q is isolated (no bound element impacts any internal one).
These spectral properties of T provide that the steady state exists and can be found
by the iterative procedure A(t +1) =TA(¢t)+ A with the given A(0); the iterative

process converges linearly (geometrically).

Keywords: social system, simulation, ergodicity, eigenvalue, Jordan normal form.

INTRODUCTION

Social network analysis is currently one of the most important methods for scien-
tific investigation in sociology, social psychology and other areas (see, e. g., [1; 2]).
A social network is defined by the interaction of network elements, or, in other
words, by impact of network elements on other ones.

Various toolkits can be used to simulate a social network. For example, in
[3; 4] graph theory methods are used to visualize network elements interaction, in
[1] matrix analysis gives a more convenient way to analyze network elements in-
teraction.
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Usually, a social network is not a static structure, i.e. the state of network el-
ements changes over time. The social network’ behaviour is currently being in-
tensively investigated (see, e.g., [3; 5; 6]), and steady states are of a special
interest (see, e.g., [3]).

The purpose of this work is to obtain some sufficient conditions for social
network ergodicity (independence of a network’s behaviour from initial condi-
tions in extremely distant time), using matrix and graph methods of social net-
work representation.

REPRESENTATION OF A SOCIAL NETWORK AND ITS DYNAMICS

Suppose that the social network (hereinafter referred to as the network) contains
nm elements, arranged in n rows and m columns (n, m € N), i.e. position of

each element is defined by a pair (7, j) € Q, where Q={L2,...,n}x{1,2,...,m} =
={(i,j):1<i<n, 1< j<m} is the set (area) of coordinates of network elements.

The current state of the element (i, ;) is defined by a number 4; ;(¢) €[0,1],
which can be particularly treated as an attitude of the element (i, j) towards
some problem arisen in the network (0 means completely negative attitude, 1
means completely positive one); hereinafter 7N, denotes discrete time
(Ng =NU{0}). Therefore, the current state of the network can be represented as
a matrix A(t)eM,,,,[0,l] of dimension nxm with elements 4; ;(¢)<€[0,1]
(G,))eQ).

Let B < Q) be the bound of the coordinate area ). The states of boundary

elements are described by the boundary condition matrix A of dimension n x m ,
assuming A; ;=0 forall (i, /) € Q\B. Elements (i, /) €Q\B that do not belong
to B are called internal. Hereinafter, assume that B # Q (excluding a trivial case
B=Q).

In order to simulate network dynamics, introduce a linear impact operator
TM,,[Rl>M,,,[R], where M, [R] denotes a linear space of nxm
matrices with elements from R . The operator 7 is considered as 4-dimensional
nxmxnxm array with elements from R, its action on a matrix X e M, [R] is
defined point-wise:

nxm

n m
(TX)i ;=2 2T jwaXna » (1)

k=1 I=1
the element T, ;,, ((,/.k0)e{l,2,....n}x{L2,....m}x{12,....n} x{L,2,...,m})
defines impact of the state of the network element (k,/) on the state of the network

element (7, j) . The following conditions are assumed for normalization reasons:
V(@ j kD) e{l2, . onpx {12, ompx {12, on}x{L2,....m} T, 4, 205 (2)

n m

VG, ) eQ\B: YT =1, 3)

k=1i=1
Since the states of elements on the bound B are defined by matrix A, as-
sume that
V(i,))e BY(k,[)eQ: T, ; ,,=0. (4)
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Given relation (1), this means that (7X), ; =0 forall (i, /)€ B .
Assume that the network state A(¢+1) attime ¢+1 (#>0) is defined by the
network state A(¢) at time ¢ >0 according to the equation
A(t+1)=TA@)+ A, 5)
the network state A4(0) at the initial time ¢ =0 is assumed to be defined by the
initial condition matrix A(0) of dimension nxm with elements (4(0)), ; =
=4; ;(0)€[0.,1] ((7,/) €Q). Note that the summand 74(¢) in relation (5) defines
the states of internal elements (i, j) € 2\ B, the summand A defines the states of
elements (i, j) € B on the bound B.
The correspondence of the initial condition A(0) with the boundary condi-
tion A (on the bound B) requires assumption
(A40)); ; =4, ; forall (i,j)eB. (6)
Lemma 1. Let X be an arbitrary nxm matrix with elements from [0,1]
(XeM 0,1]). Then TX e M 0,1], i.e. the matrix set M 0,1] is closed
with respect to the operator T .

Proof. Equation (1) immediately implies nonnegativity of elements
(TX),; ; €R ((i,/) € Q). For upper bounding (7X); ; € R apply relation (1) giv-

ﬂXm[ n)(m[ nxm[

en condition (3):

n m

n m
(TX); ;=22 T jhaXiy <20 T jwg =1

k=1/=1 k=1/=1
which proves the statement of the lemma. o
The operator 7 can be visualized as a labelled directed impact
graph Gy with vertices corresponding to elements (i,j)€Q: a directed edge

leads from the vertex (k,/) € Q to the vertex (i,/)€Q ifand only if 7; ;,, >0,
this edge is labelled by the number T; ; ;. Note that the operator 7' in fact

defines adjacency matrix Gy, deployed in 4-dimensional array for convenience.

Example 1. Consider the network on the coordinate area Q={1,2,...,n}x
x{1,2,...,m} with the bound B={(1,)),(n,)),(i1),(E,m):1<i<n, 1< j<m}, the
impact operator 7 simulates equal impact on each internal element by its 4
neighbours:

T ;=0 for2<i<n-land 2<j<m-1;
Ti,j,i—l,j = Ti,j,H—l,j = Ti,j,i,j—l = Ti,j,i,j+1 =0.251-a)

for 2<i<mn-land 2<j<m—-1;
T jxs =0 for |i—k|+|j—l|22; T, jjy =0 for ie{l,n} or je{l,m}.

