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AND HOMOGENEITY CONSTRAINTS
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Abstract. The classic Colonel Blotto game for two players was considered. The
probabilistic model of the payoff functions of the specified problem was investigat-
ed, and the game conditions are not subject to the restrictions of symmetry and ho-
mogeneity. The system of equations obtained using the method of Lagrange multi-
pliers has a large dimension. In order to find a solution, a way to reduce the
dimension was found. The found ratio between the resources of both players, dis-
tributed over the courts, made it possible to identify a parameter determined by the
ratio of Lagrange multipliers from the corresponding functions for both players. For
such a parameter, an interval constraint that it satisfies was found, and an equation is
formulated to find it, which is solved numerically. The found value of the parameter
makes it possible to calculate individual Lagrange multipliers and obtain the optimal
distribution of players’ resources in the form of a Nash equilibrium in pure game
strategies. An example of a game under significantly different conditions for players
was studied.

Keywords: conflict confrontation, optimal allocation of resources, two-person
game, Colonel Blotto’s game, probabilistic payoff model, Nash equilibrium, effi-
ciency of resource use, 1-parametrization.

INTRODUCTION

Colonel Blotto’s problem as a model of competitive struggle between two players
on several platforms has long become a classic. It was first presented by Borel [1]
in 1921, but despite its century-old history of applications, it still remains relevant
and attracts the attention of researchers [2]. As a model of competitive struggle, it
finds numerous applications in the social, economic spheres of activity, etc.

The game is described as follows. Two players compete against each other
on several sites, which can be battlefields, election areas, product markets, etc.
Each participant has a limited resource that must be distributed across the sites in
such a way as to maximize their winnings, taking into account that each site has
its own value for each of the rivals. In the auction model, the winner of a given
site is the player who has allocated more resources to it than the opponent. In the
case of equal allocated resources, a draw occurs.
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More interesting for us is the case of the probabilistic model. Here, the prob-
ability of winning on a certain site is directly proportional to the resource allocat-
ed to it and inversely proportional to the sum of the resources allocated to it by
both players. It should be noted that the following constraints are usually imposed
on the game: symmetry, when the total resources of each player are the same, and
homogeneity, when the worth of victory for any site coincides with that of its op-
ponent. Thus, when searching for equilibrium in Colonel Blotto’s problem, re-
searchers limited themselves to symmetric or homogeneous cases, with the latter
condition being used quite often [3-5].

Hence, the case where these two conditions are not met is of not only scien-
tific interest. When trying to find equilibrium strategies for such a problem, it be-
comes necessary to solve systems of equations of high dimension. Using the ap-
proach proposed in [6], the system of equations is reduced to the one-dimensional
case and represents by a single variable equation. In this case, we arrive at the
precize solution of the asymmetric Colonel Blotto game without homogeneity
constraints.

PROBLEM STATEMENT

Consider the probabilistic model of Colonel Blotto’s game. Two opposing parties

distribute their resources x, and y,, i =1,n, across n sites. The resource con-

straints are determined by the following inequalities, le. <R, z Yy, <R, . The

i=1 i=1
probability of the first player winning on the i -th court is given as follows:
ax;

Py =—2
S i py

where 7, €(0,1], and ¢, >0, B, >0 are the efficiency coefficients of resource use
on the corresponding sites for the first and second players. Similarly, the formula
for the probability of winning p"(x,,y,) for the second player is:

By!

) Q. A —
P B

In this case, the payoff functions take the form:

Fx(xvy) = inpix(xi’yi) 5

i=1

Fy(xay) = zYipiy(xi’yi) )

i=1

where X, Y, is the value of winning on the i -th court for each of the two play-
ers. A Nash equilibrium in pure strategies (x*,y") is a pair of vectors that satis-
fies for any (x, y) satisfies: F,(x",y") 2 F.(x", ), F,(x",y) > F (x,y").
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Asymmetric game when R _# R, with the following parameter values 7, =1,
a,=1, ie N was considered in [3] for the case X, =Y, =const. The only Nash
equilibrium in this case is the use of such pure strategies, when resources must be
evenly distributed between sites. A continuation of these studies was the work [4],

where an equilibrium in pure strategies was found for the case X, =Y, =V, with arbi-
trary 7, €(0,1], e, >0, i € N . This paper considers the situation when X, # Y.

The aim of the work is to find the Nash equilibrium in pure strategies for
the asymmetric and heterogeneous Colonel Blotto game for the case of the proba-
bilistic model.

PROCEDURE FOR CONSTRUCTING AN OPTIMAL SOLUTION

To find a solution to the problem, we write the Lagrange function for each of the
players:

Lx = Er +ﬂ“x(Rz _zxi) >
i=1
L,=F,+A,(R, —Z:‘y,.).