Here a constant o € (0,1) defines the impact value on the element by its 4 neigh-
bours and by itself. The corresponding impact graph G, for a case of n=>5,

m=6, a=0.6 is depicted in Fig. 1, vertices of boundary elements are denoted
by (°).
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Fig. 1

Remark 1. Relations (2) and (3) in the case of B=¢J define linear opera-
tors with stochastic (Markov) matrices (see, e.g., [7; 8]), and some its properties
can be extended on a more general matrix types (see, e.g., [9]).

SPECTRUM OF THE OPERATOR T

It is well known that, although 7: M, [R]— M
the linear space M, [R] (i.e. on the field of real numbers), eigenvalues and ei-

genvectors of the operator 7 in a general case are complex. Hereinafter, in the
context of the operator T , usual notion ‘eigenvector’ is used (despite that the ar-
gument of the operator T is matrix X e M, [R]).

[R] is the linear operator on

nxm nxm

Lemma 2. Let A € C be an eigenvalue of the operator T, i.e. TE =AE for
some nonzero Ee M, [C]. Then |L|<1.

Proof. Let ‘E E |, ie. ‘E

= max |E; ; ; j‘ reaches its maximal value on

ol (i./)=02

(iy, jo) € €2 (obviously, this maximum can be reached at several points). Then, simi-
larly to the proof of Lemma 1, one can obtain:

n m n m n m
‘(TE)i(),jo‘: ZzTio,jo,k,lEkJ < Zzzo,jo,k,1|EkJ| S‘Eio,j() Z Tio,jo,k,l :‘E[(]aj()‘.
k=11=1 k=11=1 k=11=1
o =)\E. . AE. . |<I|E. .
However, on the other hand, (TE), ; =MAE; ; . thus |7»| ‘Elo,m‘— Elodo"

ol (i)

Therefore, since ‘E E; j‘ # 0, it yields the desired estimate |k| <l.o

Theorem 1. Let A € C be an eigenvalue of the operator 7 that belongs to the
unit circle (| A |=1), and let the impact graph G satisfy the following conditions:

e for any internal elements (i, j;),(i,,/,)€Q\B there exists a directed
path from the vertex (i, j;) to (i5,j,);

o for any internal element (i, j) € Q\ B there exists a ‘loop’ (an edge lead-
ing from the vertex (i, j) to the same vertex (i, j)).
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Then A =1, and the corresponding eigenspace is generated by the eigenvec-

tor 1'% e M [C] such that
(IQ\B)U :{1,(l'?j.)EQ\B,
0,(i,j)eB.

Proof. Let Ec€M,,,,[C] be some eigenvector that corresponds to the eigen-
value A € C on the unit circle (|X| =1). Note that E; ; =0 for all (, /)€ B due to
relation TE =AE .

Firstly prove that ‘Ei’ j‘ is a constant that does not depend on (i, j) e Q\ B.

nxm

Let c=‘El-O ; ‘z max |E; |, 1.e. ‘El- j‘ reaches its maximal value on (i, j,) € Q2.
P jeal ™ )
Since any eigenvector is nonzero by definition, constant ¢ =‘Ei0’jo‘= ({1}?;(9 E; j‘
is positive, thus (i, j) € Q\ B . Using relation (1), one can obtain:
ME; o =TE)i jo ZIZ;, Ty jokedEr - (7
Given normalizing conditions (2) and (3), equality (7) implies
|7”| ‘Elo Jo‘ ‘Eioajo‘ io, Jokl‘Ekl‘_‘ ) Jo‘zz ig,joskl ‘ io jo"
Therefore, the triangle 1nequa11ty
n -m n m . .
‘ io JO‘ ZZEO,_jo,k,lEk,l < ZZTio,jo,k,l‘Ek,l‘ turns into equality:
k=11=1 k=11=1
n m
iy, i0| = 22T o) = >3, (8)
k=1i=1 k=1/=1

io JO‘ for all (k,/)eQ\B such that

T jokd > 0. Further, recall that for nonzero zj,z;€C the equality

which is possible if and only if ‘Ekl‘ ‘E
|Zl + 22| = |zl| +|22| holds if and only if their arguments are equal: argz, =argz,.

So, relation (7) implies that £, ; = kE for all (k,0)e & (iy,jo) , where the set
&! @iy, jo) ={(k,]): T, 0. jookd > 0} contains all elements (k,/) e Q\ B that directly

impact the element (i, j,) (there exists an edge from (k,/) to (iy,j,))- There-

fore, since (iy, jj) € & (iy, jo) (by the theorem conditions, there is the loop for the

element (ip, jo) €Q\B), it is easy to see that A=1, and E;;, =E; ; for all

(k,])e El(io, Jo). Repeating these considerations for each (l; ,IN) € El(k,l) ,
(k,1)e E(iy, jo), one can obtain that (k,l)e &Gy, jo), where the set E(iy, jo)
contains all elements (k,/) e Q\ B that directly or indirectly impact the element
(iy,jo) (there exists a path from (k,/) to (iy,jy)). Finally, the theorem condi-
tions provide that for any (i}, j;),(i,, j,) € Q\ B there exists a directed path from
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(i) 10 (iy,/5), thus €3y, jo)=Q\B, E=E, , -1%8

0sJ0 , which completes the

proof of the theorem.o

Corollary. Under the conditions of Theorem 1, the eigenvalue A =1 of the
operator T is a simple one (a single root of its characteristic polynomial).

Proof. Assume that the eigenvalue A =1 is not simple, i.e. it is a root of the
characteristic polynomial of multiplicity 2 or more. Then, by Theorem 1, the
eigenvalue A =1 corresponds to a one-dimensional eigenspace, and for A =1

[C]:

there exists (see, e.g., [10, 11]) a generalized eigenvector 198 e xm

7 198 =) 9B L[N =[98 L ]98 So, for an arbitrary €N one can

obtain: 77 - 1'% = 198 4 4.1 which contradicts to Lemma 1 for sufficiently
large ¢ € N . This contradiction proves that the eigenvalue A =1 is indeed simple. O

Theorem 1 proves that, under the given conditions, the unit circle can con-
tain at most one eigenvalue of the operator 7, namely A =1. However, the theo-
rem does not exclude the case when the unit circle does not contain any eigen-
value of the operator 7 (by Lemma 2, in this case all eigenvalues of T are
located inside the open unit disk). It is easy to derive from the proof of Theorem 1

that A =1 is an eigenvalue of the operator 7 if and only if ZZ,«/J@! =1 for all
(k.)eO\B
(i, j) e Q\ B, which, given conditions (2) and (3), is equivalent to the following
condition:
V(i,j))eQ\BV(k,[)eB:T, ;,,=0. )

Obviously, condition (9) means that the network bound is isolated from the
rest of the network: no element (k,/) € B can impact any element (i, j) e Q\ B. If
condition (9) does not hold, there is at least one element (k,/) € B that impacts
some element (i, j) € Q\ B.

To simplify further analysis, consider a block structure for matrices on Q with
respect to the partition 2= (Q\ B) U B. For an arbitrary matrix 4 M,,,,[R] con-

sider a block Aq z of elements from Q\ B . Although the rectangle structure for
area QQ\ B may be distorted (see, e.g., Fig. 3), one can treat M, 5[R] (as well as
M 3[C] if necessary) as a linear space of real (complex) ‘vectors’, whose en-
tries are numbered by coordinate pairs (i, j) € Q\ B. So, for the network in Fig. 3,
one can obtain the following block An\z € Mo z[R] (vertices of boundary
elements are denoted by «o »):

Ay Ay Ay A
Agp =4y ° o Ay
Ay Ay A3z Ay
Similarly, (provided B # ) consider the linear space M z[R] and the block
Ap € Mg[R].
Further, define Tg, 505 : M p[R] > Mg [R] as a linear operator on the
block space Mg z[R]:
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V(l,j) eQ\B \V/(k,l) ceQ\B: (TQ\B,Q\B )i,_j,k,l = T},j,k,l;

(Tasosdos)ij= 2 Topon)ir(4os)i-
(k)e\B
Similarly (provided B#(J) one can define a linear operator Tg\p p :
Mp[R]—> Mg p[R]:

Vi, ) e Q\BY(k,[)e B:(To\pp)i,j ki =Tij ks

(Toss48)i; = 2 Toss)ijxi(4p)is
(K.DeB

Note that one can in a similar way define linear operators Tg g :
M p[R]—> Mg[R] and Tgp:Mp[R]—> Mp[R]; however, according to

definition of the bound B (condition (4)), these linear operators are zero.
Now equation (5) can be rewritten as a system:

{AQ\B (t+D)=Topasdas()+Top pAs(1) + Aqp;
Ag(t+1)=Ap.
Note that, by definition of the network bound, A; ; =0 in equation (5) for
(i,7)eQ\B, thatis Ag 3 =0,s0 (for t>0)
{AQ\B (t+1D)=Tapopdas ) +Tap pAp(1);
Ag(t+1)=Ap.
Further, the second equation implies Az(f)=Ap forall =1, and for 1=0

the initial condition corresponds to the boundary one by relation (6), so the ob-
tained system can be written for any 7 >1 as

Aap(t+D)=Top 0405 (1) + Tas A gs

(10)

where A (0) is defined by the initial conditions.

Consider system (10) in two cases: when condition (9) holds (isolated
bound) and when it does not hold (non-isolated bound).

A. Suppose that condition (9) holds. Along with condition (4) it means that in
the impact graph Gy all boundary elements are isolated (see, e.g., Fig. 2 and 3),
vertices of boundary elements are denoted by «° ».
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In the case of isolated bound, the structure of the operator 7' is similar to a
block-diagonal matrix: T} ;,; =0 if either (i,j)eQ\B and (k,/)eB, or

(i,j)€B and (k,/)eQ\B. The operator T, p g is zero in the case of isolated
bound, thus system (10) for >0 takes a form
Ao\p(t +1) =Tgy g 03 A (1)
{AB(t+1) =Ajp.

Given normalizing conditions (2) and (3), the linear operator Tqy\g o\ can be

(11

treated as an operator with stochastic matrix, which has the eigenvalue A =1 with the
corresponding eigenvector IQ\B € Mq 3[C]: d ag )i, =1forall (,/))eQ\B.

B. Suppose that condition (9) does not hold. It means that in the impact
graph G at least one boundary element is not isolated (see Fig. 1 in Example 1).

According to condition (4), T; ; ;=0 for any (i,j)€ B and (k,[)eQ, so

for the operator 7' it is worth considering a block structure similar to one consid-
ered in case A; in the case of non-isolated bound this structure of course is not
block-diagonal.

In the case of non-isolated bound equation (5) can also be written in a general
form like system (10) (but not like system (11), since the operator T,z 5 is nonzero).

Remark 2. For irreducible matrix Perron—Frobenius theorem is well known
(see, e.g., [10; 12]). This theorem is similar to Theorem 1, but does not require
positivity for the diagonal elements (existence of loops on the corresponding im-
pact graph), which makes it possible for several eigenvalues to have the maximal
absolute value (in the context of Theorem 1 it means that the unit circle can con-
tain several eigenvalues of the operator 7). Perron—Frobenius theorem is also
applied for the Analytic Hierarchy Process, developed by T. Saaty, particularly in
practice problems of economic, industrial, administrative and psychological
kinds, in problems of conflict analysis and in other areas [12].