Then we get the system of equations:

aszﬂ_;tx:O’
ox, Ox,
oL, OF,
—2=—2_3 =0,
a, Wy g
oL d

~=R - > x.=0,
61}( X ,Z_I: i
oL 1
—L =R - =0
5 =R ley

Starting from the system, we get:
OL a frxi'y’

X :XI Iﬂrl 1~ 1 le > —
ox, (ax) +By))
oL, _., afrxiy™ _

v, axi+ By

X 0

We have (2n+2) equations with (2n+2) variables: X,,..., X, )Y, 44,5

. . . A .
that is, the system can be solved. Consider the ratio /1—" . We will get:
Y

o . =\ 2

i i i\2 i ,lim]
ax By Y, afrxy; Yox

A _
/1)
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x,. Let’s mark A = j C = . Then

1 V

/1
From here y, =—=*
e

>< |r<
> |:<

_ac . (1)

i
X,

1

We will use expression (1) to go from the multidimensional case with (2n +2)
equations and (2n +2) variables to the one-dimensional case. To do this, we will find
an equation for searching 4. Consider the expressions R A and R 4 :

n=lon
RA, Zx/lx Zx P/
Yax! + Byl)

Yiyi
n i A a,fr( )
— X aiﬂi}?‘xi yi . /(‘xi ) — X xi — (2)

S X+ By IS i(a. +ﬂ(L)r )
xi

L afr(C)"
szi N2
o (o + B(AG)T)

Similarly,
a (3G
(,+B(AC)")
From formulas (2) and (3) we determine the relationship between R A
and R A, :

RA=YY, 3)
i=1

RA. &;LZZ”:Xi aiﬂiri(;tCi)r"‘ 2/ n YI a,pr(AC)"
RA, RGN (a+BACYY G (a+B(AC))
ZZX; a,prC’ .y K a,prC’
S e+ BACYY T (@ +BOAC))

Let’s rewrite this formula in the following form:

I el e
A .—ﬂ =2 X Z .
T Gracyy T Gy
B, B

i i

B

~ |
g

“4)

Let’s find the limits within which the value lies A. From (1) we have

v, =ACx, . Then Zy,. =R, = iZCix,. . Hence

i=1 i=1
n n n
minC, ‘le. < ZC,.x,. <maxC, ‘Zx,. .
i i
i=1 i=1 i=1
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n n R
Since R, =Y x,, and > Cx, =7y , then

i=1 i=1
: R,
R minC, <—<R maxC,,
i A i

&(rnaxCi)’1 <i S&(minCl.)’l,
R i R i

R X, R X,
—Lmin— <A< —Lmax—=L.
i Y: Rx i

X

Since, except for A, all other parameters of equation (4) are known, its solu-
tion can be found on the specified segment by an appropriate numerical method,
for example, the dichotomy method.

Let’s find the optimal values for x;, y; .

nelon i )2
ixxi=X aﬂr‘x yl x:X aﬂr‘x yl 2‘/(ﬂiXiK)2—
Yi
r( ’) “racy
=X, aﬂ y =X, aﬂl =a,.
()Y (L+(AC))
ﬂ X, b,
Similarly,
%n(ﬂc,-)ff
;LyinYiai—zbi'

L)y
(ﬂ+( D)

i

In the right-hand sides of the equalities, all parameters are known, therefore
a;, and b, take specific values. Now we express A, in terms of R and a;, and 4,

in terms of R, and b,, after which we find x] and y;.

Ax =a, = Zn:/ixxi =Zn:ai = /‘szn:xi = Zn:ai —
i=1 i=1 i=1 i=1

AR, =Zn:ai = lx'l =L

n
i=1

Ra ' )

Similarly, for 4, :
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- -1 Ty
Ay, =b = A =~
i=1
* b R fbi
Vi = /1_1 = n)_ (6)
v Z bi
i=1
Formulas (5) and (6) express the optimal solution to the problem — the Nash
equilibrium in pure strategies. Then the payoff functions take the following form:

&
Fx(x,y)=zX,-- :x,.x,- =X b >
i=1 ax; +py; T4 +(AC)"
B
n : IF, n (/’LCI T
F,(x,y) =2Yi%= Ll
moax Byl =% ey

1

RESULTS OF THE NUMERICAL EXPERIMENT

We will conduct a numerical experiment based on theoretical calculations. We
will consider Colonel Blotto’s game on five platforms and also record the values
of some parameters:

R, =100.
n=0.1;7r=025;r=05;r=075; r=1.
a,=14; a,=19; a,=3.1; a,=3.7; a;=4.1.
B =13; B,=18; p,=2.8; B,=3.5; f=5.