SUFFICIENT CONDITIONS FOR THE NETWORK ERGODICITY
Jordan normal form of matrix: existence of limit lim Q'
t—>+0

To analyze the network’s behaviour as ¢ — 400, it is essentially important to
know the spectral properties of the impact operator T , and these properties can
be effectively explored via Jordan normal form of the corresponding matrix (see,
e.g., [10; 11]). For referring convenience, consider some statements related to Jor-
dan normal form, which are known or can be easily proven.

It is known (see, e.g., [10; 11]) that for any matrix Q € M, y[C] there ex-

ists the nondegenerate transition matrix V € M, y[C] such that Q=VJ vy,
where J € My, [C] is the following block-diagonal matrix:

Ay, 1.0 - 0 O

J, 0 - 0 0 A, 1 -« 0 0
;|0 S 0 T R N PR
A I (T T W T NgxNg L™

0 0 - v, 0 0 0 Ay 1

0 0 0 0 - A
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A, eC,1<s<p.

Matrix J is called Jordan, each matrix J, (1<s<p) is called a Jordan
block of dimension N, corresponding to an eigenvalue A, € C; by this construc-
tion, N+ N, +---+N,=N. Note (see, e.g., [10; 11]) that the columns of the
transition matrix V' are eigenvectors and generalized eigenvectors of matrix Q,
and they form so called Jordan basis in C" .

To compute Jordan matrix, it is convenient to use the following well-known
formula:

Do 0 e R S
D) o 0 % ot 0
0 (J )l e O t s t"™s
J' = S RO R
o PR
t s s
0 0 - () A
t s
(1<s<p, t>1). (12)

(see, e.g., [10] for approaches to defining polynomial and even analytic functions
of a matrix).

Given the transition equation Q' =V.J 'y formula (12) provides conven-
ient tools to analyze Q" for different ¢ € N, particularly as ¢ — +oo .

Hereinafter in the space C" the norm ||v|| = max
® 1< j<N

vj‘ (veC") is used, in
the space M, x[C] the corresponding matrix norm is used:

N
= s ol = poy S

, (13)

the norm of a linear operator is assumed to be defined by the operator norm of the
corresponding matrix by formula (13).

The convergence lim R, =R of the matrix sequence R, € M, y[C]
t—+0

(teN) to matrix Re M, ,[C] with respect to norm (13) is equivalent to the
entrywise convergence: lim (R, )[.j =R;; forall I<i<M, 1<j<N; the con-
t—>+©

5

vergence of the sequence of the linear operators is treated as the convergence of
the sequence of corresponding matrices.
Lemma 3. Let J; be a Jordan block corresponding to an eigenvalue A, € C

such that |}\4S| <1. Then:

o th J,) :OquNy , where ONnyS is a zero matrix of dimension
" s XN, :

NyxNg;
e The convergence lim (J,) = 0 N xN, 1s linear, i.e. there exist constants

t—>+0©

C,>0, g, €[0,1) and a number ¢, € N such that
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1], <Cs-(g) forall >z, (14)
Proof. It is sufficient to prove that each entry of the matrix J; converges to
zero: 0<C} A ‘H < tl—:‘k S‘H — >0, which implies the required convergence

lim C;‘Xs‘t_i =0 for all 0<i<N, (assuming C, =0 for i>t). To prove esti-
t—>+wo

mate (14), one can choose sufficiently large ¢, so that for H(¢) =Cti ‘XS‘H the

following estimate holds: g, = H;t(st +)1) < (tst +1)NS -|X S| <l.o

Corollary. Let the matrix O have the simple eigenvalue A =1 with an ei-

genvector v, € CV, and let any other eigenvalue A, of Q belong to the open

unit disk ([Ay| <1 for s # s;). Then:
e There is the convergence lim Q' = QeM nxnv[C] with Qv=cv50 for
t—+0

any vector v e C", where the constant ¢ € C is defined by the vector v e cV;

e The convergence lim Q' =Q is linear, i.e. there exist constants C, >0,
t—>+o0

qo €[0,1) and a number 7, € N such that

Proof. The convergence lim O =QeM yxn[C] is implied by formula

t—>+0
(12) and Lemma 3; moreover, Lemma 3 and the condition of the corollary yield

equality Q —VJV~', where

Q’—Q‘L <C,-(go) forall t21,. (15)

0 - 0 o .- 0
. 10 1 oo e 0
J= .

0 v O e .- 0

(the only nonzero element of the matrix J corresponds to the block

Jg =4 ;0 =(1) forall £>1). So, rank J =1, whence, due to nondegeneracy of the

transition matrix V', ranszrankj =1. Therefore, the matrix Q defines the

linear mapping with one-dimensional image generated by the vector v, , so

equality Qv =cvy, holds for some constant ¢ € C . Finally,

jo' -2l === <.,

.-

= ||V|Lo -HV‘IH -max

© SES))

)

=, - maxcc, (g

S#So
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for all #>¢, =maxt,, that proves estimate (15) and thereby completes the proof
S#S()

of the corollary. o

Sufficient conditions for the network ergodicity: isolated bound
In the case of isolated bound, the network’s behaviour is completely described by
system (11).

Theorem 2. Let the impact graph G satisfy the following conditions:

e for any internal elements (i, j;),(i,,/,)€Q\B there exists a directed
path from the vertex (7}, j;) to (i5,/5);

e for any internal element (7, 7)€ Q\B there is a loop (an edge leading
from the vertex (i, j) to the same vertex (i, j));

e all boundary elements (7, j) € B are isolated vertices.