We will consider three cases, where R, =150, R =250, R =350. For

each case, we will calculate two options.
The first case.

Table 1. Option No.1 (R, =150)

) 1 2 3 4 5
X, /Y, 1.1/1.5 1.1/2.1 1.1/3.4 1.1/4.2 1.1/4.9

¥y | 5.01/2.96 |12.56/10.38 | 24.22/32.42 | 29.02/47.98 | 29.16/56.24
o/ p’ | 0.53/046 | 0.52/047 | 048/0.51 | 0.42/0.57 | 029/0.7
F./F 2.44/9.22

Calculated value A =0.407.
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Fig. 1. Optimal solutions of players

Table 2. Option No. 2 (R, =150)
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Fig. 2. Probabilities of players’ winnings

) 1 2 3 4 5
X, /Y, 5.5/1.5 5.5/2.1 5.5/3.4 5.5/4.2 5.5/4.9
x/yr | 3.92/219 | 9.18/7.19 | 18.69/23.68 | 29.11/45.57 | 39.07/71.35
pr/p; | 0.53/0.46 | 0.52/0.47 0.49/0.5 0.43/0.56 0.3/0.69
F./F, 12.47/9.1

Calculated value 4 =2.171.

Fig. 3. Optimal solutions of players

The second case.

Table 3. Option No. 1 (R, =250)

Fig. 4. Probabilities of players’ winnings

i 1 2 3 4 5
X,/Y, | LULS 11721 1134 1.1/42 1.1/49
¥/ | 435/416 |10.76/14.41 | 21.69/47.04 | 29.36/78.66 | 33.82/105.7
o/ p’ | 051048 | 0.49/0.5 | 0.42/0.57 | 0.33/0.66 | 0.2/0.79
F,/F, 2.13/10.34
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Calculated value 4 =0.684.

[ 0.8 mmm px
100 mm y . . py
Fig. 5. Optimal solutions of players Fig. 6. Probabilities of players’ winnings
Table 4. OptionNo. 2 (R, =250)
) 1 2 3 4 5
X. /Y 5.5/1.5 5.5/2.1 5.5/3.4 5.5/4.2 5.5/4.9

Xy 4.28/4.01 | 9.64/12.67 | 18.84/40.07 | 29.14/76.55 | 38.07/116.67
pr/p? | 0.52/0.47 | 0.49/0.5 0.43/0.56 0.33/0.66 0.21/0.78
F/F 10.87/10.24

Calculated value 4 =3.842.

e — 02 oy px
— 0.7 e
Fig. 7. Optimal solutions of players Fig. 8. Probabilities of players’ winnings
The third case.
Table 5. OptionNo. I (R, =350)
) 1 2 3 4 5
X. /Y, 1.1/1.5 1.1/2.1 1.1/3.4 1.1/4.2 1.1/4.9

' /y | 406/5.37 | 9.93/18.38 | 20.34/60.94 | 29.33/108.53 | 36.31/156.75
p*/p’ | 0.51/0.49 | 0.47/0.52 | 03906 | 0280071 | 0.15/0.84
F,/F, 1.95/10.94

Cucmemni docnioocennss ma iHghopmayitini mexronoeii, 2026, Ne 1 99



S.A. Smirnov, I M. Tereshchenko

Calculated value 4 =0.967.

160 | o o . px
140 4 = el
Fig. 9. Optimal solutions of players Fig. 10. Probabilities of players’ winnings
Table 6. Option No. 2 (R, =350)
) 1 2 3 4 5
X. /Y 5.5/1.5 5.5/2.1 5.5/3.4 5.5/4.2 5.5/4.9

X'y | 477/6.34 | 10.42/19.4 | 19.5/58.78 | 29.19/108.67 | 36.1/156.78
pr/py | 0.51/0.48 0.47/0.52 0.38/0.61 0.28/0.71 0.15/0.84
F/F 9.83/10.97

Calculated value 4 =5.689.