Then:

e Ao (t)wc-l a\p » Where the constant ¢ €[0,1) is defined by the

block A 5(0) € Mg 5[0,1] representing the states of internal elements at the ini-

tial time 1 =0, 155 € My 5[0,1], (l OB ) =1 forall (i, /)eQ\B;
i,j

e The convergence Ag (t)wc-lg\ g 1s linear, i.e. there exist con-

stants Cy, >0, g, €[0,1) and a number #, € N such that

< CO '(qo)t forall > to .
Proof. The statement of the theorem is implied by Theorem 1 and corollary
of Lemma 3. O
Theorem 2 states that (under the given conditions) for the network with

Ao —c-lag

isolated bound there is a set of steady states c-lQ\B (ce€[0,1)), where 19\ B

under the given conditions (see also Theorem 1) is an eigenvector of the operator
Topap corresponding to the eigenvalue A =1. Recall that the linear operator
Toypo\p under the given conditions can be treated as an operator with stochastic
matrix, which always has the eigenvalue A =1 with the eigenvector
19\ p € M 5[R] (since the initial and boundary conditions are located inside the

line segment [0, 1], one can choose IQ\B € Mq 5[0,1]).

Remark 3. Under the fixed initial conditions A(0) e M [0,1] (or equiva-
lently, Aq\5(0)€ Mg 5[0,1]), computation of the steady state c-lQ\ p (in fact, it

means computation of the constant ¢ €[0,1)) can be reduced through decomposi-
tion of Ag 5(0) by the Jordan basis of the operator T, 55 - However, computa-
tion of the Jordan basis for real-world networks can become significantly more
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complicated due to the large size of the set 2\ B and (consequently) the dimen-
sion of the space M, 3[R]. Therefore, practically reasonable approach is to ap-

proximate (numerically) the eigenvector c-lQ\B using the iterative procedure
described by system (11).

Obviously, in the case of isolated bound the block of internal elements of the
network can be considered as a network with empty bound (B =), and this
network’s behaviour is described by the first equation of system (11).

Example 2. Consider the network on the coordinate area Q={1,2,...,n} x
x{1,2,...,m} with the bound B =, the impact operator 7 simulates equal im-
pact on internal elements by its 4 neighbours:

T ;i;=o forall 1<i<nand 1< <m;

T i, =025(1-0a), if 2<i<n-1 and 1<;j<m;
T i+ =025(1-0a), if ISi<n and 2<j<m-1;
Bjoj=Thjna,;=050-a), if 1< j<m;
Tivi2=Timima1=05(1-0), if 1<i<n;

T, 40 =0, if [i—k|+[j—1]22,

where o €(0,1) is a fixed constant. The corresponding impact graph G, for the
caseof n=3, m=4, a.=0.6 is depicted in Fig. 4.

Fig. 4
Rewrite equation for transition of state A(¢) to the next time moment:
(At +1)); ; = a(A(@)); ; +0.25(1 = a)((A(®)); 1, ; +
(A(t+ 1)), ;= a(A@); +0.2501 = (AW ;-1 +
+(AD); j11) +0.5(1 - a)(A(?)),,; for 2< j<m—1;

(At + 1))y, ; = (A1), j +0.251 = )(AWX)),, 1 +
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+(A(), 1) +0.5(1= a)(A(D)),y ; for 2< j<m—1;
(At +1)); ;1 = (A1) +0.25(1 — o) ((A(#)) -1,y + (A1) i10) +

+0.5(1—a)(A()),;, for 2<i<n—1; (A(t+1)),, = a(A()),, +

in

+0.25(1—a)((A(2)),_,, + (A(?)),,,) +0.5(1— o) (A(2))

i+l,n in—1 for 2< i<n -1 ;

(A +1));; =a(A4(@))1; +0.5(1 = o) (A1) 2 + (A())21) 5
(At +1),; =0(A(1)),; +0.501 = a)((A(?)), 2 + (A1) -11) 5

(At + 1)y = UAD)1, + 0.5 = )((AD)1 -1 + (A2, 5

(At + 1)),y = (A1), + 0.5 = (A1), -1 + (A1) -
Considering coefficients of (A(7)); ; for the different pairs (i, /) €€, one
can construct a function §,,:M[0,1]—>[0,1] as a ‘weighted’ sum of (A4(?)); ;,
which is a constant value forall £>0:
n—lm-1 m—1 m—1 m—1 m—1
i=2j=2 j=2 j=2 i=2 i=2
+0.25(X) + X, + Xy, + X, ) for X e Mqg[0,1].

For X = A(t +1) one can obtain:

n—lm-1

S (A +1) =D D (A +1)), ; +

i=2 j=2

m=1 n—1
+0.5 ( (A +D)y; + (A +1), )+ 2 (A + D)) +(AE+D),, )} +
i=2

j=2
+0.25((A( + 1)y + (AE + 1)y, 1 + (A D)y + (AC+ 1)) -

Simplify separately three summands in the right-hand side of the obtained
relation:

n—1m—1
2 2 (A +1); ;=
i=2 j=2

n—1m—1
=2 2 (a(A@)); ; +0.25(1 = a)((A(1));_y j + (A@))i41,; + (AD); j—y +(AWD)); 1)) =
i=2j=2

n—lm—1

= OCZ Z(A(t))i,j +

i=2 j=2

n—1m-1

+0.25(1-a), Z((A(t))i—l,j +(A@))iq1,; +(A@); jog +(AWD); 1) =

=2 j=2

n—lm-1

=a Y 3 (A1), ; +0.25(1—0)

i=2j=2
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n—=2m-1 n n—=lm=2 n=1 m
(Z 2 (A®);+ 2 Z(A(t))l J 2 2 (AW, + 2 2 (AW JJ

i=1j=2 i=3j=2 i=2 j=1 i=2j=3

n—1m-1 n—lm—1 n—1m-1
=ay, Z(A(t))i,j +0.5(1- a)[z Z(A(t))i,j + Z(A(t))i,jj +

=2 j=2 =2 j=2 i=2 j=2

m—1 m—1 m—1
+0.25(1 _G)[Z(A(t))l,j = 2 (A®),1 Z(A(t))z ;T Z(A(t))n ]j
j=2

J=2

n—1 n—1 n—1 _
+0.25(1- a)[Z(A(t))i,l = 2 (AW ey = 2 (A0 + Z(A(t))i,mJ =

i=2 i=2 i=2 i=2

n—lm-1 m—1 m—1
=2 2 (A®);; +0.25(1~ OL)EZ((A(I))] j =A@, )+ Z((A(t))n j—(A0)y,;)

i=2j=2

n—1
+0. 25(1 (X)(Z((A(t))l 1 (A(t))l m— 1) + Z((A(t))z m (A(t))l 2)]

i=2 i=2

0. 5(2(1‘1(”1))1 jt Z(A(Hl))n it Z(A(t+1))zl + Z(A(Hl))l m]

j=2 i=2

=0. 5“{ z((A(t))l J + (A(t))n /)+ Z((A(t))l 1 + (A(t))t M)J

j=2

m—1

+0.125(1 - o) Z((A(t))l,j—l + (A, j1 +(A@)),, jo1 + (A0, 1) +
j=2

n—1
+0.125(1 - OC)Z ((A@))i—1y + (A@) 1 + (A@)j—g,p + (A 1,m)) +

+0.25(1 - Ot)[Z((A(t))z j @), )+ Z((A(t)), 2+ (AD)i - 1)J

j=2

- 0.5a[%2<(A<r>)l,A, FAW),)+ SAAW),, +AD),, )}

+0. 25(1 (1,)[ Z((A(t))l J + (A(t))n J ) + Z((A(t))l 1 + (A(t))l m)]

j=2
+0.125(1 = a)((AD)11 = (A 1 = (AD)1 2 + (ADO) ) +
+0.125(1 = a)((A(®))1 = (A1) -1 = (A(0) 2 + (A(0)) ) +
+0.1251 = o)((A(D)1 = (A1) 11 = (A(D)) 21 + (AD)) 1) +

+0.125(1 = a)((AD)1, . = (A@) -1, = (A2, + (A1) +
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m—1

n—1
+0.25(1- Ot)[ (A2, + (AWD),1, ) + 2 (A2 + (A(t))i,m—l)J =
i=2

j=2

m—1
=0. 25{ D ((A@),j +(AWD), )+ Z((A(t)), 1+ (A0), m)j

m—1 n-l
+ 025&[ ((A@Dy; + (A@D,, ) + 2 (AD); + (AD)); )] +
i=2

j=2
+0.25(1 - Ot)[Z((A(t))z, + (A1), + nZ((A(t))l 2 + (A I)J

+0.1251 = o)((A()1) = (A1 -1 = (AD)1 2 + (A1 ) +
+0.125(1= a)((A(#)) ;1 = (AD) 1 = (A0 2 + (A0, ) +
+0.125(1= o) (A1 = (AD)) 1,1 = (A(D) 2 + (A(0))1) +
+0.125(1 = ) (A1, = (AD) 1 = (A2 + (AD) )5
0.25((A(F + 1)1y + (A + 1)),y +(AE + 1))y, +(ACE+1D),, ) =
= 0.25a((A@)11 + (AD)) 1 + (AD)1 + (AD)),0) +
+0.1251 = o)((A()1 2 + (AD)) 21 + (AD)) 11 + (A1), 2) +

+0.125(1= o)((A(#)) 2, + (A1 1 + (A ot + (AD) 1)

Collecting these summands together, one can obtain:

S, (A(+1)) =
n—1lm-1
=2, 2.(A@); ; +0. 5[ 2. ((A@); +(AD),, )+ Z((A(t))l 1+ (A(0), m)J
i=2j=2

+0.25((AO)11 + (AD) 1 + (A +(AD) ) = S, (A(D)),

whence
5,,(A(0)) = SW( lim A(r)) - Sw(c S j —c. SW[I o5 j -

=c(n-2)(m-2)+05-2-(n-24+m—-2)+025-4)=c-(n-1)(m-1),

Sy (4(0))

le. c=¢n Ty

Particularly, for n=20, m=10, a=038, (4(0),;=

1, i=j=1, ) )
= {O h / ) one can obtain ¢ =%z 0.00146 . All data are written
, otherwise,

: ‘o : : 0.00001 ~
with precision up to 0.00001 which corresponds to relative error 5577 =0.01,

the convergence by the iterative procedure (10) with such precision is achieved

52 ISSN 1681-6048 System Research & Information Technologies, 2025, Ne 4



Matrix-graphic simulation of social network: ergodic properties

approximately for ¢ >5000 . It is interesting to note that for this impact operator

T the steady state c-lQ\ » does not depend on a €(0,1); however, the value

a €(0,1) affects on the convergence rate (for a=0.6 precision of 0.00001 is
achieved approximately for ¢ >2500).

Sufficient conditions for the network ergodicity: non-isolated bound

In the case of non-isolated bound, the network’s behaviour is completely de-
scribed by system (10).

Theorem 3. Let the impact graph G, satisfy the following conditions:

e for any internal elements (i, j;),(i,,/,)€Q\B there exists a directed
path from the vertex (i, j;) to (i5,j5);

e for any internal element (i, j)€ Q\ B there is a loop (an edge leading
from the vertex (i, j) to the same vertex (i, j));

o at least one boundary element (i, j) € B is not an isolated vertex.
Then there exists the unique vector IZIQ\ 5 € Mo 5[R] such that:

* Aop()—=5>4as;

. - . . )
the convergence AQ\B(t)W)AQ\B is linear, i.e. there exist con

stants Cy >0, g, €[0,1) and a number ¢, € N such that
“AQ\B (1) - 12[9\3”()O <Cy- (qo )t forall 1>¢,.