160

I3 N px
-y 0.8 mm py
140
0.7
120 A
0.6
100 05
804 0.4
601 0.3
40 0.2
20 0.1
o 1 2 3 4 5 oo 1 2 3 4 5
Fig. 11. Optimal solutions of players Fig. 12. Probabilities of players’ winnings

Let us analyze the first case. From Table 1 it can be seen that the optimal
values of the vector components x  are greater than the corresponding vector
components y* at the first and second sites. At the same time, as follows from

Fig. 1 and Fig. 2, despite the lack of advantage of the first player on the third
court, the probability of his victory on the indicated court is almost equal to this
value for the opponent. If the values of all the first player’s sites increase fivefold,
the overall picture presented in Table 2, Fig. 3 and Fig. 4 remains the same.
Changes occur for the parameter A .
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Let’s move on to the second case. The opponent increases his resources by
100. As can be seen from Table 3 and Fig. 5, the first player has a small ad-
vantage on the first site among the components of the optimal solution. A similar
situation persists in the probability of winnings. However, as shown in Fig. 6, on
the second court the probability of winning for the second player is slightly higher
than that for the first. Increasing the value of each site fivefold, as follows from
Table 4, Fig. 7 and Fig. 8, again does not change the situation as a whole, except

for the value of the parameter A . In general, the increase in the opponent’s re-
sources led to the loss of one site where the first player had previously won.

In the third case, we will again increase the opponent’s resources by 100. As
follows from Table 5, Fig. 9, Fig. 10 and Table 6, Fig. 11, Fig. 12, the compo-
nents of the optimal vector of the first player are smaller than similar components
of the second, but the probability of winning on the first and slightly smaller on
the second platforms for the first player remains higher. Thus, the overall picture
remains the same compared to the second case. It is clear that with a further in-
crease in the opponent’s resources, his winning probabilities will exceed those of
the first player. Hence, the problem of the ratio of players’ resources when the
opponent’s winning probabilities become larger on all platforms is of interest.

CONCLUSIONS

The case of a probabilistic model for two players is considered. A precise solution
for the asymmetric Colonel Blotto game without the homogeneity constraint is
found. The optimal allocation of players’ resources is obtained in the form of a
Nash equilibrium in pure strategies of the game.

A method for reducing the dimensionality of a system of equations obtained
using the Lagrange multiplier method is proposed.

Of further interest is the study of solutions under conditions of incomplete
information, that is, situations where the values of the coefficients are not precise-
ly known.
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MMOBIPHICHA MOJIEJIb TPU MOJKOBHUKA BJIOTTO BE3 OBMEXEHb
CUMETPUYHOCTI TA OJHOPIAHOCTI / C.A. CmupHOB, .M. TepemeHko

AHoTauis. Po3risHyTo KIacH4uHy rpy nmoiakoBHHuKa biorTo mms aBox rpasiis. Joc-
JIiKEeHO WMOBIpHICHY MOZIENTb BKa3aHOI 3aadi, IPUYOMY Ha TPy HE HAKIAAIOThCS
00MEKEHHA CHMETPUYHOCTI Ta OJHOPIAHOCTI. 3 METOI0 TMOIIYKY PO3B’SI3KY 3Haue-
HO CIIoci0 MOHIKEHHS PO3MIPHOCTI, OCKLTBKH OfiepKaHa 3a JOIOMOTOI0 METOXLY
MHOXHHKIB Jlarpamka cucTeMa piBHSHb Ma€ BEJHKY PO3MIpHICTh. 3HaliieHe CHiB-
BIJJHOIICHHS MK pecypcaMy 000X TPaBIIiB, IO PO3MOILUIEH] M0 MaliIaHINKAX, JAJI0
3MOT'Y BHUIUTH IIapaMeTp, SIKUH BU3HAYAETHCS CITiBBiTHOIICHHAM MHOXXHHKIB Jlar-
pamxa 3 BIATIOBIAHUX (QYHKIIH 171 000X rpaBiiB. 1 Takoro mapamerpa 3HalaeHO
iHTepBaIbHE OOMEKEHHS, SIKE BiH 3aJJOBOJBHSE, Ta ISl HOro MOMIYKY chopMymnbo-
BaHO DIBHSHHSA, SIKE PO3B’SI3YE€THCS YHCENBFHO. 3HAalAeHe 3HAUCHHS MapaMeTpy Jae
MOXKJIMBICTh PO3paxyBaTH OKpeMi MHOXKHUKH Jlarpamka Ta OTpUMaTH ONTHMAIbHUH
PO3MOALT pecypciB TpaBUiB y BUMIAAL piBHOBarw Hemra B 4nCTUX CTpaTerisx IpH.
JlocmikeHo MPUKIIAJ TPH 3a CYTTEBO BiAMIHHUX YMOB JUIS TPABIIB.

KiouoBi cioBa: koHGUIIKTHE TPOTHOOPCTBO, ONTHMAIBHUM PO3MOALT PECYPCiB,
rpa ABOX ocib, rpa monkoBHMKA bioTTo, iiMOBipHICHA MOZENE BUpaIlly, piBHOBA-
ra Hemra, eeKTHBHICTE BUKOPHUCTAHHS PECypCiB, 1-mapamerpu3ariis.
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