Proof. System (10) yields the explicit form for A, z(¢) (£21):

t—1

Ao () =Tan.008) 430+ X (Ton.08) T30 (16)
s=0

Due to Theorem 1, all eigenvalues of the operator T, 5 o\p are located in-

side the unit disk, so by virtue of Lemma 3 there exist constants C >0, g €[0,1)
and a number ¢, € N such that ”T Q\B.0\ BH <C-q' forall t>t,, which yields the

required convergence:

A +00
Ao p()—=7>4as = Z(T Q\B,Q\B)lT 08,805 -
t=0
Finally,
~ I P qt+l
“AQ\B (1)- AQ\B“OO =| 2 Tap0s) Tossds| < C“TQ\B,BAB“OO g
s=t+1 0

so the convergence Agp(f)———>4q\p is indeed linear. 0

Theorem 3 proves that, under the given conditions, for the case of non-
isolated bound there exists the unique steady state 1:19\ B € Mg 3[R] (moreover:

/AIQ\ B € M 5[0.1], since the initial and boundary conditions are located inside the
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line segment [0,1]). The equation for the state IZIQ\ p can be obtained from the first
equation of system (10) as ¢ — +oo :

Ao\p =Tap.osdos +Tap A5 - (17)
Remark 4. Since all eigenvalues of the operator T,z 5 under the given

conditions are located inside the open unit disk, equation (17) under these condi-
tions has the unique solution. However, direct solving equation (17) for real-
world networks usually becomes significantly more complicated due to the large
size of the set QQ\B and (consequently) the large dimension of the space

M o, 3[R]. Therefore, practically reasonable approach is to approximate (numeri-
cally) flg\ p using the iterative procedure described by system (10).

Example 3. The network with the impact operator 7 from Example 1 is ob-
viously the network with non-isolated bound. The conditions of Theorem 3 hold,

so the network has the unique steady state flg\ g € M\ 5[0,1]. Equation (17) for
this network takes the form:

(A 5 )i,; =0.25(1- a)((/]Q\B)i—l,j +

+(Aa\p)is,j +(Aavg)i, j1 + (Aang)i, j41) + 0(Aep);
for all internal (i, /) e Q\B (i.e., for all 2<i<n—-1 and 2<j<m—1). Thus,
given o # 1, one can obtain:

(AQ\B)i,j = %((AQ\B )i—l,j + (AQ\B )i+1,j + (AQ\B )i,j—l + (AQ\B )i,j+1 ) .

Assume that the block A4, = A p =Ajp representing the states of boundary el-
ements of the network is defined by four arithmetic progressions:

(Ap)y, =(Ay)y, +(j—DEL2m2 1< j<m;

m—1

. (Ag)nm=(Ap)ns .
(Ap)y,; =B,y +(J D=7, 1< j<m;

m—1

(Ap)iy =(Ap), +(i_l)w, 1<i<n;

n-1

(B =By, + (=D Famte 1<i <,

n—1
where the states of the corner elements b, s =(Ag) 15 Doy g = (Ap)1
bb(momﬂlmvt =(A B)m1 , bbottom,right =(A B)m1 are the given constants from [0,1]. It is

easy to see that all elements of matrix flg € M[0,1] (the steady state of the net-
work) also form arithmetic progressions by each row and each column:

~ . bbottom, left _btop, left
(AQ)i,j = btop, left T (l - 1) -1 +

. (bbottom, right _bbottom, left )—(btop, right _btop, left)
(btop, right _btop, left)+(i=1) o

+(=1) -

m—1

— i1 J-1
- btop, left T ﬁ(bbottom, left — btop, left) + m—1 (btop, right — btop, left) +
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i-1)(j-1
+ (n—l)i(fnfl) ((bbottom, right bbottom, left) - (btop, right btop, left )) (18)

The table contains the steady state ;IQ of the given network for n =20,

m=10, a=0.38, btop, left = 0.3, btop, right = 0.5 ’ bbottom, left = 0.3, bbottom, right =
=0.9; all data are written with precision up to 0.01. Precision 0.01 is achieved
by the iterative procedure (10) approximately for > 650. It is interesting to note

that for this impact operator 7 the steady state flg does not depend on a € (0,1);
however, the value a €(0,1) affects on the convergence rate (for a=0.6 preci-
sion of 0.01 is achieved approximately for ¢ >320).

Table
i J
1 2 3 4 5 6 7 8 9 10
1 0.30 0.32 0.34 0.37 0.39 0.41 0.43 0.46 0.48 0.50
2 0.33 0.35 0.37 0.39 0.41 0.43 0.46 0.48 0.50 0.52
3 0.35 0.37 0.39 0.42 0.44 0.46 0.48 0.50 0.52 0.54
4 0.38 0.40 0.42 0.44 0.46 0.48 0.50 0.52 0.54 0.56
5 0.41 0.43 0.45 0.46 0.48 0.50 0.52 0.54 0.56 0.58
6 0.43 0.45 0.47 0.49 0.51 0.53 0.55 0.57 0.59 0.61
7 0.46 0.48 0.50 0.51 0.53 0.55 0.57 0.59 0.61 0.63
8 0.48 0.50 0.52 0.54 0.56 0.57 0.59 0.61 0.63 0.65
9 0.51 0.53 0.55 0.56 0.58 0.60 0.62 0.63 0.65 0.67
10 0.54 0.55 0.57 0.59 0.60 0.62 0.64 0.66 0.67 0.69
11 0.56 0.58 0.60 0.61 0.63 0.65 0.66 0.68 0.69 0.71
12 0.59 0.61 0.62 0.64 0.65 0.67 0.68 0.70 0.72 0.73
13 0.62 0.63 0.65 0.66 0.68 0.69 0.71 0.72 0.74 0.75
14 0.64 0.66 0.67 0.69 0.70 0.72 0.73 0.74 0.76 0.77
15 0.67 0.68 0.70 0.71 0.72 0.74 0.75 0.77 0.78 0.79
16 0.69 0.71 0.72 0.74 0.75 0.76 0.78 0.79 0.80 0.82
17 0.72 0.73 0.75 0.76 0.77 0.79 0.80 0.81 0.82 0.84
18 0.75 0.76 | 0.77 | 0.78 | 0.80 | 0.81 | 0.82 | 0.83 | 0.85 | 0.86
19 0.77 | 079 | 0.80 | 0.81 | 0.82 | 0.83 | 0.84 | 0.86 | 0.87 | 0.88
20 0.80 | 0.81 0.82 0.83 | 0.84 | 0.86 | 0.87 | 0.88 | 0.89 | 0.90

Remark 5. In Examples 2 and 3 it is possible to compute analytically the
steady state as ¢t — +00. However, as it is mentioned in Remark 4, direct solving
equation (17) for real-world networks usually becomes significantly more com-
plicated due to the large dimension of the space M g, z[R]. Therefore, practically
reasonable is to apply the iterative procedure described by system (10). For more
details about analytical solving recurrent relations with multiple indices (with in-
dices (i, j) € Q in the given case of two-dimensional network) see, e.g., [13].

CONCLUSIONS

e Matrix model for social network is proposed, mutual impact of network
elements is represented by the linear impact operator 77 and the corresponding
labelled directed impact graph G .
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o Sufficient conditions for the network ergodicity are given in terms of ex-
istence of a steady state, which defines the network’s behaviour as ¢ — +o0 .

o For the proposed model, spectral properties of the operator 7' are explored.

e Sufficient conditions for the network ergodicity are given in the form of
existing eigenvalues of the operator 7' on the unit circle, and in the form of
strong connectivity of the impact graph G, .
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MATPAYHO-TPA®IYHE MOJEJTIOBAHHS COIIAJIBHOI MEPEXI:
EPTOANYHI BJACTUBOCTI / 1.4. Cnekropebkuit, B.M. Crarkesuu, O.B. Ctychb
AHoTauisi. 3anponoHOBaHO MaTeMAaTUYHUI amapat MOJCIIOBAHHS COL{aJbHHX Me-
pex, KUl T03BOJISIE OTPUMATH JOCTATHI YMOBH €ProANYHOCTI Mepexi, TOOTO icHY-
BaHHsA IPAaHMYHOTO CTAlliOHAPHOTO CTaHy NMpH { —> 400 . 3alpPONOHOBAHA MOJEIb €
JHIAHOIO: ENIEMEHTH MEPEXki YTBOPIOIOTH ABOBHUMIPHHUI MacHB (MaTPHIIO), €ICMCH-
TOM MaTpHIli B MOMEHT 4acy ¢ > (0 € cran Ai,j (¢) €[0,1] enementa 3 koopaMHa-

tamu (i, j) € Q={1,2,...,n}x{1,2,...,m} . B3aeMHuii BIIMB MiX eleMEHTaMM 3a]a-
HO ONEPaTopoM BIUIMBY I — YOTHPMBUMIPHMM MAacHBOM, €JIEMEHTH Ti!j‘k’ ;20

AKOro Io3HauaroTh BB enemenTa (k,/)eQ mHa enement (i,/)eQ:

n m
(TA), . = ZZT oA, - Ana T sanpornonosano s06paenns y suriiai rpady
ij ij k4,
k=1 1=1
Gp , BEPUIMHU SKOTO BiANoBinaloTh enementam (i, j) € (): opientoBane peGpo

(myra) 3 MITKOIO Tz‘,j,kJ Beze Bin Bepmmnn (k,/) € QO o Bepumnn (i, j) € QQ

TOJI ¥ TIJABKH TOZ1, KOJIH Ti,j,k,/ > (. Ha Q Bugineno xpait B Q: Ti,j,k,l =0
ans (k,1)eQ, (i,j)eB.Cran A(t +1) Mepexiy MoMeHT yacy ¢+1 BusHAuaeTh-
ca craHom A(t) Mepexi y MomeHT uacy ¢>(0 3rigHo 3 piBHAHHAM
At +1)=TA®) + A, ne matpuust A posmipHOCTI 71X i BU3HAYA€E CTaH Kpaiio-

BUX CJIEMEHTIB Mepexi; A ;= (0 A7 BHYTPINIHIX €JIEMEHTIB (i, ]) eQ\B. JHo-

1
CTaTHI YMOBH €ProJMYHOCTI MEpPekKi HaJaHO y TepMiHaxX BIACTUBOCTEH 3B’SI3HOCTI
rpady BBy G : MarThb iCHyBaTH NLIAXM MK JOBUIBHUMH BEPIIMHAMH Ta Yci
nerni. HaBeneni yMoBH 3a6e31€uyioTh pPO3TAllyBaHHs CIIEKTpa oreparopa I Bce-
PEAUHI OJMHMYHOIO KpyTa 3a BHHATKOM, MOXIHBO, A =1; noseneno, mo A =1 €
BIIACHMM YHCIIOM | JIWINE y BUMAJKY i30JIbOBAHOTO Kparo (KOIEH KpailoBMil ere-
MEHT He BIUIMBA€ Ha JKOJCH BHYTPILIHINA eleMeHT Mepexi). HaBeneHi criexTpaisHi
BracTUBOCTI | 3a0e3NedyroTh iCHYBaHHS CTAal[iOHAPHOTO CTaHy, SKUH MOXHA 3Ha-
xozuTH itepauiiinoro mponenypor A(¢ +1) = TA(t) + A 3a sananum A(0) 3 reo-
METPUYHOIO (JIIHIHHOIO) IIBUKICTIO 3015KHOCTI.

KurouoBi ciioBa: cornianbHa Mepeska, MOJICIIOBaHHS, €proANYHICTh, BIACHE YUCIIO,
JKOpZIaHOBA HOpMaJlbHa (opMma.
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